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1. IntroductiontoGreedymethod 

 Generalmethod 

The greedy method is the straight forward design technique applicable to variety of 

applications. 

The greedy approach suggests constructing a solution through a sequence of steps, each 

expanding a partially constructed solution obtained so far, until a complete solution to the 

problem is reached. On each step the choice made must be: 

 feasible,i.e.,ithasto satisfytheproblem’s constraints 

 locallyoptimal,i.e.,ithastobethebestlocalchoiceamongallfeasiblechoices available on 

that step 

 irrevocable,i.e.,oncemade,itcannotbechangedonsubsequentstepsofthealgorithm 

As a rule, greedyalgorithms are both intuitivelyappealing and simple. Given an optimization 

problem, it is usually easy to figure out how to proceed in a greedy manner, possibly after 

considering a few small instances of the problem. What is usually more difficult is to prove 

that a greedy algorithm yields an optimal solution (when it does). 

 

 

 

 

 CoinChangeProblem 

Problem Statement: Given coins of several denominations find out a way to give a customer 

an amount with fewest number of coins. 

Example:ifdenominationsare1,5,10,25 and 100 andthechangerequired is30,thesolutions are, 

Amount :30 

Solutions: 3x10(3 coins ), 6x5( 6coins ) 

1x25 +5x1 ( 6coins ) 1x 25 + 1 x 5 (2 coins ) 

Thelastsolution istheoptimalone as itgivesuschangeonlywith2 coins. 
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Solution for coin change problem using greedy algorithm is very intuitive and called as 

cashier’s algorithm. Basic principle is: At every iteration for search of a coin, take the 

largest coin which can fit into remain amount to be changed at that particular time. At 

the end you will have optimal solution. 

 KnapsackProblem(Fractionalknapsackproblem) 

 
Considerthefollowinginstanceoftheknapsackproblem: 

n=3,m=20, (p1, p2,p3) =(25, 24,15), (w1,w2,w3)=(18, 15, 10) 

Thereareseveralgreedymethodstoobtainthefeasiblesolutions.Threearediscussed here 

a) At each step fill the knapsack with the object with largest profit - If the object under 

consideration does not fit, then the fraction of it is included to fill the knapsack. This method 

does not result optimal solution. As per this method the solution to the above problem is as 

follows; 

Select Item-1withprofit p1=25,herew1=18,x1=1.Remainingcapacity=20-18=2 Select 

Item-2 with profit p1=24, here w2=15, x1=2/15. Remaining capacity = 0 Total profit 

earned = 28.2. 

Thereforeoptimal solution is(x1,x2,x3)=(1, 2/15,0)with profit = 28.2 

b) Ateachstepfilltheobjectwithsmallest weight 

Select Item-3withprofit p1=15,herew1=10,x3=1.Remainingcapacity=20-10=10 Select 

Item-2 with profit p1=24, here w2=15, x1=10/15. Remaining capacity = 0 Total profit 

earned = 31. 

Optimal solution usingthis method is(x1,x2,x3)=(0, 2/3,1)with profit =31 

Note:Optimal solutionisnot guaranteedusing methoda and b 
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c) Ateachstepincludetheobjectwithmaximumprofit/weightratio 

Select Item-2 with profit p1=24, here w2=15, x1=1. Remaining capacity = 20-15=5 

Select Item-3 with profit p1=15, here w1=10, x1=5/10. Remainingcapacity=0 

Total profit earned = 31.5 

Therefore,optimalsolutionis(x1,x2,x3)=(0,1,1/2)withprofit=31.5 This greedy 

approach always results optimal solution. 

