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INTEGRAL CALCULUS 
 

Multiple Integral 
 

DOUBLE INTERGALS 

Consider a function f(x, y) of the independent variables x, y defined at each point I the 

finite region R of the xy-plane. Divide R into n elementary areas 1,A 2 ,A , .nA Let 

( , )r rx y be any point within the rth elementary area .rA Then consider the sum 

1

( , )
n

r r r

r

f x y A


  

i.e. 1 1 1 2 2 2( , ) ( , ) ( , )n n nf x y A f x y A f x y A      

The limit of this sum, if it exists, as n  is defined as the double integral of f(x, y) over 

the region R and is written as ( , )

R

f x y dA  Thus 
1

0

( , ) ( , )
n

r r r
n

rR A

f x y dA Lim f x y A









   

Evaluation of double: 

(i) If R is a region in the xy-plane bounded by the curves 1 2( ), ( )y y x y y x   and the 

lines x = a, x = b, then we have 

( )2

( )1

( , ) ( , )

y xb

R a y x

f x y dA f x y dy dx

 
 
 
 

    

 

(ii) If R is a region in the xy-plane bounded by the curves 1 2( ), ( )x x y x x y   and the lines 

y = c, y = d, then we have 

( )2

( )1

( , ) ( , )

x yd

R c x y

f x y dA f x y dx dy

 
 
 
 

    

 

 

 

 

(iii) If R is a rectangular region bounded by the lines x = a, x = b, y = c, y = d the we have  

     ( , ) ( , ) ( , )

d b b d

R c a a c

f x y dA f x y dxdy f x y dydx       
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Double integrals: ∬ 𝑓(𝑥, 𝑦)𝑑𝐴 = ∫ ∫ 𝑓(𝑥, 𝑦)𝑑𝑦𝑑𝑥
𝑦2

𝑦1

𝑥2

𝑥1
  

 

Evaluate the following:  

 

1. ∫ ∫ 𝑥𝑦 𝑑𝑦𝑑𝑥
√𝑥

𝑥

1

0
 

𝑺𝒐𝒍:  𝐼 = ∫ 𝑥 
1

0
[

𝑦2

2
]

𝑥

√𝑥

  𝑑𝑥  

               =
1

2
 ∫ 𝑥 [

1

0

𝑥 − 𝑥2] 𝑑𝑥 

                   =
1

2
 ∫  [

1

0
𝑥2 − 𝑥3] 𝑑𝑥 

                    =
1

2
[

𝑥3

3
−

𝑥4

4
]

0

1

 

                𝑰 =
𝟏

𝟐𝟒
 

  

2. ∫ ∫ 𝑥𝑦 (𝑥 + 𝑦)𝑑𝑦𝑑𝑥
𝑦

0

1

0
 

 𝑺𝒐𝒍:    𝐼 = ∫ ∫  (𝑥2𝑦 + 𝑦2𝑥)𝑑𝑦𝑑𝑥
𝑦

0

1

0
 

                = ∫  
1

0
[𝑦

𝑥3

3
+ 𝑦2 𝑥2

2
]

0

𝑦

  𝑑𝑦  

               =  ∫ [
𝑦4

3
+

𝑦4

2
]

1

0
 𝑑𝑦 

                     =  ∫  
1

0

5𝑦4

6
 𝑑𝑦 

              =
5

6
[

𝑦5

5
]

0

1

  

            𝑰 =
𝟏

𝟔
  

 

3 ∫ ∫ 𝑒
𝑦

𝑥  𝑑𝑦𝑑𝑥
𝑥2

0

1

0
 

 𝑺𝒐𝒍:     𝐼 = ∫ ∫ 𝑒
𝑦

𝑥 𝑑𝑦𝑑𝑥
𝑥2

𝑦=0

1

𝑥=0
 

                =  ∫ [
𝑒

𝑦
𝑥

1

𝑥

]
0

𝑥2

1

𝑥=0
 𝑑𝑥 

               =  ∫ 𝑥[𝑒
𝑥2

𝑥⁄ − 𝑒01

𝑥=0
]  𝑑𝑥  

                =  ∫ 𝑥[𝑒𝑥 − 1
1

𝑥=0
]  𝑑𝑥 
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               = ∫ [𝑥𝑒𝑥 − 𝑥
1

𝑥=0
]  𝑑𝑥  

                           =  [𝑥𝑒𝑥 − 𝑒𝑥 −
𝑥2

2
]

0

1

 

                      𝑰 =
𝟏

𝟐
  

            

 

 

4.∫ ∫
1

√1−𝑥2
 

1

√1−𝑦2
𝑑𝑦𝑑𝑥

1

0

1

0
 

 

𝑺𝒐𝒍:   𝐿𝑒𝑡 𝐼 = ∫ ∫
1

√1−𝑥2
 

1

√1−𝑦2
𝑑𝑦𝑑𝑥

1

0

1

0
 

                   = ∫
1

√1−𝑥2
𝑑𝑥 ∫

1

√1−𝑦2

1

0
𝑑𝑦

1

0
  

                   =  [𝑠𝑖𝑛−1𝑥]0
1[𝑠𝑖𝑛−1𝑦]0

1  

        

                   = (𝑠𝑖𝑛−11 − 𝑠𝑖𝑛−10)(𝑠𝑖𝑛−11 − 𝑠𝑖𝑛−10) 

 

                  = (
𝜋

2
− 0) (

𝜋

2
− 0) 

 

              𝑰 =
𝝅𝟐

𝟒
  

 

 

5. ∫ ∫
1

1 + 𝑥2 + 𝑦2
 𝑑𝑦𝑑𝑥

√1+𝑥2

0

1

0

  

 𝑺𝒐𝒍:        𝐼 = ∫ ∫
1

1+𝑥2+𝑦2
 𝑑𝑦𝑑𝑥

√1+𝑥2

0

1

0
  

         𝐿𝑒𝑡 1 + 𝑥2 = 𝑎2  𝑜𝑟 𝑎 = √1 + 𝑥2 

 

            𝐼 = ∫ ∫
𝑑𝑦

𝑎2+𝑦2
 𝑑𝑥

𝑎

0

1

0
 

              = ∫
1

𝑎
 [ 𝑡𝑎𝑛−1 (

𝑦

𝑎
)]

0

𝑎

𝑑𝑥
1

0
  

              = ∫
1

𝑎
 [𝑡𝑎𝑛−1(1) − 𝑡𝑎𝑛−1(0)]𝑑𝑥

1

0
 

              =
1

𝑎
 ∫

𝜋

4

1

0
𝑑𝑥                                𝑆𝑖𝑛𝑐𝑒 𝑎 = √1 + 𝑥2 

               =
𝜋

4
∫

1

√1+𝑥2
 

1

0
𝑑𝑥 
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              =
𝜋

4
[log(𝑥 + √1 + 𝑥2]]0

1 

              =
𝜋

4
[log (1 + √2) − 𝑙𝑜𝑔1 ] 

        𝑰 =
𝝅

𝟒
𝐥𝐨𝐠 (𝟏 + √𝟐) 

 

 

Triple integrals:  

 

 ∬ ∫ 𝑓(𝑥, 𝑦, 𝑧)𝑑𝐴 = ∫ ∫ ∫ 𝑓(𝑥, 𝑦, 𝑧)𝑑𝑧𝑑𝑦𝑑𝑥
𝑧2

𝑧1

𝑦2

𝑦1

𝑥2

𝑥1
   

 

Evaluate the following:  

1. ∫ ∫ ∫ 𝑥𝑦𝑧 𝑑𝑧𝑑𝑦𝑑𝑥
𝑥𝑧

0

𝑥

0

1

0
 

𝑺𝒐𝒍: 𝐿𝑒𝑡 𝐼 = ∫ ∫ ∫ 𝑥𝑦𝑧 𝑑𝑧𝑑𝑦𝑑𝑥
𝑥𝑧

0

𝑥

0

1

0
   

         = ∫ ∫ 𝑥𝑧
𝑥

0

1

0
 [

𝑦2

2
]

0

𝑥𝑧

 𝑑𝑧 𝑑𝑥  

        =
1

2
∫ ∫ 𝑥𝑧

𝑥

0

1

0
 (𝑥2𝑧2 − 0)𝑑𝑧 𝑑𝑥 

𝐼 =
1

2
∫ ∫ 𝑥3𝑧3𝑥

0

1

0
  𝑑𝑧 𝑑𝑥  

 

  =
1

2
∫ 𝑥31

0
[

𝑧4

4
]

0

𝑥

   𝑑𝑥  

  =
1

8
∫ 𝑥31

0
(𝑥4 − 0)  𝑑𝑥  

 

         =
1

8
∫ 𝑥71

0
  𝑑𝑥 =

1

8
 [

𝑥8

8
]

0

1

=
1

64
       

∴ 𝑰 =
𝟏

𝟔𝟒 
    

 

2. ∫ ∫ ∫ (𝑥2+𝑦2 + 𝑧2) 𝑑𝑧𝑑𝑦𝑑𝑥
𝑎

−𝑎

𝑏

−𝑏

𝑐

−𝑐
 

𝑺𝒐𝒍:  

𝐿𝑒𝑡 𝐼 = ∫ ∫ ∫ (𝑥2+𝑦2 + 𝑧2) 𝑑𝑧𝑑𝑦𝑑𝑥
𝑎

−𝑎

𝑏

−𝑏

𝑐

−𝑐
  

 

         = ∫ ∫ (𝑥2𝑧 + 𝑦2𝑧 +
𝑧3

3
)

−𝑎

𝑎

𝑑𝑦𝑑𝑥
𝑏

−𝑏

𝑐

−𝑐
 

 

        = ∫ ∫ (2𝑎𝑥2 + 2𝑎𝑦2 +
2𝑎3

3
) 𝑑𝑦𝑑𝑥

𝑏

−𝑏

𝑐

−𝑐
 

       = ∫ (2𝑎𝑥2𝑦 + 2𝑎 
𝑦3

3
+

2𝑎3

3
𝑦)

−𝑏

𝑏
𝑐

−𝑐
𝑑𝑥 

      = ∫ (4𝑎𝑏𝑥2 +  
4𝑎𝑏3

3
+

4𝑎3𝑏

3
)

𝑐

−𝑐
𝑑𝑥 
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      = [4𝑎𝑏
𝑥3

3
+  

4𝑎𝑏3

3
𝑥 +

4𝑎3𝑏

3
𝑥]

−𝑐

𝑐

 

∴ 𝑰 =  
𝟖

𝟑
𝒂𝒃𝒄(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

 

3. ∫ ∫ ∫ (𝑥 + 𝑦 + 𝑧) 𝑑𝑧𝑑𝑦𝑑𝑥
𝑥+𝑧

𝑥−𝑧

𝑧

0

1

−1
 

 

𝑺𝒐𝒍: 𝐿𝑒𝑡 𝐼 = ∫ ∫ ∫ (𝑥 + 𝑦 + 𝑧) 𝑑𝑧𝑑𝑦𝑑𝑥
𝑥+𝑧

𝑥−𝑧

𝑧

0

1

−1

 

         = ∫ ∫ (𝑥𝑦 +
𝑦2

2
+ 𝑧𝑦)

𝑥−𝑧

𝑥+𝑧

𝑑𝑥𝑑𝑧
𝑧

0

1

−1
 

          = ∫ ∫ (4𝑥𝑧
𝑧

0

+ 2𝑧2)𝑑𝑥𝑑𝑧
1

−1

 

        = ∫ [4
𝑥2

2
𝑧 + 2𝑧2𝑥]

0

𝑧

𝑑𝑧
1

−1
 

        = ∫ [2𝑧(𝑧2 − 0) + 2𝑧2(𝑧 − 0)]𝑑𝑧
1

−1
  

        = ∫ 4𝑧3 𝑑𝑧 
1

−1
  

∴ 𝐼 = [4
𝑧4

4
]

−1

−1

= 0  

 

 

4. ∫ ∫ ∫ 𝑥𝑦𝑧 𝑑𝑧𝑑𝑦𝑑𝑥
√1−𝑥2−𝑦2

0

√1−𝑥2

0

1

0
 

 

𝑺𝒐𝒍: 𝐿𝑒𝑡 𝐼 = ∫ ∫ ∫ 𝑥𝑦𝑧 𝑑𝑧𝑑𝑦𝑑𝑥
√1−𝑥2−𝑦2

0

√1−𝑥2

0

1

0

 

                = ∫ ∫ 𝑥𝑦 [
𝑧2

2
]

0

√1−𝑥2−𝑦2

𝑑𝑦 𝑑𝑥
√1−𝑥2

0

1

0
  

 

                = ∫ ∫ (𝑥𝑦 − 𝑥3𝑦 − 𝑥𝑦3)𝑑𝑦 𝑑𝑥
√1−𝑥2

0

1

0
  

                = ∫ [𝑥
𝑦2

2
− 𝑥3 𝑦2

2
− 𝑥

𝑦4

4
]

0

√1−𝑥2
1

0
 𝑑𝑥  

                 =
1

8
∫ (𝑥 − 2𝑥3 + 𝑥5)

1

0
 𝑑𝑥  

                 =
1

8
[ 

𝑥2

2
−

2𝑥4

4
+

𝑥6

6
]

0

1

 

           ∴ 𝐼 =
1

48
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5. ∫ ∫ ∫ 𝑥𝑦𝑧 𝑑𝑧𝑑𝑦𝑑𝑥
√𝑎2−𝑥2−𝑦2

0

√𝑎2−𝑥2

0

1

0
 

 

∴ 𝐼 =
𝑎6

48
   

 

 

 Evaluation of double integrals- change of order of integration. 

