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Module-1:Introduction

Introduction

WhatisanAlgorithm?

Algorithm: Analgorithmisafinitesequenceofunambiguousinstructionstosolveaparticular problem.

a. Input.Zeroormorequantities areexternallysupplied.
Output.At leastone quantityis produced.
Definiteness. Each instruction is clear and unambiguous. It must be perfectly clear what
should be done.

d. Finiteness. If we trace out the instruction of an algorithm, then for all cases, the algorithm
terminates after a finite number of steps.

e. Effectiveness. Everyinstruction must be verybasic so that it can be carried out, in principle,
byapersonusingonlypencil and paper. It is notenough that each operation bedefiniteas in
criterion c; it also must be feasible.

AlgorithmSpecification
Analgorithm canbespecifiedin

1) Simple English

2) Graphicalrepresentation likeflowchart
3) Programminglanguagelike C++/java
4) Combinationofabovemethods.

Example:CombinationofsimpleEnglishandC++,thealgorithmfor selectionsortisspecifiedas
follows.

for (i=1; i<=n; i++) {
examine a[i] to a[n] and suppose
the smallest element is at alj];
interchange al[i] and aljl;

}

Example:InC++thesamealgorithmcanbespecifiedasfollows.Here Typeisabasicoruser defined data
type.

void SelectionSort(Type a[], int n)
// Sort the array al[l:n] into nondecreasing order.
{
for (int i=1; i<=n; i++) {
int j = 1}
for (int k=i+1l; k<=n; k++)
if (alkl<aljl) j=k;
. Type t = al[i]; al[il = a[j]; al[j] = t;
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AnalysisFramework

MeasuringanInput’sSize

It is observed that almost all algorithms run longer on larger inputs. For example, it takes longer to
sort larger arrays, multiply larger matrices, and so on. Therefore, it is logical to investigate an
algorithm'’s efficiency as a function of some parameter n indicating the algorithm's input size.

There are situations, where the choice of a parameter indicating an input size does matter. The
choice of an appropriate size metric can be influenced by operations of the algorithm in question. For
example, how should we measure an input's size for a spell-checking algorithm? If the algorithm
examines individual characters of its input, then we should measure the size by the number of
characters; if it works by processing words, we should count their number in the input.

We should make a special note about measuring the size of inputs for algorithms involving properties
of numbers (e.g., checking whether a given integer n is prime). For such algorithms, computerscientists
prefer measuring size bythe number b of bits in the n's binaryrepresentation:=logzn | + 1. This metric
usually gives a better idea about the efficiency of algorithms in question.

Units forMeasuring Runninglime

To measure an algorithm’s efficiency, we would like to have a metric that does not depend on these
extraneous factors. One possible approach is to count the number of times each of the algorithm's
operations is xecuted. This approach is both excessively difficult and, as we shall see, usually
unnecessary. The thing to do is to identify the most important operation of the algorithm, called the
basic operation, the operation contributing the most to the total running time, and compute the number
of times the basic operation is executed.

For example, most sorting algorithms work by comparing elements (keys) of a list being sorted with
each other; for such algorithms, the basic operation is a key comparison.

As another example, algorithms for matrix multiplication and polynomial evaluation require two
arithmetic operations: multiplication and addition.

Let copbe the execution time of an algorithm’s basic operation on a particular computer, and let C(n) be

the number of times this operation needs to be executed for this algorithm. Then we can estimate the

running time T(n) of a program implementing this algorithm on that computer by the formula:
T(n)=copC(n)

Unless n is extremely large or very small, the formula can give a reasonable estimate of the algorithm's

running time.

It is for these reasons that the efficiency analysis framework ignores multiplicative constants and
concentratesonthecount'sorderofgrowthtowithinaconstantmultipleforlarge-sizeinputs.
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Ordersof Growth

Whythis emphasis on the count's order of growth for large input sizes? Because for large values of n, it
is the function's order of growth that counts: just look at table which contains values of a few functions
particularly important for analysis of algorithms.

Table:Valuesof severalfunctionsimportant foranalysisof algorithms

-

2 3
n log, n n nlog, n n= n- 2 n!