Algorithm:Thealgorithmgivenbelowassumesthattheobjectsaresortedinnon-increasing order of 

profit/weight ratio 

 

 

Analysis: 

Disregardingthetime toinitiallysort the object, each of the abovestrategies use O(n)time, 

 

0/1Knapsackproblem 

 

 

Note:Thegreedyapproachtosolve0/1knapsackproblemdoesnotnecessarilyyieldanoptimal solution 
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 Jobsequencingwithdeadlines 
 

 

 

The greedystrategy to solve job sequencing problem is, “At each time select the job that that 

satisfiestheconstraintsandgives maximumprofit.i.econsiderthejobsinthenon-increasing order 

of the pi’s” 

Byfollowingthisprocedure,we getthe3rdsolutionintheexample4.3. Itcanbeprovedthat, this 

greedy strategy always results optimal solution 

 

Highleveldescriptionofjobsequencingalgorithm 
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Algorithm/Program4.6:Greedyalgorithm forsequencingunittimejobswithdeadlinesand profits 

 

Analysis: 

 

FastJobSchedulingAlgorithm 
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Algorithm:FastJobSchedulingisshowninnextpage 

Analysis 

Algorithm:FastJobScheduling 
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Problem: Find solution generated byjob sequencingproblem with deadlines for 7 jobs given 

profits 3, 5, 20, 18, 1, 6, 30 and deadlines 1, 3, 4, 3, 2, 1, 2 respectively. 

Solution: Given 

 

 

 

Sortthejobsas perthedecreasingorder ofprofit 
 

 J7 J3 J4 J6 J2 J1 J5 

Profit 30 20 18 6 5 3 1 

Deadline 2 4 3 1 3 1 2 

Maximum deadline is 4. Therefore create 4 slots. Now allocate jobs to highest slot, starting 

from the job of highest profit 

SelectJob7–Allocatetoslot-2 

SelectJob3–Allocatetoslot-4 

SelectJob4–Allocatetoslot-3 

SelectJob 6– Allocateto slot-1Total profitearnedis=30+20+18+6=74 

 

Problem:Whatisthesolutiongeneratedbyjobsequencing whenn=5,(P1,P2,P3, P4, P5) 

=(20, 15, 10, 5, 1),(d1,d2, d3,d4, d5) =(2, 2,1,3, 3) 

Solution 

TheJobs arealreadysorted accordingto decreasingorder ofprofit. 

Maximum deadline is 3. Therefore create 4 slots. Allocate jobs to highest slot, starting from 

the job of highest profit 

SelectJob1–Allocateto slot-2 

SelectJob2 –Allocate toslot-1 as2 isalreadyfilled 

SelectJob3–Slot-2&1arealreadyfilled.Cannotbeallocated. Select Job 

4 – Allocate to slot-3 

Totalprofit earnedis=20+15+5=40 

 J1 J2 J3 J4 J5 J6 J7 

Profit 3 5 20 18 1 6 30 

Deadline 1 3 4 3 2 1 2 

 

Slot 1 2 3 4 

Job J6 J7 J4 J3 

 

Slot 1 2 3 

Job J2 J1 J4 
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2. Minimumcostspanningtrees 

Definition:Aspanningtreeofaconnectedgraphisitsconnectedacyclicsubgraph(i.e.,atree) 

thatcontainsalltheverticesofthegraph.Aminimumspanningtreeofaweightedconnected graph is 

its spanning tree of the smallest weight, where the weight of a tree is defined as the sum of the 

weights on all its edges. The minimumspanning tree problem is the problem of finding a 

minimum spanning tree for a given weighted connected graph. 

 

 

 Prim’sAlgorithm 

Prim's algorithm constructs a minimum spanning tree through a sequence of expanding sub- 

trees.Theinitialsubtreeinsuchasequenceconsistsofasinglevertex selectedarbitrarilyfrom the set 

V of the graph's vertices. On each iteration it expands the current tree in the greedy manner 

by simply attaching to it the nearest vertex not in that tree. The algorithm stops after all the 

graph's vertices have been included in the tree being constructed. Since the algorithm 

expandsatreebyexactlyonevertexoneachofitsiterations,thetotalnumberofsuchiterations is n - 1, 

where n is the number of vertices in the graph. The tree generated bythe algorithm is obtained 

as the set of edges. 

 

 

Correctness:Prim’salgorithmalwaysyieldsaminimum spanningtree. 
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Example: An example of prim’s algorithm is shown below. 

The parenthesized labels of a vertex in the middle column 

indicate the nearest tree vertex and edge weight; selected 

vertices and edges are shown in bold. 