1. Straight lines. 

 X=0 is an equation of y-axis.  

  Y=0 is an equation of x-axis. 

  X= h is an equation of line parallel to y-axis. 

 Y=k is an equation of line parallel to x-axis. 

  Y=m x is an equation of line passing through origin. 

   Y=x is an equation of line passing through origin making an 

angle 45 degree with x-axis 

 

 
𝒙

𝒂
+

𝒚

𝒃
= 𝟏 

 is the equation of line passing through the points (a, 0)and (0, b). 
 

 (𝒙 − 𝑥1)(𝑥 − 𝑥2) = (𝑦 − 𝑦1)(𝑦 − 𝑦2) 

  is the equation of the line passing through the given two points. 
 

 

2. Circles. 

 𝑥2 + 𝑦2 = 𝒂𝟐 

 is an equation of the circle with the center at origin and radius a 

 

 (𝑥 − ℎ)2 + (𝑦 − 𝑘)2 = 𝒓𝟐  
is an equation of circle with centre at (h, k) and radius r. 

 

 

3. Ellipse   :   
𝑥2

𝒂𝟐
+

𝑦2

𝒃𝟐
= 1  

 

4. Parabola.                

 𝑦2 = 4𝑎𝑥 is symmetric about positive x − axis. 
 

 𝑥2 = 4𝑎𝑦 is symmetric about positive y − axis 

 

 𝑦2 = −4𝑎𝑥 is symmetric about negative x − axis. 
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 𝑥2 = −4𝑎𝑦 is symmetric about negative y − axis 

 

Problems 

 Evaluate the following by changing the order of the integration 

 

1. Evaluate ∫ ∫ 𝑥𝑦
√𝑥

𝑥
 𝑑𝑦 𝑑𝑥

1

0
 by changing the order of the integration. 

𝑆𝑜𝑙: 𝐿𝑒𝑡 𝐼 = ∫ ∫ 𝑥𝑦
√𝑥

𝑥

 𝑑𝑦 𝑑𝑥
1

0

 

  
   

𝐺𝑖𝑣𝑒𝑛 𝐿𝑖𝑚𝑖𝑡𝑠      𝑥 ∶ 𝑥 = 0 𝑡𝑜 𝑥 = 1   

𝑦 ∶  𝑦 = 𝑥 𝑡𝑜 𝑦 = √𝑥  𝑜𝑟 𝑦2 = 𝑥 

 

                                      
                               
On   changing the order of the integration.                 

  𝑥 ∶ 𝑥 = 𝑦2 𝑡𝑜 𝑥 = 𝑦 

  𝑦 ∶  𝑦 = 0 𝑡𝑜 𝑦 = 1   
 

∴ 𝐼 = ∫ ∫ 𝑦
𝑦

𝑥=𝑦2

 (𝑥𝑑𝑥)𝑑𝑦 
1

𝑦=0

 

= ∫ 𝑦 [
𝑥2

2
]

𝑦2

𝑦

𝑑𝑦
1

𝑦=0

 

=
1

2
∫ 𝑦(𝑦2 − 𝑦4)𝑑𝑦

1

𝑦=0

 

=
1

2
∫ (𝑦3 − 𝑦5)𝑑𝑦

1

𝑦=0

 

 

=
1

2
[
𝑦4

4
−

𝑦6

6
]

0

1

 

∴ 𝑰 =
𝟏

𝟐𝟒
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2. Evaluate ∬ 𝑥𝑦(𝑥 + 𝑦) 𝑑𝑦 𝑑𝑥 𝑡𝑎𝑘𝑒𝑛 𝑜𝑣𝑒𝑟 𝑡ℎ𝑒 𝑎𝑟𝑒𝑎 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 

      𝑦 = 𝑥2 𝑡𝑜 𝑦 = 𝑥  
𝑺𝒐𝒍: 𝑦 = 𝑥2 𝑡𝑜 𝑦 = 𝑥    ⇒ 𝑥2 = 𝑥 𝑜𝑟 𝑥2 − 𝑥 = 0 

                                       ⇒ 𝑥(𝑥 − 1) = 0 ∴ 𝒙 = 𝟎, 𝟏  
𝑇ℎ𝑖𝑠 𝑔𝑖𝑣𝑒𝑠 𝑦 = 0 , 𝑦 = 1 𝑎𝑛𝑑 ℎ𝑒𝑛𝑐𝑒 𝑡ℎ𝑒 𝑡𝑤𝑜 𝑐𝑢𝑟𝑣𝑒𝑠 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡  

𝑎𝑡 𝑡ℎ𝑒 𝑝𝑜𝑖𝑛𝑡𝑠 (0,0)𝑎𝑛𝑑 (1,1) 

   

∴ ∬ 𝑥𝑦(𝑥 + 𝑦)  𝑑𝑦 𝑑𝑥 = ∫ ∫ (𝑥2𝑦
𝑥

𝑦=𝑥2

+ 𝑥𝑦2)𝑑𝑦 𝑑𝑥 
1

𝑥=0

 

 

                                            = ∫ [ 𝑥2 𝑦 2

2
+ 𝑥 

𝑦 3

3
 ]

𝑥2

𝑥

  𝑑𝑥
1

𝑥=0
 

                                        𝐼 = ∫ ( 
𝑥4

2
+

𝑥4

3
−

𝑥6

2
−

𝑥7

3
 )  𝑑𝑥

1

𝑥=0
  

 

                                            =  ( 
𝑥5

10
+

𝑥5

15
−

𝑥7

14
−

𝑥8

24
 )

𝑥=0

1

  

                                     ∴ 𝑰 =
𝟑

𝟓𝟔
 

 

3. Change the order of the integration and hence evaluate  

 

∫ ∫ 𝑥𝑦
2√𝑎𝑥

𝑥2

4𝑎

 𝑑𝑦 𝑑𝑥
4𝑎

0
  

 𝑺𝒐𝒍:          𝑊𝑒 ℎ𝑎𝑣𝑒 𝐼 = ∫ ∫ 𝑥𝑦
2√𝑎𝑥

𝑦=
𝑥2

4𝑎

 𝑑𝑦 𝑑𝑥
4𝑎

𝑥=0
  

𝑊𝑒 ℎ𝑎𝑣𝑒 
𝑥2

4𝑎
= 2√𝑎𝑥  ⇒   𝑥4 = 64𝑎 3𝑥 ⇒ 𝑥 = 0 𝑎𝑛𝑑 𝑥 = 4𝑎  

 

𝑓𝑟𝑜𝑚  𝑦 =
𝑥2

4𝑎
 𝑤𝑒 𝑔𝑒𝑡 𝑦 = 0 𝑎𝑛𝑑 𝑦 = 4𝑎  
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∴   𝐼 = ∫ ∫ 𝑦
2√𝑎𝑦

𝑥=
𝑦2

4𝑎

(𝑥 𝑑𝑥) 𝑑𝑦 
4𝑎

𝑦=0

 

𝐼 = ∫  𝑦 [ 
𝑥2

2
]

𝑥=
𝑦2

4𝑎

2√𝑎𝑦

𝑑𝑦 
4𝑎

𝑦=0

 

    = ∫  (2𝑎𝑦2 −
𝑦5

32𝑎2
) 𝑑𝑦 

4𝑎

𝑦=0
 

    = (2𝑎
𝑦3

3
−

1

32𝑎2
 
𝑦6

6
)

0

4𝑎

 

∴ 𝐼 = 64
𝑎4

3
 

4. Change the order of the integration and hence evaluate  

 

∫ ∫
𝑒−𝑦

𝑦

∞

𝑥
 𝑑𝑦 𝑑𝑥

∞

0
  

𝑆𝑜𝑙 ∶ 𝐿𝑒𝑡 𝐼 = ∫ ∫
𝑒−𝑦

𝑦

∞

𝑦= 𝑥

 𝑑𝑦 𝑑𝑥
∞

𝑥=0

 

 

                                               
 

On   changing the order of the limit ,  

we must have y = 0 to  y = ∞ 𝑎𝑛𝑑 𝑥 = 0 𝑡𝑜 𝑥 = 𝑦  
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 ∴  𝐼 = ∫ ∫
𝑒−𝑦

𝑦

𝑦

𝑥=0

 𝑑𝑥 𝑑𝑦
∞

𝑦=0

= ∫
𝑒−𝑦

𝑦
 [𝑥 ]𝑥=0

𝑦
  𝑑𝑦

∞

𝑦=0

 

 

= ∫
𝑒−𝑦

𝑦
 𝑦  𝑑𝑦 

∞

𝑦=0
   = ∫ 𝑒−𝑦   𝑑𝑦

∞

𝑦=0
 

= [ 
𝑒−𝑦

−1
]

0

∞

= −(0 − 1) = 1 

∴ 𝐼 = 1  

5.Evaluate ∫ ∫
𝑥

𝑥2+𝑦2

𝑎

𝑦
 𝑑𝑦 𝑑𝑥

𝑎

0
 by changing the order of the integration. 

𝑆𝑜𝑙: 𝐿𝑒𝑡 𝐼 = ∫ ∫
𝑥

𝑥2 + 𝑦2

𝑎

𝑦

 𝑑𝑦 𝑑𝑥
𝑎

0

  

 

                                        
  𝑇ℎ𝑒 𝑟𝑒𝑔𝑖𝑜𝑛 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑐𝑢𝑟𝑣𝑒 𝑥 = 𝑦 , 𝑥 = 𝑎  
𝑒𝑚𝑏𝑒𝑑𝑒𝑑 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑙𝑖𝑛𝑒𝑠 𝑦 = 0 𝑎𝑛𝑑 𝑦 = 𝑎 𝑖𝑠 𝑎𝑠 𝑠ℎ𝑜𝑤𝑛 𝑖𝑛 𝑓𝑖𝑔𝑢𝑟𝑒.  