10 33 ¢! 33100 107 10° 10° 36.106
102 6.6 162 66107 104 106 13100 93.10!%
10° 10 1¢3 1.0-10* 106 10°

10* 13 104 1.3:10° 108 1012

10° 17 1¢3 1.7-106 1010 1013

106 20 106 2.0107 1012 1018

Algorithms that require an exponential number of operations are practical for solving only problems of
very small sizes.

PerformanceAnalysis
Therearetwokindsof efficiency:timeefficiencyandspaceefficiency.

e Timeefficiencyindicateshowfastan algorithminquestion runs;
e Spaceefficiencydeals with theextraspacethe algorithm requires.

In the early days of electronic computing, both resources time and space were at a premium. The
research experience has shown that for most problems, we can achieve much more spectacular progress
in speed than inspace. Therefore, we primarily concentrate on time efficiency.

Spacecomplexity

Total amount ofcomputermemoryrequired byan algorithm to completeits execution is called as space
complexity of that algorithm. The Space required by an algorithm is the sum of following components

e A fixed part that is independent of the input and output. This includes memoryspace for codes,
variables, constants and so on.

e Auvariablepartthatdependsontheinput,outputandrecursionstack.(Wecallthese parameters as
instance characteristics)

Space requirement S(P) of an algorithm P,  S(P) = ¢ + Sp where c is a constant depends on the fixed
part, Sp is the instance characteristics\

Example-1:Considerfollowingalgorithmabc()

float abc(float a, float b, float c)
{ return (a + b + b*c + (a+b-c)/(a+b) + 4.0);
¥

Herefixedcomponentdependsonthesizeofa,bandc. AlsoinstancecharacteristicsSp=0
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Example-2: Let us consider the algorithm to find sum of array. For the algorithm given here the
problem instances are characterized by n, the number of elements to be summed. The space needed bya][
]dependsonn.Sothe space complexity canbewritten as;Ssum(n) 2 (N+3);nfor a[ ],0One eachfor n, i and s.

float Sum(float a[], int n)
{ float s = 0.0;
for (int i=1; i<=n; i++)
s += al[i]l;
return s;

Time complexity

Usually, the execution time or run-time of the program is refereed as its time complexity denoted by
tp(instancecharacteristics). Thisisthesumofthetimetakentoexecuteall  instructionsintheprogram.  Exact
estimation runtime is a complex task, as the number of instructions executed is dependent on the input
data. Also different instructions will take different time to execute. So for the estimation of the time
complexity we count only the number of program steps. We can determine the steps neededby a
program to solve a particular problem instance in two ways.

Method-1: We introduce a new variable count to the program which is initialized to zero. We also
introduce statements to increment count by an appropriate amount into the program. So when eachtime
original program executes, the count also incremented by the step count.

Example: Consider the algori hm sum(). After the introduction of the count the program will be as
follows. We can estimate that invocation of sum() executes total number of 2n+3 steps.

float Sum(float a[], int n)
{ float s = 0.0
count++; // count is global
for (int i=1; i<=n; i++) {
count++; // For ‘for’
: s += a[i]; count++; // For assignment
count++; // For last time of ‘for’
count++; // For the return
return s;

Method-2: Determine the step count of an algorithm by building a table in which we list the total
numberof steps contributed byeach statement. An exampleis shown below. Thecode will find thesum
ofn numbers.

Example:Matrix addition

___Statement [s/e|freq | total
SUvoid Add(Type all[SIZE], ...) [0 | - 0
fl { for (int i=1; i<=m; i++) 1 m+1 m+1
{ for (int j=1; j<=n; j++) 1 m(n+1) | mn+m
c[il (31 = alil[j]
+ bl[il [j1; 1 mn mn
} } 0 |- 0
= Total ] | [ 2mn+2m+ 1

Total | I | 2n+ 3
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The above method is both excessively difficult and, usually unnecessary. The thing to do is toidentify the most
important operation contributing the m operation of the algorithm, called thebasicoperation, the st to the total
running time, and compute the number of timesthe basic operation is executed.