 

 

Treevertices Remaining vertices Illustration 

 

Analysisof Efficiency 

The efficiency of Prim’s algorithm depends on the data structures chosen for the graph itself 

and for the priority queue of the set V − VT whose vertex priorities are the distances to the 

nearest tree vertices. 

1. Ifagraphisrepresentedbyitsweightmatrixandthepriorityqueueisimplementedas an 

unordered array, the algorithm’s runningtime will be in Θ(|V|2). Indeed, on each 
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of the |V| − 1iterations, the array implementing the priority queue is traversed to find 

anddeletetheminimumandthentoupdate,ifnecessary,theprioritiesoftheremaining 

vertices. 

Wecanimplement thepriorityqueueas a min-heap.(Amin-heapis acompletebinarytreein 

whicheveryelementislessthanorequaltoitschildren.)Deletionofthesmallestelementfrom and 

insertion of a new element into a min-heap of size n are O(log n) operations. 

2. If a graph is represented by its adjacency lists and the priority queue is implemented 

as a min-heap, the running time of the algorithm is in O(|E| log |V |). 

Thisisbecausethealgorithmperforms |V|−1deletionsofthesmallestelementandmakes |E| 

verificationsand,possibly,changesofanelement’spriorityinamin-heapofsizenotexceeding 

|V|. Each of these operations, as noted earlier, is a O(log |V|) operation. Hence, the running 

time of this implementation of Prim’s algorithm is in 

(|V|−1+ |E|)O(log|V |)=O(|E|log|V |)because,inaconnectedgraph,|V|−1≤|E|. 

 

 Kruskal’sAlgorithm 

Background:Kruskal's algorithmisanothergreedyalgorithmfortheminimumspanningtree 

problem that also always yields an optimal solution. It is named Kruskal's algorithm, after 

Joseph Kruskal. Kruskal's algorithm looks at a minimum spanning tree for a weighted 

connected graph G = (V, E) as an acyclic sub graph with |V | - 1 edges for which the sum of 

theedgeweightsisthesmallest.Consequently,thealgorithmconstructsaminimumspanning treeas 

an expandingsequenceofsub graphs, which arealways acyclic but arenot necessarily 

connected on the intermediate stages of the algorithm. 

Working:Thealgorithmbeginsbysortingthegraph'sedgesinnon-decreasingorderoftheir 

weights. Then, starting with the emptysubgraph, it scans this sorted list adding the next edge 

on the list to the current sub graph if such an inclusion does not create a cycle and simply 

skipping the edge otherwise. 
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The fact that ET ,the set of edges composing a minimum spanning tree of graph G actually a 

tree in Prim's algorithm but generallyjust an acyclic sub graph in Kruskal's algorithm. 

Kruskal’s algorithm is not simpler because it has to check whether the addition of the next 

edge to the edges already selected would create a cycle. 

Wecanconsiderthealgorithm'soperationsasaprogressionthroughaseriesofforests 

containingall theverticesofagiven graphandsomeofitsedges.Theinitialforestconsists of 

|V| trivial trees, each comprising a single vertex of the graph. The final forest consists of a 

singletree, whichisa minimumspanningtreeofthe graph.Oneachiteration,thealgorithm 

takesthenextedge(u,v)fromthesortedlistofthegraph'sedges,findsthetreescontainingthe vertices 

u and v, and, if these trees arenot the same, unites them in a larger tree byaddingthe edge (u, 

v). 

Analysisof Efficiency 

Thecrucialcheck whethertwovertices belongto thesametreecanbefoundoutusing union- find 

algorithms. 

EfficiencyofKruskal’salgorithmisbasedonthetimeneededforsortingtheedgeweightsof a given 

graph. Hence, with an efficient sorting algorithm, the time efficiency of Kruskal's algorithm 

will be in O (|E| log |E|). 

 

Illustration 

An example of Kruskal’s algorithm is shown below.The selected 

edges are shown in bold. 
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3. Singlesourceshortestpaths 

Single-source shortest-paths problem is defined as follows. For a given vertex called the 

source in a weighted connected graph, the problem is to find shortest paths to all its other 

vertices.Thesingle-sourceshortest-pathsproblemasksforafamilyofpaths,eachleadingfrom the 

source to a different vertex in the graph, though some paths may, of course, have edges in 

common. 