𝐼 = ∫ ∫  𝑥  (  
1

𝑥2 + 𝑦2
 𝑑𝑦)

𝑥

𝑦=0

  𝑑𝑥
𝑎

𝑥=0

 

= ∫ 𝑥  
1

𝑥
[𝑡𝑎𝑛−1 𝑦

𝑥⁄  ]
𝑦=0

𝑥

 𝑑𝑥
𝑎

𝑥=0

= ∫ [ 𝑡𝑎𝑛−1(1) − 0 ] 𝑑𝑥
𝑎

𝑥=0

 

 

= ∫
𝜋

4
 𝑑𝑥

𝑎

𝑥=0

=
𝜋

4
∫  1. 𝑑𝑥

𝑎

𝑥=0

 

 

=
𝜋

4
[𝑥]0

𝑎 =
𝜋

4
𝑎 

 

∴ 𝐼 =
𝜋𝑎

4
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Evaluation by changing into Polar coordinates 

 

1. 𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ ∫ 𝑒−( 𝑥2+𝑦2)∞

0
 𝑑𝑦 𝑑𝑥

∞

0
 𝑏𝑦 𝑐ℎ𝑎𝑛𝑔𝑖𝑛𝑔 𝑡𝑜 𝑝𝑜𝑙𝑎𝑟 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠  

𝑺𝒐𝒍:     𝐼𝑛 𝑝𝑜𝑙𝑎𝑟 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑥 = 𝑟𝑐𝑜𝑠𝜃 , 𝑦 = 𝑟𝑠𝑖𝑛𝜃 

∴  𝑥2 + 𝑦2 = 𝑟2 𝑎𝑛𝑑 𝑑𝑥𝑑𝑦 = 𝑟 𝑑𝑟 𝑑𝜃   

                   

 𝑆𝑖𝑛𝑐𝑒 𝑥 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 ∞ ⇒   𝑟 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 ∞  

 𝐼𝑛 𝑡ℎ𝑒 1𝑠𝑡  𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡 𝜃 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 
𝜋

2
  

𝐻𝑒𝑛𝑐𝑒 ∫ ∫ 𝑒−𝑟2∞

𝑟=0
 𝑟 𝑑𝑟 𝑑𝜃

𝜋

2
𝜃=0

    

𝑃𝑢𝑡  𝑟2 = 𝑡 ⇒ 2𝑟𝑑𝑟 = 𝑑𝑡 ⇒ 𝑟𝑑𝑟 =
𝑑𝑡

2
    

𝑎𝑛𝑑 𝑡 𝑎𝑙𝑠𝑜 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 ∞ 

𝐼 =  ∫ ∫ 𝑒−𝑡
∞

𝑡=0

 
𝑑𝑡

2
 𝑑𝜃

𝜋
2

𝜃=0

 

   =
1

2
∫ [ 

𝑒−𝑡

−1
 ]

𝑡=0

∞

𝑑𝜃
𝜋

2
𝜃=0

 

  =
1

2
∫ −(0 − 1)𝑑𝜃

𝜋

2
𝜃=0

 

  =
1

2
∫ 1 𝑑𝜃

𝜋

2
𝜃=0

 

    =
1

2
[ 𝜃 ]

𝜃=0

𝜋

2  

∴ 𝐼 =
𝜋

4
 

 2. 𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ ∫ 𝑦√𝑥2 + 𝑦2
√𝑎2−𝑦2

0

𝑎

0

 𝑑𝑥 𝑑𝑦  𝑏𝑦 𝑐ℎ𝑎𝑛𝑔𝑖𝑛𝑔 𝑡𝑜 𝑝𝑜𝑙𝑎𝑟 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒  

𝑆𝑜𝑙: 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑥 = √𝑎2 − 𝑦2 𝑜𝑟  

∴  𝑥2 + 𝑦2 = 𝑎2 ; 𝑖𝑡 𝑖𝑠 𝑐𝑖𝑟𝑐𝑙𝑒 𝑤𝑖𝑡ℎ 𝑟𝑎𝑑𝑖𝑢𝑠 𝑎 

𝑆𝑖𝑛𝑐𝑒 𝑦 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 𝑎𝑡ℎ𝑒 𝑟𝑒𝑔𝑖𝑜𝑛 𝑜𝑓 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑖𝑛 𝑡ℎ𝑒 1𝑠𝑡  𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡   
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 𝐼𝑛 𝑡ℎ𝑒 1𝑠𝑡  𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡 𝜃 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 
𝜋

2
  

𝐼𝑛 𝑝𝑜𝑙𝑎𝑟 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑥 = 𝑟𝑐𝑜𝑠𝜃 , 𝑦 = 𝑟𝑠𝑖𝑛𝜃   ⇒  𝑑𝑥𝑑𝑦 = 𝑟 𝑑𝑟 𝑑𝜃   

∴  𝑥2 + 𝑦2 = 𝑟2  𝑖. 𝑒. , 𝑟2  = 𝑎2 ⇒ 𝑟 = 𝑎  

 𝐴𝑙𝑠𝑜 𝑥 = 0 , 𝑦 = 0 𝑤𝑖𝑙𝑙 𝑔𝑖𝑣𝑒 𝑟 = 0 ℎ𝑒𝑛𝑐𝑒 𝑟𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 𝑎  

  

∴ 𝐼 =  ∫ ∫ 𝑟𝑠𝑖𝑛𝜃

𝜋
2

𝜃=0

𝑎

𝑟=0

. 𝑟. 𝑟 𝑑𝑟 𝑑𝜃 

       = ∫ ∫ 𝑟3𝑠𝑖𝑛𝜃
𝜋

2
𝜃=0

𝑎

𝑟=0
𝑑𝜃 𝑑𝑟 

      = ∫ 𝑟3(−𝑐𝑜𝑠𝜃)
0

𝜋

2𝑎

𝑟=0
 𝑑𝑟 

      = ∫ −𝑟3 (𝑐𝑜𝑠
𝜋

2
− 𝑐𝑜𝑠0)

𝑎

𝑟=0
𝑑𝑟 

     = ∫ 𝑟3𝑎

𝑟=0
𝑑𝑟 

      = [ 
𝑟4

4
]

0

𝑎

  

∴ 𝐼 =
𝑎4

4
 

 

Application of Double and Triple internals  

1. Area of Region R in the Cartesian form: ∬ 𝑑𝑥𝑑𝑦
.

𝑅
 

2. Area of Region R in the Polar form: ∬ 𝑟 𝑑𝑟 𝑑𝜃
.

𝑅
 

3. Volume of solid  in the Cartesian form:∭ 𝑑𝑥 𝑑𝑦 𝑑𝑧
.

𝑉
 

4. Volume of solid  in the Polar form: ∬ 2𝜋𝑟2𝑠𝑖𝑛𝜃 𝑑𝑟 𝑑𝜃
.

𝑅
 

 

1. Find the area of the ellipse 
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1 𝑏𝑦 𝑑𝑜𝑢𝑏𝑙𝑒 𝑖𝑛𝑡𝑒𝑔𝑡𝑎𝑡𝑖𝑜𝑛.  

𝑆𝑜𝑙: 𝐿𝑒𝑡  
𝑥2

𝑎2
+

𝑦2

𝑏2
= 1 𝑖𝑠 𝑒𝑙𝑙𝑖𝑝𝑠𝑒  
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 𝐴𝑟𝑒𝑎, 𝐴 = 4 ∫ ∫ 𝑑𝑦 𝑑𝑥 

𝑏
𝑎

√𝑎2−𝑥2

𝑦=0

𝑎

𝑥=0

 

                       = 4 ∫ [𝑦]
0

𝑏

𝑎
√𝑎2−𝑥2𝑎

𝑥=0
 𝑑𝑥 

                      =  4 ∫
𝑏

𝑎
√𝑎2 − 𝑥2𝑎

𝑥=0
  𝑑𝑥 

                      =  
4𝑏

𝑎
∫ √𝑎2 − 𝑥2𝑎

𝑥=0
  𝑑𝑥 

                     =
4𝑏

𝑎
 [

𝑥

2
√𝑎2 − 𝑥2 +

𝑎2

2
𝑠𝑖𝑛−1 (

𝑥

𝑎
)]

0

𝑎

 

                     =
4𝑏

𝑎
[ 

𝑎2

2
𝑠𝑖𝑛−1(1)] 

                     =
4𝑏

𝑎
[ 

𝑎2

2

𝜋

2
]  

∴ 𝐴 = 𝜋𝑎𝑏 𝑠𝑞. 𝑢𝑛𝑖𝑡𝑠 

 

2. 𝐹𝑖𝑛𝑑 𝑏𝑦 𝑑𝑜𝑢𝑏𝑙𝑒 𝑖𝑛𝑡𝑒𝑔𝑡𝑎𝑡𝑖𝑜𝑛 the area lying between the circle  

 𝑥2 + 𝑦2 = 𝑎2  , 𝑙𝑖𝑛𝑒 𝑥 + 𝑦 = 𝑎 𝑖𝑛 𝑡ℎ𝑒 1𝑠𝑡 𝑞𝑢𝑎𝑑𝑟𝑎𝑛𝑡 .  

𝑆𝑜𝑙: 𝐴 = ∫ ∫ 𝑑𝑦 𝑑𝑥 
√𝑎2−𝑥2

𝑦=𝑎−𝑥

𝑎

𝑥=0
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𝐴 = ∫ [𝑦]𝑎−𝑥
√𝑎2−𝑥2

𝑎

𝑥=0

 𝑑𝑥 

    =  ∫ ( √𝑎2 − 𝑥2𝑎

𝑥=0
− 𝑎 + 𝑥)   𝑑𝑥 

     =  
4𝑏

𝑎
∫ √𝑎2 − 𝑥2𝑎

𝑥=0
  𝑑𝑥 

    =  [
𝑥

2
√𝑎2 − 𝑥2 +

𝑎2

2
𝑠𝑖𝑛−1 (

𝑥

𝑎
) − 𝑎𝑥 +  

𝑥2

2
]

0

𝑎

 

    = [ 
𝑎2

2
𝑠𝑖𝑛−1(1) − 𝑎2 +

𝑎2

2
] 

     =
𝑎2

2

𝜋

2
−

𝑎2

2
 

     =
𝑎2

2
( 

𝜋

2
− 1) 

∴ 𝐴 =
𝑎2(𝜋 − 2)

4
𝑠𝑞. 𝑢𝑛𝑖𝑡𝑠  

3. 𝐹𝑖𝑛𝑑 𝑏𝑦 𝑑𝑜𝑢𝑏𝑙𝑒 𝑖𝑛𝑡𝑒𝑔𝑡𝑎𝑡𝑖𝑜𝑛 the area enclosed by the curve  

r = a(1 + cosθ)𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝜃 = 0 𝑡𝑜 𝜃 = 𝜋 

𝑆𝑜𝑙: 𝐴 = ∫ ∫ 𝑟 𝑑𝑟 𝑑𝜃 
a(1+cosθ)

𝑟=0

𝜋

𝜃=0
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𝐴 = ∫   [
𝑟2

2
]

0

a(1+cosθ)

 
𝜋

𝜃=0

  𝑑𝜃  

    =
1

2
∫   𝑎2(1 + cosθ)2 

𝜋

𝜃=0
  𝑑𝜃  

     =
1

2
∫   𝑎2 ( 2cos2 (

𝜃

2
) 

𝜋

𝜃=0
 )2𝑑𝜃  

    =
𝑎2

2
∫  4cos4  

𝜃

2

𝜋

𝜃=0
𝑑𝜃 

    = 2𝑎2 ∫  cos4  
𝜃

2

𝜋

𝜃=0
𝑑𝜃 

 

 

𝑃𝑢𝑡  
𝜃

2
= 𝑡 ⇒  𝜃 = 2𝑡 ⇒ 𝑑𝜃 = 2𝑑𝑡     

𝑖𝑓 𝜃 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 𝜋  𝑡ℎ𝑒𝑛  𝑡 𝑎𝑙𝑠𝑜 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 
𝜋

2
 

𝐴 = 2𝑎2 ∫     cos4 𝑡
𝜋

2
𝑡=0

.  2 𝑑𝑡   

    =  4𝑎2 [
3

4
 .

1

2
 ]

𝜋

2
 

∴ 𝐴 =
3𝑎2𝜋

4
 𝑠𝑞. 𝑢𝑛𝑖𝑡𝑠  

 

4. 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑣𝑜𝑙𝑢𝑚𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑟𝑒𝑣𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑎𝑟𝑑𝑖𝑜𝑑𝑒   

r = a(1 + cosθ) 𝑎𝑏𝑜𝑢𝑡 𝑡h𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑙𝑖𝑛𝑒 𝑢𝑠𝑖𝑛𝑔 𝑑𝑜𝑢𝑏𝑙𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙.   