Trade-off

There is often a time-space-tradeoff involved in a problem, that is, it cannot be solved with few
computing time and low memory consumption. One has to make a compromise and to exchange
computing time for memory consumption or vice versa, depending on which algorithm one choosesand
how one parameterizes it.

AsymptoticNotations

The efficiency analysis framework concentrates on the order of growthof an algorithm’s basicoperation count as
the principal indicator of the algorithm’s efficiency. To compare and rank such orders of growth, computer

scientists use three notations: O(big oh), Q(big omega), ® (big theta) and o(little oh)

Big-Ohnotation + cgln)

Definition: A function t(n) is said to be in O(g(n)), tin)

denoted t(n) €0(g(n)), if t (n) is bounded above by
some constant multiple of g(n) for all large n, i.e., if
there exist some positive constant ¢ and some
nonnegative integer ng such that doesn't

matter

t(n)<cg(n)foralln2no.

e ]

o

>N

Big-oh notation: ¢ (n) € O(g(n)).

Informally, O(g(n))isthesetofallfunctionswithalowerorsameorderof growthas g(n).Note that the
definition gives us a lot of freedom in choosing specific valuesfor constants ¢ and no.

Examples:ne(n?), 100n+5e(n?), 1(n— 1)e0O(n?)
2

n3¢(n?), 0.00001n3¢(n?), nt + n + 1 ¢ n?

CSE,SVIT 5



ADA BCS401

Strategies to prove Big-O: Sometimes the easiest way to prove that f (n) = O(g(n)) is to take c to
be the sum of the positive coefficients off(n). We can usually ignore the negative coefficients.

Example: To prove 5n2 + 3n + 20 = O(n?), we ~ Example:To prove100n + 5 €O(n?)

pickc=5+3+20=28 Thenifn >no =1,  100n+5<105n(c=105,ne=1)

5n%+3n+20<5n>+3n%+20n> =28n2, Example:To proven®+n = O(n’)

: : =1+1=2,ifn=ne= T

thus 5n2 4 3n + 20 = O(n?). Takec=1+1=2,ifn=no=1,thenn*+n
=0(n%)

i) Prove3n+2=0(n)  ii)Prove1000n?+100n-6 =O(n?)

Omega notation

Definition:A function t(n) is said to be in Q(g(n
denoted t(n) €Q(g(n)),if t(n) is bounded below
some positive constant multiple of g(n) for all lar
n,i.e.,ifthereexistsomepositiveconstantcandsome

nonnegative integer no suchthatt(n)=c g(n)for «

n = no. doesn't
matter

L » N
My

Big-omega notation: t(n) € Q2(g(n)).

Hereisanexampleoftheformalproofthatn® € Qm?):n*=n*foralln=0,i.e.,we can
select c=1and no=0.

) 1 A i E 5
Example: nd e Qnd). ;n(n —1) e Qn), bul 100n +5 & Q(n°).

Example: To proven®+ 4n?=Q(n?)
Weseethat,ifn=0,n%+4n’=n3=n%Thereforen3+4n’=1n?*for
alln=0Thus,wehaveshownthatn3+4n>=Q(n?)wherec=1&no=0

cigin)
Thetanotation A
Afunctiont(n)issaidtobein®(g(n)),denotedt(n)
€ 0O(g(n)),if t (n) is bounded both above and belowt
some positive constant multiples ofg(n)
for all large n, i.e., if there exist some positive
constantsciandc,andsomenonnegativeintegerno such I
that matter

t(n)

c,g(n)

\

Sk
[=]

c2g(n) <t(n)<cig(n)foralln=no.

CSE,SVIT 6
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Big-theta notation: t(n) € O(g(n))

CSE,SVIT 7
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For example, let us prove that 3n(n — 1) € ©(n?). First, we prove the right
inequality (the upper bound):

—nin—1)= ln2 = ln < ln2 for all n = 0.
2 2 2
Second, we prove the left inequality (the lower bound):
—ln(n —1) = ln2 — ln > in2 - lnln (foralln >2)= lnz.
2 2 2 2 22 4

Hence, we can select 05 = 1, ¢; = 1. and n, =2.

Example:n?+5n +7= @(n?)