 Dijkstra'sAlgorithm 

Dijkstra'sAlgorithmisthebest-knownalgorithmforthesingle-sourceshortest-pathsproblem. 

Thisalgorithmisapplicabletoundirectedanddirected graphswithnonnegativeweights only. 

Working - Dijkstra's algorithm finds the shortest paths to a graph's vertices in order of their 

distance from a given source. 

 First,itfindstheshortestpathfromthesourcetoavertex nearesttoit,thentoasecond nearest, 

and so on. 

 Ingeneral,beforeitsithiterationcommences,thealgorithm 

hasalreadyidentifiedtheshortestpathstoi-1othervertices 

nearest to the source. These vertices, the source, and the 

edgesoftheshortestpathsleadingtothemfromthesource form 

a subtree Ti of the given graph shown in the figure. 

 Sincealltheedgeweightsarenonnegative,thenextvertex 

nearesttothesourcecanbefoundamongtheverticesadjacenttotheverticesofTi.The 
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setofverticesadjacenttotheverticesin Ti canbereferredtoas "fringevertices";they 

arethecandidatesfromwhichDijkstra'salgorithmselectsthenextvertexnearesttothe 

source. 

 Toidentifytheithnearest vertex,thealgorithmcomputes,foreveryfringevertex u,the sum 

of the distance to the nearest tree vertex v (given bythe weight of the edge (v, u)) and 

the length d., of the shortest path from the source to v (previously determined by the 

algorithm) and then selects the vertex with the smallest such sum. The fact that it 

suffices to compare the lengths of such special paths is the central insight of Dijkstra's 

algorithm. 

 Tofacilitatethealgorithm'soperations,welabel eachvertex withtwolabels. 

o Thenumericlabeldindicatesthelengthoftheshortestpathfromthesourcetothis 

vertexfoundbythealgorithmsofar;whenavertexisaddedtothetree,dindicates the 

length of the shortest path from the source to that vertex. 

o The other label indicates the name of the next-to-last vertex on such a path, i.e., 

theparentofthevertex inthetreebeingconstructed.(Itcanbeleftunspecifiedfor the 

sources and vertices that are adjacent to none of the current tree vertices.) 

Withsuchlabeling,findingthenextnearestvertexu*becomesasimpletaskoffinding a 

fringe vertex with the smallest d value. Ties can be broken arbitrarily. 

 After we have identified a vertex u* to be added to the tree, we need to perform two 

operations: 

o Moveu*fromthefringe to thesetoftreevertices. 

o Foreachremainingfringevertex uthatisconnectedtou*byanedgeofweight 

w(u*,u)suchthatdu*+w(u*,u)<du,updatethelabelsofubyu*anddu*+w(u*, u), 

respectively. 

 

Illustration: An example of Dijkstra's algorithm is 

shown below. The next closest vertex is shown in 

bold. (see the figure in next page) 

 

The shortest paths (identified by following nonnumeric labels backward from a destination 

vertex in the left column to the source) and their lengths (given by numeric labels of the tree 

vertices) are as follows: 

ThepseudocodeofDijkstra’salgorithmisgivenbelow.Notethatinthefollowingpseudocode, VT 

contains a given source vertex and the fringe contains the vertices adjacent to it after iteration 

0 is completed. 
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Analysis: 

Thetimeefficiency ofDijkstra’salgorithmdependsonthedatastructuresusedfor implementing the 

priority queue and for representing an input graph itself. 
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Efficiency isΘ(|V|2)forgraphsrepresentedbytheirweightmatrixandthepriorityqueue implemented 

as an unordered array. 

For graphs represented bytheir adjacency lists and the priorityqueue implemented as a min- 

heap, it is in O (|E| log |V| ) 

Applications 

 Transportationplanningandpacketroutingin communication networks,includingthe 

Internet 

 Finding shortest paths in social networks, speech recognition, document 

formatting,robotics, compilers, and airline crew scheduling. 