𝑆𝑜𝑙: 𝑊. 𝐾. 𝑇 , 𝑉 = ∫ ∫ 2𝜋𝑟2𝑠𝑖𝑛𝜃 𝑑𝑟 𝑑𝜃
a(1+cosθ)

𝑟=0

𝜋

𝜃=0
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𝑉 = ∫ 2𝜋𝑠𝑖𝑛𝜃 [
𝑟3

3
]

0

a(1+cosθ)

  𝑑𝜃
𝜋

𝜃=0

 

    =
2𝜋

3
∫ 𝑠𝑖𝑛𝜃 𝑎3(1 + cosθ)3  𝑑𝜃

𝜋

𝜃=0
 

    =
2𝑎3𝜋

3
∫ 𝑠𝑖𝑛𝜃 (1 + cosθ)3  𝑑𝜃

𝜋

𝜃=0
 

𝑃𝑢𝑡  1 + 𝑐𝑜𝑠𝜃 = 𝑡 ⇒ −𝑠𝑖𝑛 𝜃𝑑𝜃 = 𝑑𝑡  ⇒ 𝑠𝑖𝑛 𝜃𝑑𝜃 = −𝑑𝑡     

𝑖𝑓 𝜃 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 𝜋  𝑡ℎ𝑒𝑛  𝑡 𝑎𝑙𝑠𝑜 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 2 𝑡𝑜 0 

𝑉 =
2𝑎3𝜋

3
∫ 𝑡3  (−𝑑𝑡)t3  . −𝑑𝑡  

0

𝑡=2

 

     =
−2𝑎3𝜋

3
[

t4

4
]

2

0

 

      =
−𝑎3𝜋

6
(0 − 16) 

∴ 𝑉 =
8𝑎3𝜋

3
 𝑐𝑢𝑏𝑖𝑐 𝑢𝑛𝑖𝑡𝑠 

 

5. 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑣𝑜𝑙𝑢𝑚𝑒 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟  𝑥2 + 𝑦2 = 4   

𝑎𝑛𝑑 𝑡ℎ𝑒  𝑝𝑙𝑎𝑛𝑒𝑠 𝑦 + 𝑧 = 4 , 𝑧 = 0  

𝑺𝒐𝒍: 𝑣𝑜𝑙𝑢𝑚𝑒 𝑏𝑜𝑢𝑛𝑑𝑒𝑑 𝑏𝑦 𝑡ℎ𝑒 𝑐𝑦𝑙𝑖𝑛𝑑𝑒𝑟 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 ∭ 𝑑𝑥 𝑑𝑦 𝑑𝑧
𝑉

    

𝐺𝑖𝑣𝑒𝑛 𝑦 + 𝑧 = 4 𝑔𝑖𝑣𝑒𝑠 𝑧 = 4 − 𝑦 ℎ𝑒𝑛𝑐𝑒 𝑧 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 4 − 𝑦  

𝑎𝑙𝑠𝑜  𝑥2 + 𝑦2 = 4 ⇒  𝑦2 = 4 −   𝑥2 ⇒ 𝑦 = ±√4 −   𝑥2 

ℎ𝑒𝑛𝑐𝑒 𝑦 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 − √4 −   𝑥2 𝑡𝑜 √4 −   𝑥2 

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟  𝑥2 + 𝑦2 = 4   𝑓𝑢𝑟𝑡ℎ𝑒𝑟 𝑦 = 0 𝑎𝑛𝑑  𝑥2 = 4   
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𝑥 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 − 2 𝑡𝑜 2 

𝑖. 𝑒. , 𝑉 =  ∫ ∫ ∫  𝑑𝑧𝑑𝑦𝑑𝑥
4−𝑦

𝑧=0

√4−𝑥2

𝑦=−√4−𝑥2

2

𝑥=−2

 

           =  ∫ ∫     [𝑧]0
4−𝑦 √4−𝑥2

𝑦=−√4−𝑥2

2

𝑥=−2
𝑑𝑦 𝑑𝑥 

           =  ∫ ∫   (  4 − 𝑦) 𝑑𝑦𝑑𝑥
√4−𝑥2

𝑦=−√4−𝑥2

2

𝑥=−2
 

          = ∫ [4𝑦 −
𝑦2

2
]

−√4−𝑥2

√4−𝑥2

𝑑𝑥
2

𝑥=−2
 

          = ∫   8
2

𝑥=−2
√4 − 𝑥2 𝑑𝑥 

          = 2 ∫   8
2

𝑥=0
√4 − 𝑥2 𝑑𝑥  

           = 16 ∫   
2

𝑥=0
√4 − 𝑥2 𝑑𝑥 

          = 16 [
𝑥

2
√4 − 𝑥2 +

4

2
𝑠𝑖𝑛−1 (

𝑥

2
)]

0

2

 

         = 16[ 2 𝑠𝑖𝑛−1(1)] 

        = 32
𝜋

2
  

 ∴ 𝑉 = 16𝜋 𝑐𝑢𝑏𝑖𝑐 𝑢𝑛𝑖𝑡𝑠   

 

Beta and Gamma functions: 

Gamma functions is defined as: 1

0

( ) ,   ( 0)x nn e x dx n


    ------(1) 

 and Beta function is defined as 
1

1 1

0

( ,  ) (1 ) ,   ( ,  0)m nm n x x dx m n     -------(2) 

Alternative form: Put x = t2. Then dx = 2tdt, t also varies from 0 to ∞ 
2 2 22 1 2 1 2 1

0 0 0

( ) ( ) 2 2 2t n t n x n

t

n e t tdt e t dt e x dx
  

     



      ------- (3) is the alternative form 

of Gamma function. 

Put 2sin 2sin cos .x dx d        

If 2 20,  sin 0 0& if 1,sin 1 / 2x x             
/2 /2

2 1 2 1 2 1 2 1

0 0

( ,  ) (sin ) (cos ) 2sin cos 2 sin cosm n m nm n d d
 



           



    ------ (4) is 

alternative form of Beta function. 

 

 

 

Properties of Gamma and Beta functions:  

1. ( ) ( 1) )i n n n       ( ) ( 1) !ii n n   for a positive integer n  

2. ( ,  ) ( ,  m)m n n   
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3. Relationship between Beta and Gamma functions : 
( ). ( )

( ,  )
( )

m n
m n

m n


 


 
 

4. To show that (1/ 2)    

5. Duplication formula: (i) 2 1(2 ) 2 ( ) ( 1/ 2)mm m m        

                                     (ii) 2 1( ,  1/2) 2 ( ,  )mm m m   

6. 
/2

0

1 1 1
sin cos ,

2 2 2

p q p q
d



  
  

  
 

         7. (1/ 4). (3/ 4) 2.    

 

Relationship between Beta and Gamma functions: 
( ). ( )

( ,  )
( )

m n
m n

m n


 


 
 

𝑷𝑟𝑜𝑜𝑓 ∶  𝑤𝑒 ℎ𝑎𝑣𝑒 𝑏𝑦 𝑑𝑒𝑓𝑛 𝑜𝑓 𝑏𝑒𝑡𝑎 𝑎𝑛𝑑 𝑔𝑎𝑚𝑚𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

 𝛽(𝑚 , 𝑛) =  2 ∫  𝑠𝑖𝑛2𝑚−1

𝜋
2

0

𝜃 𝑐𝑜𝑠2𝑛−1 𝜃 𝑑𝜃  − −(1)  

 ᴦ(𝑛) = 2 ∫  𝑒−𝑥2
∞

0

 𝑥2𝑛−1  𝑑𝑥  − −(2) 

 𝑎𝑛𝑑 ᴦ(𝑚) = 2 ∫  𝑒−𝑦2
∞

0

 𝑦2𝑚−1  𝑑𝑦 − −(3)  

𝑎𝑙𝑠𝑜 ᴦ(𝑚 +  𝑛) = 2 ∫  𝑒−(𝑟2)
∞

0

𝑟2(𝑚+𝑛)−1 𝑑𝑟 − −(4) 

𝑁𝑜𝑤 ᴦ(𝑚). ᴦ(𝑛) = 2 ∫ ∫  𝑒−(𝑥2+𝑦2)
∞

0

𝑥2𝑛−1 𝑦2𝑚−1 𝑑𝑥 𝑑𝑦
∞

0

 − −(5) 

𝐿𝑒𝑡 𝑢𝑠 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒 𝑅𝐻𝑆 𝑏𝑦 𝑐ℎ𝑎𝑛𝑔𝑖𝑛𝑔 𝑖𝑛𝑡𝑜 𝑝𝑜𝑙𝑎𝑟𝑠   

𝑃𝑢𝑡 𝑥 = 𝑟𝑐𝑜𝑠𝜃 , 𝑦 = 𝑟𝑠𝑖𝑛𝜃   ⇒  𝑑𝑥𝑑𝑦 = 𝑟 𝑑𝑟 𝑑𝜃   

∴  𝑥2 + 𝑦2 = 𝑟2  

𝑟  𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 ∞  

 𝑎𝑛𝑑  𝜃 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 
𝜋

2
 

 

ᴦ(𝑚). ᴦ(𝑛) = 4 ∫ ∫  𝑒−𝑟2

𝜋
2

𝜃=0

∞

𝑟=0

(𝑟𝑐𝑜𝑠𝜃) 2𝑛−1 (𝑟𝑠𝑖𝑛𝜃)2𝑚−1𝑟 𝑑𝑟 𝑑𝜃 
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= 4 ∫ ∫  𝑒−𝑟2

𝜋
2

𝜃=0

∞

𝑟=0

𝑟2(𝑚+𝑛)−1 𝑐𝑜𝑠2𝑛−1𝜃 𝑠𝑖𝑛2𝑚−1𝜃  𝑑𝑟 𝑑𝜃 

= {2 ∫ 𝑒−𝑟2
∞

𝑟=0

𝑟2(𝑚+𝑛)−1 𝑑𝑟 } {2 ∫  

𝜋
2

𝜃=0

𝑐𝑜𝑠2𝑛−1𝜃 𝑠𝑖𝑛2𝑚−1𝜃  𝑑𝜃} 

ᴦ(𝑚). ᴦ(𝑛) = ᴦ(𝑚 +  𝑛). 𝛽(𝑚 , 𝑛) {𝑏𝑦 𝑒𝑞𝑛 (4)𝑎𝑛𝑑 (1)𝑟𝑒𝑠𝑝𝑒𝑐𝑡𝑖𝑣𝑒𝑙𝑦}  

𝑇ℎ𝑢𝑠 𝛽(𝑚 , 𝑛) =
ᴦ(𝑚). ᴦ(𝑛)

ᴦ(𝑚 +  𝑛)
  

 

𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ᴦ(𝟏/𝟐) = √𝝅 𝒖𝒔𝒊𝒏𝒈 𝒕𝒉𝒆 𝒅𝒆𝒇𝒊𝒏𝒂𝒕𝒊𝒐𝒏 𝒐𝒇  ᴦ(𝒏)   

𝑷𝑟𝑜𝑜𝑓: 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑏𝑦 𝑑𝑒𝑓𝑛 𝑜𝑓  𝑔𝑎𝑚𝑚𝑎 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  

ᴦ(𝑛) = 2 ∫  𝑒−𝑥2
∞

0

 𝑥2𝑛−1  𝑑𝑥  ∴ ᴦ(1/2) = 2 ∫  𝑒−𝑥2
∞

0

 𝑥2.1/2−1  𝑑𝑥  

ᴦ(1/2) = 2 ∫  𝑒−𝑥2
∞

0

 𝑑𝑥  𝑎𝑛𝑑 𝑎𝑙𝑠𝑜  ᴦ(1/2) = 2 ∫  𝑒−𝑦2
∞

0

 𝑑𝑦 

𝐻𝑒𝑛𝑐𝑒 { ᴦ (
1

2
)}

2

= 4 ∫ ∫  𝑒−(𝑥2+𝑦2)
∞

0

 𝑑𝑥 𝑑𝑦
∞

0

 

𝑃𝑢𝑡 𝑥 = 𝑟𝑐𝑜𝑠𝜃 , 𝑦 = 𝑟𝑠𝑖𝑛𝜃   ⇒  𝑑𝑥𝑑𝑦 = 𝑟 𝑑𝑟 𝑑𝜃   

∴  𝑥2 + 𝑦2 = 𝑟2  

𝑟  𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 ∞  

 𝑎𝑛𝑑  𝜃 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 
𝜋

2
 

{ ᴦ (
1

2
)}

2

= 4 ∫ ∫  𝑒−𝑟2
∞

0

 

𝜋
2

0

𝑟 𝑑𝑟 𝑑𝜃 

𝑃𝑢𝑡  𝑟2 = 𝑡 ⇒ 2𝑟𝑑𝑟 = 𝑑𝑡 ⇒ 𝑟𝑑𝑟 =
𝑑𝑡

2
    

𝑎𝑛𝑑 𝑡 𝑎𝑙𝑠𝑜 𝑣𝑎𝑟𝑖𝑒𝑠 𝑓𝑟𝑜𝑚 0 𝑡𝑜 ∞ 

= 4 ∫ ∫  𝑒−𝑡
∞

𝑡=0

 

𝜋
2

0

𝑑𝑡

2
 𝑑𝜃 

= 2 ∫  

𝜋
2

0

− (𝑒−𝑡)0
∞𝑑𝜃 = 2 ∫  

𝜋
2

0

1. 𝑑𝜃 = 2  [𝜃]
0

𝜋
2 = 2.