Whenn > 1, Thus, when n > 1
n® +5n 4+ 7 < n? + 5n® + T? < 1302 In? <n?+5n+7<13n?
When n > 0, Thus, we have shown that n? + 5n 4+ 7 = O(n?)
by definition of Big-©, with ng = 1, ¢y = 1, and
n? <n?+4+5n+7 S* y_ 13.) 8 0 .
L2 — (3

StrategiesforQand®

e Provingthat af(n)=Q(g(n)) oftenrequiresmorethought.
— Quiteoften, wehaveto pick c<1.
— Agoodstrategyistopickavalueofcwhich youthinkwillwork, anddetermine which
value of ng is needed.
— Beingabletodoalittlealgebrahelps.
—  We can sometimes simplify by withthepositive
ignoringtermsoff(n)coefficients.
e The following theorem shows us that proving f(n) = ®(g(n)) is nothing new:

Theorem: f(n)=0(g(n))ifandonlyiff(n)=0(g(n))andf(n)=Q(g(n)).

Thus, wejust applythe previous two strategies.
Show that %-’n—? +3n= @(n.g)

Notice that if n > 1,

1 5 2 = i
—n"+3In < —n” +3n" =
57 F3n < on 3n

2
mn

| ~1

Thus, .
1 i 5 So 1

" +3n=0(n") 31‘12 +3n = Q(n?)
Also. whenn = 0, Since %122 +3n = O(n?) and %712 +3n = Q(n?).

3 g .
=% 3772 +3n = O(n?)

CSE,SVIT 8
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Show that 27> — 31 = ©(n?) cq < % - % holds forn > 10 and ¢y = 1/5
We need to find positive constants ¢, ¢2, and ng % — % < ¢g holds forn > 10and g = 1.

such that , _ .
sueh tha Thus, if ¢; = 1/5. c2 = 1, and nzp = 10, then for

i ; 1 B : ~
0<en?< 6“2 —3n < egn? foralln > ng all 12 = no,

2 ‘ 1 o
o 5 0 < (-1“2 < 7112 —3n < ri;g'n2 for all n = nyg.

Dividing by n=, we get 2
1 3 Thus we have shown that 212 — 3n = O(n?).
0<e1 <. —" <e 2
- 72 n—-

Theorem:Ifti(n) € O(gi(n))andtz(n) € O(g2(n)),thent1(n)+t2(n) € O(max{g1(n),g2(n)}).(The analogous
assertions are true for the 2 and © notations as well.)

Proof: Theproofextendstoordersofgrowththefollowingsimplefactaboutfourarbitraryrealnumbers ai, b1, ao,
b2: if a1< b; and a;< by, then a; + a>< 2 max{bs, b>}.

Sincet1(n) € O(g1(n)),thereexistsomepositiveconstantc;andsomenonnegativeintegernisuchthat ti(n) <
c:gi(n) for all n = ng.

Similarly,sincetz2(n) € O(g2(n)),t2(n)<c.gz2(n)foralln=n..
Letus denote cz =max{c1, c2}and consider n>=max{n1,n2}so that

wecan usebothinequalities. Addingthemyields thefollowing:t1(n)+ tz2(n) <c101(n)+c2g2(n)
=cag1(n)+csg2(n)=cs[g1(n)+gz(n)]

<cs2max{gi(n),g2(n)}.

Hence,t1(n)+t2(n) € O(max{g1(n),g2(n)}),withtheconstantscandnerequiredbytheO definition being
2c3 = 2 max{c1, c2} and max{ni, nz2}, respectively.

3.4.Little OhThefunctionf(n)= o(g(n))[i.ef ofn isa little oh ofgofn]if and only if

limf M=o
n-wg(n)
Example: The function 3n + 2 = o(n?) since lim,,_, 3%?—2 =0, 3n+
2 = o(nlogn). 3n+ 2 = o(nloglogn). 6% 2™ + n? = o(3"). 6% 2" +n? =
o(2" logn). 3n +2 # o(n). 62" +n? # o(2"). O

Forcomparingtheorderofgrowth limitis used

i 0 implies that 7(n) has a smaller order of growth than g(n).
lim = { ¢ implies that 7(n) has the same order of growth as g(n).
noo gln) oo implies that #(n) has a larger order of growth than g(n).