4. OptimalTreeproblem 

Background: 

Suppose we have to encode a text that comprises characters from some n-character alphabet 

byassigningtoeachofthetext'scharacterssomesequenceofbitscalledthe codeword.There are two 

types of encoding: Fixed-length encoding, Variable-length encoding 

Fixed-lengthencoding:Thismethodassignstoeachcharacterabitstringof thesamelength 

m(m >=log2n). This is exactlywhatthestandard ASCIIcodedoes. 

One wayof getting a coding scheme that yields a shorter bit string on the average is based on 

theoldideaofassigningshortercode-wordstomorefrequentcharactersandlongercode-words to 

less frequent characters. 

Variable-length encoding: This method assigns code-words of different lengths to different 

characters, introduces a problem that fixed-length encoding does not have. Namely, how can 

wetellhowmanybitsofanencodedtextrepresent thefirst character? (or,moregenerally,the ith) To 

avoid this complication, we can limit ourselves to prefix-free (or simply prefix) codes. 

Inaprefix ode,nocodewordisaprefix ofacodewordofanothercharacter.Hence,with such an 

encoding, we can simply scan a bit string until we get the first group of bits that is a 

codeword for some character, replace these bits by this character, and repeat this operation 

until the bit string's end is reached. 

If we want to create a binary prefix code for some alphabet, it is natural to associate the 

alphabet's characters with leaves of a binary tree in which all the left edges are labelled by 0 

and all the right edges are labelled by1 (or vice versa). The codeword of a character can then 

be obtained by recording the labels on the simple path from the root to the character's leaf. 

Since there is no simple path to a leaf that continues to another leaf, no codeword can be a 

prefix of another codeword; hence, any such tree yields a prefix code. 

Amongthemanytreesthatcanbeconstructedinthismannerforagiven alphabetwithknown 

frequencies of the characteroccurrences, construction of such a tree that would assign shorter 

bit strings to high-frequency characters and longer ones to low-frequency characters can be 

done by the following greedy algorithm, invented by David Huffman. 



ADA BCS401 
 

 

 HuffmanTreesandCodes 

Huffman'sAlgorithm 

Step 1: Initialize n one-node trees and label them with the characters of the alphabet. Record 

the frequencyof each character in its tree's root to indicate the tree's weight. (More generally, 

the weight of a tree will be equal to the sum of the frequencies in the tree's leaves.) 

Step 2: Repeat the following operation until a single tree is obtained. Find two trees with the 

smallestweight.Makethemtheleftandrightsubtreeofanewtreeandrecordthesumoftheir weights in 

the root of the new tree as its weight. 

A tree constructed by the above algorithm is called a Huffmantree. It defines-in the manner 

described-a Huffman code. 

Example: Consider the five-symbol alphabet {A, B, C, D, _} with the following occurrence 

frequencies in a text made up of 

thesesymbols: 

TheHuffmantreeconstruction 

forthe aboveproblem isshown below: 
 

Theresultingcodewordsareasfollows: 
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Hence, DADisencodedas011101,and10011011011101isdecodedasBAD_AD. 

Withtheoccurrencefrequenciesgivenandthecodewordlengthsobtained,theaverage number of bits 

per symbol in this code is 

2 *0.35 +3 *0.1+2 *0.2+2 *0.2 +3 *0.15 =2.25. 

Had we used a fixed-length encoding for the same alphabet, we would have to use at least 3 

bits pereach symbol. Thus, forthis example, Huffman’s codeachieves the compression ratio 

(a standard measure of a compression algorithm’s effectiveness) of (3−2.25)/3*100%= 25%. 

Inotherwords,Huffman’sencodingoftheabovetextwilluse25%lessmemorythanitsfixed- length 

encoding. 

 

 

5. TransformandConquerApproach 

We call this general technique transform-and-conquer because these methods work as two- 

stage procedures. First, in the transformation stage, the problem’s instance is modified to be, 

foronereasonoranother, moreamenabletosolution.Then,inthesecondorconqueringstage, it is 

solved. 

There are three major variations of this ideathat differ bywhat we transform a given instance 

to (Figure 6.1): 

 Transformationtoasimplerormoreconvenientinstanceofthesameproblem—wecall it 

instance simplification. 

 Transformationtoadifferentrepresentationofthesameinstance—wecallit 

representationchange. 

 Transformationtoaninstanceofadifferentproblemforwhichan algorithmisalready 

available—we call it problem reduction. 