𝜋

2
= 𝜋 
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𝑇ℎ𝑢𝑠 { ᴦ (
1

2
)}

2

= 𝜋   

∴   ᴦ(𝟏/𝟐) = √𝝅 

 

Problems 

1.  𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ 𝑥3/2∞

0
𝑒−𝑥    𝑑𝑥  

𝑆𝑜𝑙: 𝐿𝑒𝑡 𝐼 = ∫ 𝑥
3
2

∞

0

𝑒−𝑥    𝑑𝑥     

𝑊𝑒 ℎ𝑎𝑣𝑒   1

0

( ) ,   ( 0)x nn e x dx n


                here n − 1 =
3

2
   𝑜𝑟 𝑛 =

5

2
 

𝐼 = ᴦ (
𝟓

𝟐
) 

    = (
𝟓

𝟐
− 𝟏 ) (

𝟓

𝟐
− 𝟐) ᴦ(𝟏/𝟐) 

𝐼 =
3

2
∗

1

2
∗ √𝝅 

𝑰 =
𝟑

𝟒
√𝝅 

 

2. 𝐸𝑣𝑎𝑙𝑢𝑎𝑡𝑒 ∫ 𝑥
3

2
1

0
(1 − 𝑥)

1

2    𝑑𝑥   

𝑏𝑦 𝑒𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑛𝑔 𝑖𝑛 𝑡𝑒𝑟𝑚𝑠 𝑜𝑓  𝛽 𝑎𝑛𝑑 ᴦ 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. 

Sol: 𝑊𝑒 ℎ𝑎𝑣𝑒  
1

1 1

0

( ,  ) (1 ) ,   ( ,  0)m nm n x x dx m n      

here   m − 1 =
3

2
 or m5/=

5

2
        and      n − 1 =

1

2
   𝑜𝑟 𝑛 =

3

2
 

∫ 𝑥
3
2

1

0

(1 − 𝑥)
1
2    𝑑𝑥 = 𝛽 (

5

2
 .

3

2
) 
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𝑎𝑠 𝑊𝐾𝑇𝛽(𝑚 , 𝑛) =
ᴦ(𝑚). ᴦ(𝑛)

ᴦ(𝑚 +  𝑛)
 

∫ 𝑥
3
2

1

0

(1 − 𝑥)
1
2    𝑑𝑥 = 𝛽 (

5

2
 .

3

2
) =

ᴦ(5/2). ᴦ(3/2)

ᴦ(5/2 +  3/2)
=

ᴦ(5/2). ᴦ(3/2)

ᴦ(4)
 

                                                       =
3

2
∗

1

2
∗√𝜋    

1

2
∗√𝜋

3!
=

𝜋

16
 

3. 𝑆ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 ∫
𝑑𝜃

√𝑠𝑖𝑛𝜃

𝜋

2
0

  ∫ √𝑠𝑖𝑛𝜃
𝜋

2
0

 𝑑𝜃 = 𝜋 

 

𝑆𝑜𝑙: 𝐿𝑒𝑡 𝐼1 = ∫
𝑑𝜃

√𝑠𝑖𝑛𝜃

𝜋
2

0

= ∫ 𝑠𝑖𝑛−1/2𝜃 

𝜋
2

0

 𝑑𝜃 = ∫ 𝑠𝑖𝑛−1/2𝜃 

𝜋
2

0

𝑐𝑜𝑠0𝜃 𝑑𝜃 

𝑎𝑛𝑑 𝐼2 = ∫ √𝑠𝑖𝑛𝜃

𝜋
2

0

 𝑑𝜃 = ∫ 𝑠𝑖𝑛1/2𝜃 

𝜋
2

0

 𝑑𝜃 = ∫ 𝑠𝑖𝑛1/2𝜃 

𝜋
2

0

𝑐𝑜𝑠0𝜃 𝑑𝜃 

𝑊𝑒 ℎ𝑎𝑣𝑒 ∫ 𝑠𝑖𝑛𝑝𝜃 

𝜋
2

0

𝑐𝑜𝑠𝑞 𝜃 𝑑𝜃 =
1

2
𝛽 (

𝑝 + 1

2
 .

𝑞 + 1

2
) 

 

𝐻𝑒𝑛𝑐𝑒 𝐼1 = ∫ 𝑠𝑖𝑛−1/2𝜃 

𝜋
2

0

𝑐𝑜𝑠0𝜃 𝑑𝜃 =
1

2
 𝛽 (

−
1
2

+ 1

2
 .

0 + 1

2
) =

1

2
 𝛽 (

1

4
 .

1

2
) 

𝑠𝑖𝑚𝑖𝑙𝑎𝑟𝑙𝑦 𝐼2 = ∫ 𝑠𝑖𝑛1/2𝜃 

𝜋
2

0

𝑐𝑜𝑠0𝜃 𝑑𝜃 =
1

2
 𝛽 (

1
2

+ 1

2
 .

0 + 1

2
) =

1

2
 𝛽 (

3

4
 .

1

2
) 

∴  𝐼1 ∗ 𝐼2 =
1

2
 𝛽 (

1

4
 .

1

2
)   ∗   

1

2
 𝛽 (

3

4
 .

1

2
) 

                

                 =
1

2 
 
ᴦ(1/4).ᴦ(1/2)

ᴦ(3/4)
 ∗   

ᴦ(
3

4
).ᴦ(

1

2
)

ᴦ(
5

4
)

=  𝜋   

∴  ∫
𝑑𝜃

√𝑠𝑖𝑛𝜃

𝜋
2

0

  ∫ √𝑠𝑖𝑛𝜃

𝜋
2

0

 𝑑𝜃 = 𝜋 
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4. 𝑆ℎ𝑜𝑤 𝑡ℎ𝑎𝑡   ∫ √𝑡𝑎𝑛𝜃
𝜋

2
0

 𝑑𝜃 = 𝜋/√2 

𝑆𝑜𝑙: 𝐿𝑒𝑡 𝐼 = ∫
√𝑠𝑖𝑛𝜃

√𝑐𝑜𝑠𝜃

𝜋
2

0

𝑑𝜃 = ∫ 𝑠𝑖𝑛1/2𝜃 

𝜋
2

0

𝑐𝑜𝑠−1/2𝜃 𝑑𝜃 

              =
1

2
 𝛽 (

1

2
+1

2
 .

−1/2+1

2
) =

1

2
 𝛽 (

3

4
 .

1

4
) =

1

2

ᴦ(
3

4
).ᴦ(

1

4
)

ᴦ(1)
 

                                                =
1

2
  𝜋√2 = 𝜋/√2 

5. 𝐸𝑥𝑝𝑟𝑒𝑠𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑡𝑒𝑟𝑚𝑠 𝑜𝑓  𝛽 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛. 

𝑆𝑜𝑙: 𝐿𝑒𝑡 𝐼 = ∫(4 − 𝑥2)
3
2

2

0

    𝑑𝑥  

 𝑝𝑢𝑡 𝑥 = 2𝑠𝑖𝑛𝜃  𝑑𝑥 = 2𝑐𝑜𝑠𝜃 𝑑𝜃        

 𝐼𝑓 𝑥 = 0 ⟹ 𝜃 = 0  

 𝐼𝑓 𝑥 = 2 ⟹ 𝜃 =
𝜋

2
  

= ∫(4 − 4𝑠𝑖𝑛2𝜃)
3
2

𝜋
2

0

   2𝑐𝑜𝑠𝜃 𝑑𝜃 

= ∫(4[1 − 𝑠𝑖𝑛2𝜃])
3
2

𝜋
2

0

   2𝑐𝑜𝑠𝜃 𝑑𝜃 

= ∫(22[1 − 𝑠𝑖𝑛2𝜃])
3
2

𝜋
2

0

   2𝑐𝑜𝑠𝜃 𝑑𝜃 

= ∫ 16  (𝑐𝑜𝑠2𝜃)
3
2

𝜋
2

0

   𝑐𝑜𝑠𝜃 𝑑𝜃 

= ∫ 16

𝜋
2

0

   𝑐𝑜𝑠4𝜃 𝑑𝜃 

= 16 ∫ 𝑠𝑖𝑛0𝜃   𝑐𝑜𝑠4𝜃 𝑑𝜃

𝜋
2

0
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= 16 
1

2
 𝛽 (

0 + 1

2
 .

4 + 1

2
) = 8 𝛽 (

1

2
 .

5

2
) = 8 

ᴦ (
1
2

) . ᴦ (
5
2

)

ᴦ(3)
 

 

 

=  8 
√𝝅 ∗

3
2

∗
1
2

∗  √𝝅

2!
=

2𝜋 ∗ 3

2
= 3𝜋 

∴ 𝐼 = 3𝜋 

 

6. 𝑆ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝛽(𝑚 , 𝑛) = ∫
𝑥𝑚−1

(1 + 𝑥)𝑚+𝑛

∞

0

 𝑑𝑥 

𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 ∫
𝑥𝑚−1

(1 + 𝑥)𝑚+𝑛

∞

0

 𝑑𝑥 

 

 

𝑝𝑢𝑡 𝑥 = 𝑡𝑎𝑛2𝜃       𝑑𝑥 = 2𝑡𝑎𝑛𝜃 𝑠𝑒𝑐2𝜃𝑑𝜃        

 𝐼𝑓 𝑥 = 0 ⟹ 𝜃 = 0  

 𝐼𝑓 𝑥 = ∞ ⟹ 𝜃 =
𝜋

2
  

𝑖. 𝑒. , ∫
𝑡𝑎𝑛2𝑚−2𝜃 

(1 + 𝑡𝑎𝑛2𝜃 )𝑚+𝑛

𝜋
2

0

  2𝑡𝑎𝑛𝜃 𝑠𝑒𝑐2𝜃 𝑑𝜃 

= 2 ∫
𝑡𝑎𝑛2𝑚−2+1𝜃 

(𝑠𝑒𝑐2𝜃 )𝑚+𝑛 𝑠𝑒𝑐−2𝜃

𝜋
2

0

    𝑑𝜃 

= 2 ∫
𝑡𝑎𝑛2𝑚−1𝜃 

𝑠𝑒𝑐2𝑚+2𝑛−2 𝜃

𝜋
2

0

    𝑑𝜃 

= 2 ∫
𝑠𝑖𝑛2𝑚−1𝜃 

𝑐𝑜𝑠2𝑚−1𝜃

𝜋
2

0

  𝑐𝑜𝑠2𝑚−1𝜃 𝑐𝑜𝑠2𝑛−1𝜃  𝑑𝜃 

 

= 2 ∫ 𝑠𝑖𝑛2𝑚−1𝜃

𝜋
2

0

   𝑐𝑜𝑠2𝑛−1𝜃  𝑑𝜃 = 𝛽(𝑚 , 𝑛) 

∴ 𝛽(𝑚 , 𝑛) = ∫
𝑥𝑚−1

(1 + 𝑥)𝑚+𝑛

∞

0

 𝑑𝑥 



  
 

 

 

VECTOR CALCULUS 

       Vector calculus is a field of mathematics concerned with multivariate real analysis of vectors in 

two or more dimensions. It consists of set of problems solving techniques very useful for engineering 

and physics. 

SCALAR AND VECTOR POINT FUNCTIONS 

      Let 𝐹⃗(𝑡) = 𝑓1(𝑡)𝑖̂ + 𝑓2(𝑡)𝑗̂ + 𝑓3(𝑡)𝑘̂  be a ‘Vector function’. Then for various values of 𝑡 we get a 

set of constant vectors. 

      Let 𝜑 = 𝜑(𝑥, 𝑦, 𝑧) be a ‘Scalar function’. Then for various values of 𝑥, 𝑦, 𝑧 we get a set of points 

or scalars. 

      Vector operation 𝛻(𝑑𝑒𝑙) is defined by the equation 

𝛻 =
𝜕

𝜕𝑥
𝑖̂ +

𝜕

𝜕𝑦
𝑗̂ +

𝜕

𝜕𝑧
𝑘̂ 

This operator has a great role in vector calculus. Laplacian operator 𝛻2 is defined as follows 

𝛻2 = 𝛻. 𝛻 = (
𝜕

𝜕𝑥
𝑖̂ +

𝜕

𝜕𝑦
𝑗̂ +

𝜕

𝜕𝑧
𝑘̂) . (

𝜕

𝜕𝑥
𝑖̂ +

𝜕

𝜕𝑦
𝑗̂ +

𝜕

𝜕𝑧
𝑘̂) 

𝜵𝟐 =
𝝏𝟐

𝝏𝒙𝟐
+

𝝏𝟐

𝝏𝒚𝟐
+

𝝏𝟐

𝝏𝒛𝟐
 

Gradient  

      The vector function 𝛻𝜑 is defined as the gradient of the scalar function 𝜑 = 𝜑(𝑥, 𝑦, 𝑧) 

𝑖. 𝑒. , 𝑔𝑟𝑎𝑑𝜑 = 𝛻𝜑 = (
𝜕

𝜕𝑥
𝑖̂ +

𝜕

𝜕𝑦
𝑗̂ +

𝜕

𝜕𝑧
𝑘̂)  𝜑                                                           

           𝒈𝒓𝒂𝒅𝝋 = 𝜵𝝋 = (
𝝏𝝋

𝝏𝒙
𝒊̂ +

𝝏𝝋

𝝏𝒚
𝒋̂ +

𝝏𝝋

𝝏𝒛
𝒌̂)  

    Geometrically, 𝛻𝜑 represents a normal at any point P to the surface  𝜑(𝑥, 𝑦, 𝑧) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  and 

has a magnitude equal to the rate of change of 𝜑(𝑥, 𝑦, 𝑧)  along this normal. 𝛻𝜑 is a vector quantity. 