If thecase-1 holdsgoodin theabovelimit,werepresent itbylittle-oh.

CSE,SVIT 9



ADA

EXAMPLE 1 Compare the orders of growth of n(n — 1) and n%. (This is one of
the examples we used at the beginning of this section to illustrate the definiktions.)

: Biase 2_ b 1
lim = — lim z B Iim (1—--—)=

n—o00 n- 2 a—oc  p2 2 n—oc n

%n(n —1)

(S0

Since the limit is equal to a positive constant, the functions have the same order
of growth or, symbolically, Lr(n — 1) € O (x?). 0

EXAMPLE 2 Compare the orders of growth of log; » and /n. (Unlike Exam-
ple 1. the answer here is not immediately obvious.)

1
. logan " logy n)’ , log,; e) — . 1 i
lim 0827 _ fim (;‘,)— = lim (—]L =2logye lim — =0.
a—oo  /n n—20 (\/ﬁ) n—o0 SN r—oc  /n
Since the limit is equal to zero, log, n has a smaller order of growth than /a. (Since
lim,__ 105,3;" =0, we can use the so-called litrle-oh notation: 10g, n € (/).

Unlike the big-Oh, the little-oh notation is rarely used in analysis of algorichms.)

1.3.5.BasicasymptoticefficiencyClasses

Class

Name

Comments

1

log n

n

nlogn

2)’!

n!

CSE,SVIT

constant

logarithmic

linear

linearithmic

quadratic

cubic

exponential

factorial

Short of best-case efficiencies. very few reasonable
examples can be given since an algorithm’s running
time typically goes to infinity when its input size grows
infinitely large.

Typically, a result of cutting a problem’s size by a
constant factor on each iteration of the algorithm (see
Section 4.4). Note that a logarithmic algorithm cannot
take into account all its input or even a fixed fraction
of it: any algorithm that does so will have at least linear
running time.

Algorithms that scan a list of size n (e.g., sequential
search) belong to this class.

Many divide-and-conquer algorithms (see Chapter 5),
including mergesort and quicksort in the average case,
fall into this category.

Typically. characterizes efficiency of algorithms with
two embedded loops (see the next section). Elemen-
tary sorting algorithms and certain operations onn x n
matrices are standard examples.

Typically, characterizes efficiency of algorithms with
three embedded loops (see the next section). Several
nontrivial algorithms from linear algebra fall into this
class.

Typical for algorithms that generate all subsets of an
n-element set. Often. the term “exponential™ is used
in a broader sense to include this and larger orders of
growth as well.

Typical for algorithms that generate all permutations
of an n-element set.

10

BCS401



ADA

BCS401

1.3.6.MathematicalAnalysisofNon-recursive&RecursiveAlgorithms

AnalysisofNon-recursive Algorithms

GeneralPlanforAnalyzingthe TimeEfficiencyofNonrecursive Algorithms

1.
2.
3.

Decideon aparameter (orparameters)indicatinganinput’s Size.
Identifythealgorithm’s basicoperation.(Asarule,itislocatedininnermost loop.)

Check whether the number of times the basic operation is execut d depends only on the size of
an input. If it also depends on some additional property, the worst-case,average-case, and, if
separately.

Setupasumexpressingthenumbero ftimesthealgorithm’s executed.
Usingstandard formulasand rules ofsum manipulation, either

Example-1:Tofindmaximumelementinthegiven array

ALGORITHM MaxElement(A[0..n — 1])

//Determines the value of the largest element in a given a:
/Mnput: An array A[0..n — 1] of real numbers
//Output: The value of the largest element in A
maxval < A|0]
fori < 1ton—1do

if Ali] > maxval

maxval < Ali]

return maxval

Here comparison is the basic operation. Note that number of comparisions will be same for all

arrays

ofsizen. Therefore,noneedtodistinguishworst,bestandaveragecases. Totalnumberof basic

operations are,

n—1
C(n) =Z l=n—1€0Om).