 

 Heaps 

Heap is a partially ordered data structure that is especially suitable for implementing priority 

queues. Priorityqueue is amultiset ofitems with an orderable characteristiccalled an item’s 

priority, with the following operations: 
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 findinganitemwith thehighest(i.e.,largest) priority 

 deletinganitemwiththehighestpriority 

 addinganew itemto themultiset 

Notionof theHeap 

Definition:Aheapcanbedefinedasabinarytreewithkeysassignedtoitsnodes,onekeyper node, 

provided the following two conditions are met: 

1. The shape property—the binary tree is essentially complete (or simply complete), 

i.e.,allitslevelsarefullexceptpossiblythelastlevel,whereonlysomerightmostleaves may 

be missing. 

2. The parental dominance or heap property—the key in each node is greater than or 

equal to the keys in its children. 

Illustration: Theillustration ofthedefinition ofheap is shownbellow: onlytheleft most tree is 

heap. The second one is not a heap, because the tree’s shape property is violated. The left 

child of last subtree cannot be empty. And the third one is not a heap, because the parental 

dominance fails for the node with key 5. 
 

 

PropertiesofHeap 

1. There existsexactly oneessentially complete binary treewithnnodes.Itsheightis equal 

to ⌊𝑙𝑜𝑔2𝑛⌋ 

2. Therootofaheap alwayscontainsitslargest element. 

3. Anodeofaheapconsidered withall its descendantsis also aheap. 

4. Aheapcanbeimplementedasanarraybyrecordingitselementsinthetopdown,left- to-right 

fashion. It is convenient to store the heap’s elements in positions 1 through n of such 

an array, leaving H[0] either unused or putting there a sentinel whose value is greater 

than every element in the heap. In such a representation, 

a. theparentalnodekeyswillbeinthefirst⌊n/2⌋.positionsofthearray,whilethe leaf 

keys will occupy the last ⌊n/2⌋ positions; 

b. the children of a keyin the array’s parental position i (1≤ i ≤⌊𝑛/2⌋) will be in 

positions2iand2i+1,and,correspondingly,theparentofakeyinpositioni(2 

≤ i≤ n)will bein position⌊𝑛/2⌋. 
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Heapanditsarrayrepresentation 

Thus, we could also define a heap as an array H[1..n] in which every element in position i in 

thefirsthalfofthearrayisgreaterthanorequaltotheelementsinpositions2iand2i+1,i.e., H[i]≥max 

{H [2i], H [2i + 1]} for i= 1. . .⌊𝑛/2⌋ 

 
Constructionsof Heap -TherearetwoprincipalalternativesforconstructingHeap. 

1) Bottom-upheapconstruction2)Top-downheapconstruction 

 

Bottom-upheapconstruction: 

The bottom-up heap construction algorithm is illustrated bellow. It initializes the essentially 

complete binarytree with n nodes byplacing keys in the order given and then “heapifies” the 

tree as follows. 

 Starting with the last parental node, the algorithm checks whether the parental 

dominance holds for the key in this node. If it does not, the algorithm exchanges the 

node’s key K with the larger key of its children and checks whether the parental 

dominance holds for K in its new position. This process continues until the parental 

dominance for K is satisfied. (Eventually, it has to because it holds automatically for 

any key in a leaf.) 

 Aftercompletingthe “heapification”of thesubtreerootedat thecurrentparentalnode, the 

algorithm proceeds to do the same for the node’s immediate predecessor. 

 Thealgorithmstopsafterthis isdonefortheroot ofthetree. 
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Illustration 

Bottom-up construction of a heap for the list 2, 9, 7, 6, 5, 8. The double headed arrows show 

key comparisons verifying the parental dominance. 

 

 

Analysisof efficiency-bottomupheapconstruction algorithm: 

Assume,forsimplicity,thatn=2k−1sothataheap’streeisfull,i.e.,thelargestpossible number of nodes 

occurs on each level. Let h be the height of the tree. 

Accordingtothefirstpropertyofheapsinthelistatthebeginningofthesection,h=⌊𝑙𝑜𝑔2𝑛⌋ 

orjust⌊𝑙𝑜𝑔2(𝑛 + 1)⌋=k−1 forthespecificvalues of nweare considering. 