Note: 

1. The unit normal vector 𝑛̂ along 𝛻𝜑 is given by  𝒏̂ =
𝜵𝝋

|𝜵𝝋|
   or 𝑛̂ =

𝛻𝑓

|𝛻𝑓|
 

 

2. The component of 𝛻𝜑  in the direction of a unit vector 𝑎⃗ is 𝛻𝜑. 𝑛̂  and is called the  directional   

derivative of 𝜑 in the direction of  𝑎⃗. Thus, the directional derivative is  maximum in the direction 𝛻𝜑 

and the magnitude of this maximum is equal to |𝛻𝜑|. 

𝑖. 𝑒.,  𝑫. 𝑫 = 𝜵𝝋. 𝒏̂      where 𝑛̂ =
𝑎⃗⃗

|𝑎⃗⃗|
 

 

 



  
 

Problems 

1. Find the unit normal vector to the surface 𝑥3 + 𝑦3 + 3𝑥𝑦𝑧 = 3 at (1,2, −1). 

 Sol: Let 𝜑 = 𝑥3 + 𝑦3 + 3𝑥𝑦𝑧 − 3  

𝜕𝜑

𝜕𝑥
= 3𝑥2 + 3𝑦𝑧           

𝜕𝜑

𝜕𝑦
= 3𝑦2 + 3𝑥𝑧                   

𝜕𝜑

𝜕𝑧
= 3𝑥𝑦 

Now, 𝛻𝜑 = (
𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂) 

 

         𝛻𝜑 = (3𝑥2 + 3𝑦𝑧)𝑖̂ + (3𝑦2 + 3𝑥𝑧)𝑗̂ + (3𝑥𝑦)𝑘̂ 

 

At (1,2, −1) 

 

𝛻𝜑 = (3 − 6)𝑖̂ + (12 − 3)𝑗̂ + (6)𝑘̂ 

 

𝛻𝜑 = −3𝑖̂ + 9𝑗̂ + 6𝑘̂ 

|𝛻𝜑| = √(−3)2 + (9)2 + (6)2 = √9 + 81 + 36 

       |𝜵𝝋| = √𝟏𝟐𝟔  

The unit normal vector , 𝒏̂ =
𝜵𝝋

|𝜵𝝋|
=

−3𝑖̂+9𝑗̂+6𝑘̂

√𝟏𝟐𝟔
 

2. Find the unit normal vector to the surface 𝑥2𝑦 + 𝑦2𝑧 + 𝑧2𝑥 = 5 at (1, −1,2). 

 

 Sol: Let 𝜑 = 𝑥2𝑦 + 𝑦2𝑧 + 𝑧2𝑥 − 5  

 
𝜕𝜑

𝜕𝑥
= 2𝑥𝑦 + 𝑧2. 1                 

𝜕𝜑

𝜕𝑦
= 𝑥2. 1 + 2𝑦𝑧                    

𝜕𝜑

𝜕𝑧
= 𝑦2 + 2𝑧𝑥  

 

 Now, 𝛻𝜑 = (
𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂) 

𝛻𝜑 = (2𝑥𝑦 + 𝑧2)𝑖̂ + (𝑥2 + 2𝑦𝑧)𝑗̂ + (𝑦2 + 2𝑧𝑥)𝑘̂ 

 
At (1, −1,2) 

 

𝛻𝜑 = (−2 + 4)𝑖̂ + (1 − 4)𝑗̂ + (1 + 4)𝑘̂ 

𝜵𝝋 = 𝟐𝒊̂ − 𝟑𝒋̂ + 𝟓𝒌̂ 

|𝛻𝜑| = √(2)2 + (−3)2 + (5)2 = √4 + 9 + 25 

 

       |𝜵𝝋| = √𝟑𝟖  

 

The unit normal vector , 𝒏̂ =
𝜵𝝋

|𝜵𝝋|
=

2𝑖̂−3𝑗̂+5𝑘̂

√𝟑𝟖
 

 

 

 



  
 

3. Find the directional derivative of the function 𝜑 = 𝑥𝑦2 + 𝑦𝑧3  at (2, −1,1) along 𝑖̂ + 2𝑗̂ + 3𝑘̂ 

Sol: Given 𝜑 = 𝑥𝑦2 + 𝑦𝑧3           Let  𝑎⃗ = 𝑖̂ + 2𝑗̂ + 3𝑘̂   

𝜕𝜑

𝜕𝑥
= 1. 𝑦2                 

𝜕𝜑

𝜕𝑦
= 𝑥. 2𝑦 + 1. 𝑧3                           

𝜕𝜑

𝜕𝑧
= 0 + 𝑦. 3𝑧2 

𝜕𝜑

𝜕𝑥
= 𝑦2                 

𝜕𝜑

𝜕𝑦
= 2𝑥𝑦 + 𝑧3                           

𝜕𝜑

𝜕𝑧
= 3𝑦𝑧2 

Now, 𝛻𝜑 = (
𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂) 

𝛻𝜑 = (𝑦2)𝑖̂ + (2𝑥𝑦 + 𝑧3)𝑗̂ + (3𝑦𝑧2)𝑘̂ 

 
At (2, −1,1) 

 

𝛻𝜑 = (1)𝑖̂ + (−4 + 1)𝑗̂ + (−3)𝑘̂ 

 

 

𝜵𝝋 = 𝒊̂ − 𝟑𝒋̂ − 𝟑𝒌̂ 

 

 

Also, 𝒂⃗⃗⃗ = 𝒊̂ + 𝟐𝒋̂ + 𝟑𝒌̂ 

 

|𝑎⃗| = √12 + 22 + 32 

 

 

|𝑎⃗| = √1 + 4 + 9 

 

 

|𝒂⃗⃗⃗| = √𝟏𝟒 

 

 

∴  𝑛̂ =
𝑎⃗⃗

|𝑎⃗⃗|
=

𝒊̂+𝟐𝒋̂+𝟑𝒌̂

√𝟏𝟒
  

𝑫. 𝑫 = 𝜵𝝋. 𝒏̂ 

 

𝐷. 𝐷 = (𝑖̂ − 3𝑗̂ − 3𝑘̂).
(𝑖̂ + 2𝑗̂ + 3𝑘̂)

√14
 

𝐷. 𝐷 =
(1)(1) + (−3)(2) + (−3)(3)

√14
 

𝐷. 𝐷 =
1 − 6 − 9

√14
 

𝐷. 𝐷 =
−14

√14
 

𝑫. 𝑫 = −√𝟏𝟒 

 



  
 

4. Find the directional derivative of the function 𝑓 = 4𝑥𝑧3 − 3𝑥2𝑦2𝑧  at (2, −1,2) along    

    2𝑖̂ − 3𝑗̂ + 6𝑘̂ 

Sol: Given  𝑓 = 4𝑥𝑧3 − 3𝑥2𝑦2𝑧         Let  𝑎⃗ = 2𝑖̂ − 3𝑗̂ + 6𝑘̂ 

 
𝜕𝑓

𝜕𝑥
= 4𝑧3. 1 − 3𝑦2𝑧. 2𝑥                 

𝜕𝑓

𝜕𝑦
= 0 − 3𝑥2𝑧. 2𝑦                   

𝜕𝑓

𝜕𝑧
= 4𝑥. 3𝑧2 − 3𝑥2𝑦2. 1 

 
𝜕𝑓

𝜕𝑥
= 4𝑧3 − 6𝑥𝑦2𝑧                             

𝜕𝑓

𝜕𝑦
= −6𝑥2𝑦𝑧                       

𝜕𝑓

𝜕𝑧
= 12𝑥𝑧2 − 3𝑥2𝑦2 

 

Now, 𝛻𝑓 = (
𝜕𝑓

𝜕𝑥
𝑖̂ +

𝜕𝑓

𝜕𝑦
𝑗̂ +

𝜕𝑓

𝜕𝑧
𝑘̂) 

𝛻𝑓 = (4𝑧3 − 6𝑥𝑦2𝑧)𝑖̂ + (−6𝑥2𝑦𝑧)𝑗̂ + (12𝑥𝑧2 − 3𝑥2𝑦2)𝑘̂ 
At (2, −1,2) 

𝛻𝑓 = (32 − 24)𝑖̂ + (48)𝑗̂ + (96 − 12)𝑘̂ 

𝜵𝒇 = 𝟖𝒊̂ + 𝟒𝟖𝒋̂ + 𝟖𝟒𝒌̂ 

 

Also, 𝒂⃗⃗⃗ = 𝟐𝒊̂ − 𝟑𝒋̂ + 𝟔𝒌̂ 

 

|𝑎⃗| = √22 + (−3)2 + 62 

 

 

|𝑎⃗| = √4 + 9 + 36 

 

 

|𝑎⃗| = √49 
 

 
|𝒂⃗⃗⃗| = 𝟕 

 

∴  𝑛̂ =
𝑎⃗⃗

|𝑎⃗⃗|
=

𝟐𝒊̂−𝟑𝒋̂+𝟔𝒌̂

𝟕
 

𝑫. 𝑫 = 𝜵𝒇. 𝒏̂ 

𝐷. 𝐷 = (8𝑖̂ + 48𝑗̂ + 84𝑘̂).
(2𝑖̂ − 3𝑗̂ + 6𝑘̂)

7
 

𝐷. 𝐷 =
(8)(2) + (48)(−3) + (84)(6)

7
 

𝐷. 𝐷 =
16 − 144 + 504

7
 

𝑫. 𝑫 =
𝟑𝟕𝟔

𝟕
 

5. Find the directional derivative of 𝜑 = 𝑒2𝑥cos (𝑦𝑧) at the origin in the direction of  

    the tangent to the curve 𝑥 = 𝑎𝑠𝑖𝑛𝑡, 𝑦 = 𝑎𝑐𝑜𝑠𝑡  and 𝑧 = 𝑎𝑡  at 𝑡 =
𝜋

4
. 



  
 

Sol: Given 𝜑 = 𝑒2𝑥cos (𝑦𝑧)  

 
𝜕𝜑

𝜕𝑥
= cos(𝑦𝑧) . 2𝑒2𝑥                 

𝜕𝜑

𝜕𝑦
= 𝑒2𝑥[− sin(𝑦𝑧) . 𝑧]        

𝜕𝜑

𝜕𝑧
= 𝑒2𝑥[− sin(𝑦𝑧) . 𝑦] 

 
𝜕𝜑

𝜕𝑥
= 2𝑒2𝑥cos (𝑦𝑧)                 

𝜕𝜑

𝜕𝑦
= −𝑒2𝑥𝑧𝑠𝑖𝑛(𝑦𝑧)                

𝜕𝜑

𝜕𝑧
= −𝑒2𝑥𝑦𝑠𝑖𝑛(𝑦𝑧) 

 

Now, 𝛻𝜑 = (
𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂) 

𝛻𝜑 = [2𝑒2𝑥cos (𝑦𝑧)]𝑖̂ + [−𝑒2𝑥𝑧𝑠𝑖𝑛(𝑦𝑧)]𝑗̂ + [−𝑒2𝑥𝑦𝑠𝑖𝑛(𝑦𝑧) ]𝑘̂ 

At origin i.e.,  (0,0,0) 

             𝛻𝜑 = (2)𝑖̂ + (0)𝑗̂ + (0)𝑘̂                           (𝑠𝑖𝑛𝑐𝑒 𝑒0 = cos(0) = 1 , sin(0) = 0) 

            𝛻𝜑 = 2𝑖 ̂

Consider, 𝑟 = 𝑥𝑖̂ + 𝑦𝑗̂ + 𝑧𝑘̂ 

 

𝑟 = (𝑎𝑠𝑖𝑛𝑡)𝑖̂ + (𝑎𝑐𝑜𝑠𝑡)𝑗̂ + (𝑎𝑡) 𝑘̂ 

 

𝑑𝑟

𝑑𝑡
= (𝑎𝑐𝑜𝑠𝑡)𝑖̂ + (−𝑎𝑠𝑖𝑛𝑡)𝑗̂ + (𝑎) 𝑘̂ 

At 𝑡 =
𝜋

4
     

                   

𝑑𝑟

𝑑𝑡
= (𝑎.