=1

Example-2: Tocheckwhetheralltheelementsinthegivenarrayare distinct

ALGORITHM UniqueElements(A[0..n — 1])

//Determines whether all the clements in a given array are distinct
/[Input: An array A[O..n — 1]
//Output: Returns “true” if all the elements in A are distinct
I and “false™ otherwise
fori < Oton —2do

for j —i+1ton—1do

if A[i]= A[/]| return false

return true

CSE,SVIT 11
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Herebasicoperationiscomparison. Themaximumno.ofcomparisonshappensintheworstcase.i.e. all the

elements in the array are distinct and algorithms return true).

Totalnumberofbasicoperations(comparison)intheworstcase are,

n—2 n—1 n—2 n—2

Coapral Z Z I—Z nm—D—->G+1D+1]= Z(n—l—i)
i=0 j=i+1 i=0 i=0
n—2 n—2 n—2
(n—2)(n—-1)
= - -y )
Z(n ) Z i=(n Z >
=0 i=0 i=0
. —2)(n — —
= l—1J"~ L o — 1) i it ~ ln2 € O”n?)
i 2 2
Otherthanthe worstcase,the totalcomparisons arelessthan 1n2.Forexampleifthefirsttwo elements
2

ofthe arrayareequal, onlyonecomparison is computed.So in generalC(n) =O(n?)

Example-3: Toperformmatrixmultiplication

ALGORITHM MatrixMultiplication(A[0..n — 1, 0.n — 1], B[0..n — 1, 0..n — 1])
//Multiplies two square matrices of order n by the definition-based algorithm
/Mnput: Two n x n matrices A and B
//Output: Matrix C = AB
fori < 0Oton —1do

for j < Oton—1do
Cli, j] < 0.0
fork < 0Oton —1ldo
Cli, j] < Cli, j]1+ Ali, k] % B[k, j]
return C

Numberofbasicoperations(multiplications)is

n—1 n—1n—1 n—1 n—1 n—1
IOTE 5 2) DD uh SIS B
i=0 j=0k=0 =0 j=0  i=0
N ~ 3
Totalrunningtime: I'(n)=c,M(n)=cyn

Supposeif wetakeinto account of addition;Algoritham also havesamenumberof additions
A(n)=n?

~ — 3 N 3 = 3
Totalrunningtime: T'(n)~cuM(n)+c,A(n) =c,,n" +c,n” = (¢, +¢cz)n

CSE,SVIT 12
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Example-4: Tocountthebitsin thebinaryrepresentation

ALGORITHM  Binary(n)
/Mnput: A positive decimal integer n
/1Output: The number of binary digits in n’s binary representation
count < |
while 7 == 1 do
count < counlt + 1
n<|n/2
return count

Thebasicoperation iscount=count+ 1repeatsUD._2?_”J + Ino.oftimes

Analysisof RecursiveAlgorithms
Generalplanforanalyzingthetimeefficiencyofrecursivealgorithms

1. Decideonaparameter(orparameters)indicatinganinput’s size.

2. Identifythealgorithm’sbasicoperation.

3. Checkwhether  thenumber  oftimesthebasicoperationisexecutedcanvaryondifferent  inputsofthesame
size;ifitcan,theworst-case,average-case,andbest-caseefficienciesmustbeinvestigatedseparately.Set  up a
recurrence relation, with an appropriate initial condition, for the number of times the basic operation is
executed.

4. Solvetherecurrenceor,atleast,ascertaintheorderofgrowthofitssolution.

Example-l Compute the factorial function F(n) = n!for an arbitrary nonneg-
ative integer n. Since

nl=1-...-m—=—1)-n=nmn—-D!-n forn>1

and 0! =1 by definition, we can compute F(n)= F(n — 1) - n with the following
recursive algorithm.
ALGORITHM F(n)

//Computes n! recursively

//Input: A nonnegative integer n

//Output: The value of n!

if n =0 return 1

elsereturn F(n — 1) % n
Sincethefunction F(n)iscomputedaccordingtotheformula

Fimy=Fn—-1)-n form >0,

Thenumberof multiplicationsM(n)needed to computeit must satisfytheequality

Mn)y=Mmn—-1) + 1 forn > 0.
to compute to multiply
F(n—1) F(n—1) by n

Suchequationsarecalledrecurrencerelations
CSE,SVIT 13
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Condition that makes the algorithm stopif n = 0 return 1. Thus recurrence relation and initial
conditionfor the algorithm’s number of multiplications M(n) can be stated as