EachkeyonlevelIofthetreewilltraveltotheleaflevelhintheworstcaseoftheheap 

constructionalgorithm.Sincemovingtothenextleveldownrequirestwocomparisons—one 
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to find the larger child and the other to determinewhether the exchange is required—the total 

number of key comparisons involving a keyon level I will be 2(h − i). 

Therefore,thetotalnumberofkeycomparisonsintheworstcase willbe 
 

where the validity of the last equality can be proved either by using the closed-form formula 

for the sum or by mathematical induction on h. 

Thus,withthisbottom-upalgorithm,aheapofsizencanbeconstructedwithfewerthan2n 

comparisons. 

Top-downheapconstructionalgorithm: 

Itconstructs a heap bysuccessiveinsertions of anew keyinto apreviouslyconstructedheap. 

1. First,attachanew nodewith keyKin itafterthelastleaf oftheexistingheap. 

2. ThenshiftKuptoitsappropriateplacein thenewheapas follows. 

a. Compare K with its parent’s key: if the latter is greater than or equal to K, stop (the 

structure is a heap); otherwise, swap these two keys and compare K with its new 

parent. 

b. ThisswappingcontinuesuntilKisnotgreaterthan itslastparentoritreachesroot. 

Obviously, this insertion operation cannot require more key comparisons than the heap’s 

height. Since the height of a heap with n nodes is about log2n, the time efficiencyof insertion 

is in O(log n). 

Illustration of inserting a new key: Inserting a new key (10) into the 

heapisconstructedbellow.Thenewkeyisshiftedupviaaswap withits parents 

until it is not larger than its parents (or is in the root). 

 

 

 

 

 

 

Deleteanitemfromaheap:Deletingtheroot’skeyfromaheapcanbedonewiththe following 

algorithm: 

MaximumKeyDeletionfromaheap 

1. Exchangetheroot’s keywiththelast keyK oftheheap. 

2. Decreasetheheap’ssizeby1. 

3. “Heapify”thesmallertreebysiftingKdownthetreeexactlyinthesamewaywedidit in the 

bottom-up heap construction algorithm. That is, verify the parental dominance 
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forK: if it holds, we are done; if not, swap K with the larger of its children and repeat 

this operation until the parental dominance condition holds for K in its new position. 
 

The efficiency of deletion is determined by the number of key comparisons needed to 

“heapify”thetreeaftertheswaphasbeenmadeandthesizeofthetreeisdecreasedby1.Since this 

cannot require more key comparisons than twice the heap’s height, the time efficiency of 

deletion is in O (log n) as well. 

 HeapSort 

Heapsort - an interesting sorting algorithm is discovered byJ. W. J. Williams. This is a two- 

stage algorithm that works as follows. 

Stage1(heapconstruction):Construct aheapforagiven array. 

Stage2(maximumdeletions):Applythe root-deletionoperationn−1timestothe 

remaining heap. 

As a result, the array elements are eliminated in decreasing order. But since under the array 

implementation of heaps an element being deleted is placed last, the resulting array will be 

exactly the original array sorted in increasing order. 

Heapsortistraced onaspecificinputis shown below: 

Illustration 
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Analysisofefficiency:Sincewealreadyknowthattheheapconstructionstageofthealgorithm is in 

O(n), we have to investigate just the time efficiencyof the second stage. For the number of 

keycomparisons, C(n), needed for eliminatingthe root keys from the heaps of diminishing 

sizes from n to 2, we get the following inequality: 

This means that C(n) ∈ O(n log n) for the second stage of heapsort. For both stages, we get 

O(n) + O(n log n) = O(n log n). A more detailed analysis shows that the time efficiency of 

heapsort is, in fact, in Θ(n log n) in both the worst and average cases. Thus, heapsort’s time 

efficiency falls in the same class as that of mergesort. 

Heapsortisin-place,i.e., itdoesnotrequireanyextrastorage.Timingexperimentsonrandom 

filesshowthatheapsortrunsmoreslowlythanquicksortbutcanbecompetitivewithmergesort. 

***** 
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