1

√2
) 𝑖̂ + (−𝑎.

1

√2
) 𝑗̂ + (𝑎)𝑘̂ 

𝑑𝑟

𝑑𝑡
= (

𝑎

√2
) 𝑖̂ − (

𝑎

√2
) 𝑗̂ + (𝑎)𝑘̂ 

Unit normal vector , 𝑛̂ =
𝑑𝑟⃗⃗⃗

𝑑𝑡

|
𝑑𝑟⃗⃗⃗

𝑑𝑡
|
 

 

𝑛̂ =

(
𝑎

√2
) 𝑖̂ − (

𝑎

√2
) 𝑗̂ + (𝑎)𝑘̂

√(
𝑎

√2
)

2

+ (−
𝑎

√2
)

2

+ 𝑎2

 

𝑛̂ =

(
𝑎

√2
) 𝑖̂ − (

𝑎

√2
) 𝑗̂ + (𝑎)𝑘̂

√𝑎2

2 +
𝑎2

2 + 𝑎2

=

(
𝑎

√2
) 𝑖̂ − (

𝑎

√2
) 𝑗̂ + (𝑎)𝑘̂

√𝑎2 + 𝑎2
 

𝑛̂ =

(
𝑎

√2
) 𝑖̂ − (

𝑎

√2
) 𝑗̂ + (𝑎)𝑘̂

√2. 𝑎
 

 



  
 

𝑛̂ =

𝑎

√2
(𝑖̂ − 𝑗̂ + √2𝑘̂)

√2. 𝑎
 

 
 

 

𝑛̂ =
(𝑖̂ − 𝑗̂ + √2𝑘̂)

2
 

𝑫. 𝑫 = 𝜵𝝋. 𝒏̂ 

𝐷. 𝐷 = 2𝑖.̂
(𝑖̂−𝑗̂+√2𝑘̂)

2
  

𝑫. 𝑫 =1 

6. Find the directional derivative of 𝜑 = 𝑥𝑦2 + 𝑦𝑧3 at the point (2, −1,1) in the direction  

    normal to the surface  𝑥𝑙𝑜𝑔𝑧 − 𝑦2 + 4   at the point (−1,2,1). 

Sol: Given 𝜑 = 𝑥𝑦2 + 𝑦𝑧3 

 
𝜕𝜑

𝜕𝑥
= 1. 𝑦2                 

𝜕𝜑

𝜕𝑦
= 𝑥. 2𝑦 + 1. 𝑧3                           

𝜕𝜑

𝜕𝑧
= 0 + 𝑦. 3𝑧2 

 
𝜕𝜑

𝜕𝑥
= 𝑦2                 

𝜕𝜑

𝜕𝑦
= 2𝑥𝑦 + 𝑧3                           

𝜕𝜑

𝜕𝑧
= 3𝑦𝑧2 

 

Now, 𝛻𝜑 = (
𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂) 

𝛻𝜑 = (𝑦2)𝑖̂ + (2𝑥𝑦 + 𝑧3)𝑗̂ + (3𝑦𝑧2)𝑘̂ 

 

At (2, −1,1) 

𝛻𝜑 = (1)𝑖̂ + (−4 + 1)𝑗̂ + (−3)𝑘̂ 

𝛻𝜑 = 𝑖̂ − 3𝑗̂ − 3𝑘̂ 

Also given 𝜓 = 𝑥𝑙𝑜𝑔𝑧 − 𝑦2 + 4 

 
𝜕𝜓

𝜕𝑥
= 1. 𝑙𝑜𝑔𝑧 − 0                 

𝜕𝜓

𝜕𝑦
= 0 − 2𝑦                           

𝜕𝜓

𝜕𝑧
= 𝑥.

1

𝑧
− 0 

 
𝜕𝜓

𝜕𝑥
= 𝑙𝑜𝑔𝑧                 

𝜕𝜓

𝜕𝑦
= −2𝑦                           

𝜕𝜓

𝜕𝑧
=

𝑥

𝑧
 

 

Now, 𝛻𝜓 = (
𝜕𝜓

𝜕𝑥
𝑖̂ +

𝜕𝜓

𝜕𝑦
𝑗̂ +

𝜕𝜓

𝜕𝑧
𝑘̂) 

𝛻𝜓 = (𝑙𝑜𝑔𝑧)𝑖̂ + (−2𝑦)𝑗̂ + (
𝑥

𝑧
) 𝑘̂ 

 

At (−1,2,1) 

𝛻𝜓 = (𝑙𝑜𝑔1)𝑖̂ + (−2.2)𝑗̂ + (
−1

1
) 𝑘̂ 

 



  
 

𝛻𝜓 = (0)𝑖̂ + (−4)𝑗̂ + (−1)𝑘̂ 

|𝛻𝜓| = √(−4)2 + (−1)2 

|𝜵𝝍| = √𝟏𝟕 

𝒏̂ =
𝛻𝜓

|𝛻𝜓|  
=

0𝑖̂ − 4𝑗̂ − 𝑘̂

√17
 

𝑫. 𝑫 = 𝜵𝝋. 𝒏̂ 

𝐷. 𝐷 = 𝛻𝜑.
𝛻𝜓

|𝛻𝜓|
 

𝐷. 𝐷 = (𝑖̂ − 3𝑗̂ − 3𝑘̂).
(0𝑖̂ − 4𝑗̂ − 𝑘̂)

√17
 

𝐷. 𝐷 =
(1)(0) + (−3)(−4) + (−3)(−1)

√17
 

𝐷. 𝐷 =
0 + 12 + 3

√17
 

𝑫. 𝑫 =
𝟏𝟓

√𝟏𝟕
 

7. The directional derivative of 𝜑 = 𝑎𝑥𝑦2 + 𝑏𝑦𝑧 + 𝑐𝑧2𝑥3 at the point (−1,1,2) has maximum  

    magnitude of 32 units in the direction parallel to 𝑦 − 𝑎𝑥𝑖𝑠 find 𝑎, 𝑏, 𝑐. 

Sol: Given  𝜑 = 𝑎𝑥𝑦2 + 𝑏𝑦𝑧 + 𝑐𝑧2𝑥3 

𝜕𝜑

𝜕𝑥
= 𝑎𝑦2. 1 + 0 + 𝑐𝑧2. 3𝑥2     

𝜕𝜑

𝜕𝑦
= 𝑎𝑥. 2𝑦 + 𝑏𝑧. 1 + 0         

𝜕𝜑

𝜕𝑧
= 0 + 𝑏𝑦. 1 + 𝑐𝑥3. 2𝑧 

 
𝜕𝜑

𝜕𝑥
= 𝑎𝑦2 + 3𝑐𝑧2𝑥2     

𝜕𝜑

𝜕𝑦
= 2𝑎𝑥𝑦 + 𝑏𝑧         

𝜕𝜑

𝜕𝑧
= 𝑏𝑦 + 2𝑐𝑧𝑥3 

Now, 𝛻𝜑 = (
𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂) 

𝛻𝜑 = (𝑎𝑦2 + 3𝑐𝑧2𝑥2)𝑖̂ + (2𝑎𝑥𝑦 + 𝑏𝑧)𝑗̂ + (𝑏𝑦 + 2𝑐𝑧𝑥3)𝑘̂ 

 

At (−1,1,2) 

𝛻𝜑 = (𝑎𝑦2 + 3𝑐𝑧2𝑥2)𝑖̂ + (2𝑎𝑥𝑦 + 𝑏𝑧)𝑗̂ + (𝑏𝑦 + 2𝑐𝑧𝑥3)𝑘̂ 

𝛻𝜑 = (𝑎 + 12𝑐)𝑖̂ + (−2𝑎 + 2𝑏)𝑗̂ + (𝑏 − 4𝑐)𝑘̂ 

Since the D.D of 𝜑 has a maximum magnitude of 32units in the direction parallel to 𝑦 − 𝑎𝑥𝑖𝑠 is  

 

𝛻𝜑. 𝑗̂ = 32 

 

[(𝑎 + 12𝑐)𝑖̂ + (−2𝑎 + 2𝑏)𝑗̂ + (𝑏 − 4𝑐)𝑘̂]. [0𝑖̂ + 1. 𝑗̂ + 0𝑘̂] = 32 

⇒ 𝑎 + 12𝑐 = 0                −2𝑎 + 2𝑏 = 32                       𝑏 − 4𝑐 = 0  

 ⇒ 𝒂 = −𝟏𝟐𝒄                               ⇒ 𝑏 − 𝑎 = 16                      ⇒ 𝒃 = 𝟒𝒄 



  
 

                                               ⇒ 4𝑐 − (−12𝑐) = 16          

                                               ⇒ 16𝑐 = 16 

 ⇒ 𝐚 = −𝟏𝟐                         ⇒ 𝒄 = 𝟏                                ⇒ 𝒃 = 𝟒 

∴   𝒂 = −𝟏𝟐,   𝒃 = 𝟒,   𝒄 = 𝟏 

8. Find the angle between the surfaces or normal surfaces 𝑥2 + 𝑦2 + 𝑧2 = 9 and 

    𝑧 = 𝑥2 + 𝑦2 − 3 at (2, −1,2). 

 

Sol: Given 𝜑 = 𝑥2 + 𝑦2 + 𝑧2 − 9           𝜓 = 𝑥2 + 𝑦2 − 𝑧 − 3 

 

                 
𝜕𝜑

𝜕𝑥
= 2𝑥                                    

𝜕𝜓

𝜕𝑥
= 2𝑥  

 

                 
𝜕𝜑

𝜕𝑦
= 2𝑦                                    

𝜕𝜓

𝜕𝑦
= 2𝑦  

 

                 
𝜕𝜑

𝜕𝑧
= 2𝑧                                     

𝜕𝜓

𝜕𝑧
= −1 

Wkt,  𝛻𝜑 =
𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂ 

          𝛻𝜑 = (2𝑥)𝑖̂ + (2𝑦)𝑗̂ + (2𝑧)𝑘̂ 

At (2, −1,2) 

 

𝛻𝜑 = (2.2)𝑖̂ + (2. (−1))𝑗̂ + (2.2)𝑘̂ 

 

𝜵𝝋 = 𝟒𝒊̂ − 𝟐𝒋̂ + 𝟒𝒌̂ 

 

 

|𝛻𝜑| = √42 + (−2)2 + 42 = √36 

 

 
|𝜵𝝋| = 𝟔 

Also  𝛻𝜓 =
𝜕𝜓

𝜕𝑥
𝑖̂ +

𝜕𝜓

𝜕𝑦
𝑗̂ +

𝜕𝜓

𝜕𝑧
𝑘̂ 

          𝛻𝜓 = (2𝑥)𝑖̂ + (2𝑦)𝑗̂ + (−1)𝑘̂ 

At (2, −1,2) 

          𝛻𝜓 = (2.2)𝑖̂ + (2. (−1))𝑗̂ + (−1)𝑘̂ 

        𝜵𝜓 = 𝟒𝒊̂ − 𝟐𝒋̂ − 𝒌̂ 

|𝛻𝜓| = √42 + (−2)2 + (−1)2 

 

|𝛻𝜓| = √21 

 

Angle between surface, 



  
 

𝑐𝑜𝑠𝜃 = 𝑛1̂. 𝑛2̂ 

𝑐𝑜𝑠𝜃 =
𝛻𝜑

|𝛻𝜑|
.

𝛻𝜓

|𝛻𝜓|
 

𝑐𝑜𝑠𝜃 =
(𝟒𝒊̂ − 𝟐𝒋̂ + 𝟒𝒌̂)

6
.
(𝟒𝒊̂ − 𝟐𝒋̂ − 𝒌̂)

√21
 

𝑐𝑜𝑠𝜃 =
16 + 4 − 4

6√21
=

16

6√21  
        𝑐𝑜𝑠𝜃 =

8

3√21
 

𝜽 = 𝒄𝒐𝒔−𝟏 (
𝟖

𝟑√𝟐𝟏
) 

9. Find the angle between the normal to the surface 𝑥𝑦 = 𝑧2 at the point (4,1,2) &   

    (3,3, −3). 