Mn)y=Mmn —1)+1 forn >0,
M) =0.
Wecan usebackward substitutions methodtosolvethis
Mmn)y=Mmn -1 +1 substitute M(n — 1) =Mn —2) + 1
=[Mn—-=2)+1]4+1=M(mn —2)+2 substitute M(n —2)=M(n —3)+1
=[M@# — N+ 1]+ 2=Mp—3I)+3.

=Mmn—i)+i=---=Mmn—n)+n=n.

Example-2: Tower of Hanoi puzzle. In this puzzle, There are n disks of different sizes that canslide
onto anyof three pegs. Initially, all the disks are on the first pegin order ofsize, the largest on the bottom
and the smallest on top. The goal is to move all thedisks to the third peg, using the second one as an
auxiliary, if necessary. We canmove only one disk at a time, and it is forbidden to place a larger disk on

top of asmaller one.The problem has an elegant recursive solution, which is illustrated in Figure.

1. If n=1, wemovethesingle disk directlyfrom the sourcepegto thedestination peg.

2. Tomove n>1disks frompegl to peg3 (with peg2 as auxiliary),
o wefirst moverecursivelyn-1 disksfrom pegl topeg2(with peg3 asauxiliary),
o thenmovethe largest disk directlyfrompegl to peg3,and,
o finally, moverecursivelyn-1 disks from peg2 topeg3(usingpegl asauxiliary).

Figure:RecursivesolutiontotheTowerofHanoipuzzle

Algorithm:TowerOfHanoi(n,source,dest,aux)
Ifn==1,THEN
movediskfrom source
to dest else
TowerOfHanoi(n-1,source,aux,dest) move
disk from source to dest TowerOfHanoi(n-
1,aux,dest,source)

End if

CSE,SVIT 14
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ComputationofNumberof Moves
Thenumberof moves M(n) depends onlyon n. Therecurrenceequation is

Mn)=Munh-1D+1+Mm-1) forn=>1.

Wehavethefollowingrecurrencerelation forthenumberof moves M(n):
Mmn)=2Mmn—1)+1 forn>1
M(1)=1.
Wesolvethisrecurrencebyte samemethodofbackward substitutions:
Mn)=2Mn —1)+1 sub.M(n — 1) =2M(n —2) + 1
=22M(n —2)+ 1]+ 1=22M(mn —-2)+2+1 sub. M(n —2)=2M(n —3) + 1
=2 2M(m—-3)+1]+2+1=2Mm -3)+ 22 +2+ 1.

Thepattern ofthefirst threesums on theleft suggeststhat the next one willbe

M) =2Mu—-D+214+2"24 ... 424+1=2M@E -1)+2" -1
2*M(n—4)+23+22+2+1,andgenerally,afterisubstitutions,weget

Sincetheinitialconditionisspecifiedforn =1,whichisachieved fori=n-1,wegetthe following
formula for the solution to recurrence,
M) =2""Mmn—n-1)+2""1-1
- 2)1—1M(1) £ 211—] —f =2n—l +2n—l —HePW 1

Example-3:To countbitsofadecimalnumberin itsbinaryrepresentation

ALGORITHM BinRec(n)
[/Input: A positive decimal integer n
//Output: The number of binary digits in »’s binary representation
if n =1return 1
else return BinRec(|n/2]) + 1
Therecurrence relationcanbewrittenas

Alsonote thatA(1) =0.
An)=A(ln/2])+1 forn=>1

A2H =AY 41 fork >0,
A2Y =0.

Thestandardapproachtosolvingsucharecurrenceistosolveitonlyforn=2Kandthentake
advantageofthetheoremcalledthesmoothnessrulewhichclaimsthatunderverybroad
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assumptionstheorderofgrowthobservedforn=2*givesacorrectanswerabouttheorderof growth for all
values of n.

Now backward substitutions encounter no problems:
A(2") = A(2k_1) 41 substitute A(2F1) = A¥ D +1
=[AQ* D) +1]+1=A02F?) +2 substitute AQ*H) =42 +1

=[AQ* ) +1]+2=4023 +3
=AQ ) +i

=A% + k.
Thus, we end up with
AQY =AM +k=k,
or, after returning to the original variable n = 2¥ and hence k =log, n,

A(n)=1log, n € ®(log n).
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Bruteforcedesigntechnique:
Bruteforceisstraightforwardapproachtosolvingaproblem,usuallydirectlybasedonthe problem
statement and definitions of the concepts involved.

Selectionsort

We start selection sort by scanning the entire given list to find its smallest element and exchange it with
the first element, putting the smallest element in its final position in the sorted list. Then we scan the list, starting
with the second element, putting the second smallest element in its final position. Generally, on the ith pass

throughthelist,whichwenumber fromOton-2,thealgorithmsearchesforthelast n-lelementsandswapsitwith A::

Ao <Ai<...... <AiilAi......[ min- - An-1

intheirfinalpositions thelastn-ielements

Aftern-1 passes, thelist is sorted.

ALGORITHM SelectionSort(A[0..n — 1])
//Sorts a given array by selection sort
//Input: An array A[0..n — 1] of orderable elements
//Output: Array A[0..n — 1] sorted in ascending order
fori < Oton—2do
min < i :
forj «i+1ton—1do
if A[j] < Almin] min «j
swap A[i] and A[min]

Thenumberoftimes thealgorithm executeddependsonlyon thearray’ssizeandisgiven by

n—2 n—1 n-2 n-2
Cm=3 Y 1=3M-D-G+D+11=) (r—1—10).
i=0 j=i+1 i=0 i—0
Aftersolvingusingsummationformulas
n-2 n-1 n-2
: n—1)n
C(n)=221=2(n—1—t)= 5 -
i=0 j=i+1 i=0

Thusselectionsorthasa ®(n2)time complexity.

Sequential search

This is also called as Linear search. Here we start from the initial element of the array and compare it with the
search key. We repeat the same with all the elements of the array till we encounter the search key or till we reach

end of the array.
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ALGORITHM SequentialSearch2(A[0..n), K)
/Tmplements sequential search with a search key as a sentinel
//Input: An array A of n elements and a search key K
//Output: The index of the first element in A[0..n — 1] whose value is
1 equal to X or —1 if no such element is found
Aln]l « K
i<0
while A[i] # K de
i—i+1
ifi < nretarn i
else return —1

The time efficiency in worst case is O(n), where n is the number of elements of the array. In best case it is O(1), it

means the very first element is the search key.

Stringmatchingalgorithmwithcomplexity Analysis

Another example of Brute force approach is string matching, where string of n characters calledtextand a string of
mcharacters (m<=n) called the patternis given. Here job is tofind whether the pattern is present in text or not. If
we want to find i-the index of the leftmost character of the first matching substring in the

text—such that; = py. ..., tiyj =pj, ... ditm—1 = Pm—1-

/T ey TR t,'+j‘ Y T | e th—1 textT
00 ¢
Po ... pj ... pm-1® pattern P

Westart matchingwiththeveryfirstcharacter,if amatchthenonlyjis incrementedandagaincomparedwithnext character
of both the strings. If not then | is incremented and j starts from beginning of pattern string. If pattern found we
return the position from where the pattern began.Pattern is tried to match till n-m elements, later we neednot

trytomatchastheelementswill belesserthanpattern.Ifit doesn’t matchbyn-melements thenpattern is not matched.

Theworstcaseis®(nm).Bestcaseis @(m).

ALGORITHM BruteForceStringMatch(T[0..n — 1), P[0..m — 1])

/Implements brute-force string matching
/MMnput: An array T[0..n — 1] of n characters representing a text and

/ an array P[0..m — 1] of m characters representing a pattern
//Output: The index of the first character in the text that starts a
1 matching substring or —1 if the search is unsuccessful
fori < 0ton—mdo

j<«<0

while j < m and P[j] = T[i +j] do

J+]+1

ifj = mreturn i

return —1
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