Sol: Given 𝜑 = 𝑥𝑦 − 𝑧2 

          
𝜕𝜑

𝜕𝑥
= 1. 𝑦 − 0                                    

𝜕𝜑

𝜕𝑦
= 𝑥. 1 − 0                     

𝜕𝜑

𝜕𝑧
= 0 − 2𝑧  

          
𝜕𝜑

𝜕𝑥
= 𝑦                                               

𝜕𝜑

𝜕𝑦
= 𝑥                               

𝜕𝜑

𝜕𝑧
= −2𝑧  

Wkt,  𝛻𝜑 =
𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂ 

 

𝛻𝜑 = (𝑦)𝑖̂ + (𝑥)𝑗̂ + (−2𝑧)𝑘̂ 

At (4,1,2)                                                                    At (3,3, −3) 

 

𝛻𝜑1 = (1)𝑖̂ + (4)𝑗̂ + (−2.2)𝑘̂                                   𝛻𝜑2 = (3)𝑖̂ + (3)𝑗̂ + (2.3)𝑘̂ 

 

𝜵𝝋𝟏 = 𝒊̂ + 𝟒𝒋̂ − 𝟒𝒌̂                                                    𝜵𝝋𝟐 = 𝟑𝒊̂ + 𝟑𝒋̂ + 𝟔𝒌̂ 

 

 

|𝛻𝜑1| = √12 + 42 + (−4)2                                     |𝛻𝜑2| = √32 + 32 + 62 = √54 

 

 

|𝜵𝝋𝟏| = √𝟑𝟑                                                              |𝜵𝝋𝟏| = 𝟑√𝟔 

 

Angle between surface, 

 

𝑐𝑜𝑠𝜃 = 𝑛1̂. 𝑛2̂ 

𝑐𝑜𝑠𝜃 =
𝛻𝜑1

|𝛻𝜑1|
.

𝛻𝜑2

|𝛻𝜑2|
 

𝑐𝑜𝑠𝜃 =
(𝒊̂ + 𝟒𝒋̂ − 𝟒𝒌̂)

√33
.
(𝟑𝒊̂ + 𝟑𝒋̂ + 𝟔𝒌̂)

3√6
 



  
 

𝑐𝑜𝑠𝜃 =
3 + 12 − 24

3√33.6
=

−9

3.3√22
 

𝑐𝑜𝑠𝜃 =
−1

√22
                ; 𝜽 = 𝒄𝒐𝒔−𝟏 [

−𝟏

√𝟐𝟐
] 

Divergence of a vector function 

   The divergence of a vector function  𝐹⃗ = 𝑓1𝑖̂ + 𝑓2𝑗̂ + 𝑓3𝑘̂  , where 𝑓1, 𝑓2, 𝑓3 are functions of 𝑥, 𝑦, 𝑧.It 

is denoted by 𝑑𝑖𝑣𝐹⃗ and is defined as  

𝑑𝑖𝑣𝐹⃗ = 𝛻. 𝐹⃗ 

𝑑𝑖𝑣𝐹⃗ = (
𝜕

𝜕𝑥
𝑖̂ +

𝜕

𝜕𝑦
𝑗̂ +

𝜕

𝜕𝑧
𝑘̂) . (𝑓1𝑖̂ + 𝑓2𝑗̂ + 𝑓3𝑘̂) 

𝒅𝒊𝒗𝑭⃗⃗⃗ = 𝜵. 𝑭⃗⃗⃗ =
𝝏𝒇𝟏

𝝏𝒙
+

𝝏𝒇𝟐

𝝏𝒚
+

𝝏𝒇𝟑

𝝏𝒛
 

Clearly  𝒅𝒊𝒗𝑭⃗⃗⃗ is a scalar quantity. 

Physical interpretation of Divergence 

     Let us consider the motion of the fluid. Consider a small rectangular parallelepiped with edges 

𝛿𝑥 , 𝛿𝑦, 𝛿𝑧 parallel to the axes in the mass of fluid.  

   Let 𝑉⃗⃗ = 𝑉𝑥𝑖̂ + 𝑉𝑦𝑗̂ + 𝑉𝑧𝑘̂ be the velocity of the fluid at (𝑥, 𝑦, 𝑧). 

 
Amount of the fluid flowing in through the face ABCD per unit time  

= 𝑉𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑋 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑎𝑐𝑒 =  𝑉𝑥  𝛿𝑦𝛿𝑧 

Amount of the fluid flowing out through the face PQRS per unit time 

= [𝑉𝑥 +
𝜕𝑉𝑥

𝜕𝑥
 𝛿𝑥] 𝛿𝑦𝛿𝑧 

∴ The net decrease in the amount of fluid across these two faces is  

= [𝑉𝑥 +
𝜕𝑉𝑥

𝜕𝑥
 𝛿𝑥] 𝛿𝑦𝛿𝑧 − 𝑉𝑥𝛿𝑦𝛿𝑧 

                                                             = [𝑉𝑥 +
𝜕𝑉𝑥

𝜕𝑥
 𝛿𝑥 − 𝑉𝑥] 𝛿𝑦𝛿𝑧 =

𝝏𝑽𝒙

𝝏𝒙
 𝜹𝒙𝜹𝒚𝜹𝒛  



  
 

Similarly, the decrease in amount of fluid due to flow along the y − axis =
𝜕𝑉𝑦

𝜕𝑦
 𝛿𝑥𝛿𝑦𝛿𝑧 

 

The decrease in amount of fluid due to flow along the  z − axis =
𝜕𝑉𝑧

𝜕𝑧
 𝛿𝑥𝛿𝑦𝛿𝑧 

Total decrease in amount of fluid inside the parallelepiped per unit time  

= [
𝜕𝑉𝑥

𝜕𝑥
+

𝜕𝑉𝑦

𝜕𝑦
+

𝜕𝑉𝑧

𝜕𝑧
]  𝛿𝑥𝛿𝑦𝛿𝑧 

Hence the ratio of loss of fluid per unit volume =
𝜕𝑉𝑥

𝜕𝑥
+

𝜕𝑉𝑦

𝜕𝑦
+

𝜕𝑉𝑧

𝜕𝑧
 

                                                                            = [
𝜕

𝜕𝑥
𝑖̂ +

𝜕

𝜕𝑦
𝑗̂ +

𝜕

𝜕𝑧
𝑘̂] . [𝑉𝑥 𝑖̂ + 𝑉𝑦𝑗̂ + 𝑉𝑧𝑘̂] 

                                                                                   = 𝛻. 𝑉⃗⃗ 

                                                                                    = 𝑑𝑖𝑣𝑉⃗⃗ 

              Hence 𝑑𝑖𝑣𝑉⃗⃗ gives the rate of outflow per unit volume at a point of the fluid. If 𝒅𝒊𝒗𝑽⃗⃗⃗ = 𝟎 

everywhere in some region of space, then 𝑉⃗⃗ is called  Solenoidal Vector function and the fluids said 

to be incompressible i.e., there is no gain or loss in the volume element. 

Curl of a vector function 

  The curl of a vector function  𝐹⃗ = 𝑓1𝑖̂ + 𝑓2𝑗̂ + 𝑓3𝑘̂ is denoted by 𝑐𝑢𝑟𝑙𝐹⃗ and is defined as 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ =

𝜵𝑿𝑭⃗⃗⃗ 

𝑐𝑢𝑟𝑙𝐹⃗ = ||

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝑓1 𝑓2 𝑓3

|| 

𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ = [
𝝏𝒇𝟑

𝝏𝒚
−

𝝏𝒇𝟐

𝝏𝒛
] 𝒊̂ − [

𝝏𝒇𝟑

𝝏𝒙
−

𝝏𝒇𝟏

𝝏𝒛
] 𝒋̂ + [

𝝏𝒇𝟐

𝝏𝒙
−

𝝏𝒇𝟏

𝝏𝒚
] 𝒌̂ 

Clearly 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ is a vector quantity. 

Physical interpretation of Curl 

     Consider a rigid body rotating about a fixed axis through origin. Let the uniform angular velocity 

be 𝑤⃗⃗⃗ = 𝑤1𝑖̂ + 𝑤2𝑗̂ + 𝑤3𝑘̂ , 𝑤1, 𝑤2, 𝑤3 are constants. The velocity 𝑉⃗⃗ of any point P(x, y, z) on the 

body is given by 𝑉⃗⃗ = 𝑤⃗⃗⃗ 𝑋 𝑟 , where 𝑟 is the position vector of P. 

Let 𝑤⃗⃗⃗ = 𝑤1𝑖̂ + 𝑤2𝑗̂ + 𝑤3𝑘̂  and 𝑟 = 𝑥𝑖̂ + 𝑦𝑗̂ + 𝑧𝑘̂ 

Consider 𝑉⃗⃗ = 𝑤⃗⃗⃗ 𝑋 𝑟 

                     = |
𝑖̂ 𝑗̂ 𝑘̂

𝑤1 𝑤2 𝑤3

𝑥 𝑦 𝑧
| 

𝑉⃗⃗ = (𝑤2𝑧 − 𝑤3𝑦)𝑖̂ − (𝑤1𝑧 − 𝑤3𝑥)𝑗̂ + (𝑤1𝑦 − 𝑤2𝑥)𝑘̂ 

𝑐𝑢𝑟𝑙𝑉⃗⃗ = 𝛻𝑋𝑉⃗⃗ 

𝑐𝑢𝑟𝑙𝑉⃗⃗ = 𝛻 𝑋 [(𝑤2𝑧 − 𝑤3𝑦)𝑖̂ − (𝑤1𝑧 − 𝑤3𝑥)𝑗̂ + (𝑤1𝑦 − 𝑤2𝑥)𝑘̂] 



  
 

𝑐𝑢𝑟𝑙𝑉⃗⃗ = ||

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
(𝑤2𝑧 − 𝑤3𝑦) (𝑤3𝑥 − 𝑤1𝑧) (𝑤1𝑦 − 𝑤2𝑥)

|| 

𝑐𝑢𝑟𝑙𝑉⃗⃗ = [𝑤1 − (−𝑤1) ]𝑖̂ − [−𝑤2 − 𝑤2]𝑗̂ + [𝑤3 − (−𝑤3)]𝑘̂ 

𝑐𝑢𝑟𝑙𝑉⃗⃗ = [2𝑤1 ]𝑖̂ + [2𝑤2]𝑗̂ + [2𝑤3]𝑘̂ 

𝑐𝑢𝑟𝑙𝑉⃗⃗ = 2[𝑤1𝑖̂ + 𝑤2𝑗̂ + 𝑤3𝑘̂] 

𝑐𝑢𝑟𝑙𝑉⃗⃗ = 2𝑤⃗⃗⃗ 

 

𝒘⃗⃗⃗⃗ =
𝟏

𝟐
𝐜𝐮𝐫𝐥𝑽⃗⃗⃗ 

 

 
   Thus the angular velocity of rotation at any point is equal to half of the curl of the velocity. 

Note: 

1. If  𝒅𝒊𝒗𝑭⃗⃗⃗ = 𝟎 , then we say that 𝐹⃗ is Solenoidal vector. 

2. If  𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ = 𝟎 , then we say that 𝐹⃗ is irrotational vector. 

3. Irrotational vector field is called as conservative field or potential field. 

4. When 𝐹⃗ is irrotational there always exist a scalar point function such that 𝜵𝝋 = 𝑭⃗⃗⃗ , then 

        𝜑 is called a scalar potential of vector 𝐹⃗. 

Problems 

1. If 𝐹⃗ = 𝑥𝑦𝑧𝑖̂ + 3𝑥2𝑦𝑗̂ + (𝑥𝑧2 − 𝑦2𝑧)𝑘̂ , find the 𝑑𝑖𝑣𝐹⃗  and 𝑐𝑢𝑟𝑙𝐹⃗  at (2, −1,1). 

 Sol: Given  𝐹⃗⃗⃗⃗ = 𝑥𝑦𝑧𝑖̂ + 3𝑥2𝑦𝑗̂ + (𝑥𝑧2 − 𝑦2𝑧)𝑘̂ 

Wkt       𝑑𝑖𝑣𝐹⃗ = 𝛻. 𝐹⃗ 

              𝑑𝑖𝑣𝐹⃗ =
𝜕𝑓1

𝜕𝑥
+

𝜕𝑓2

𝜕𝑦
+

𝜕𝑓3

𝜕𝑧
 

𝑑𝑖𝑣𝐹⃗ =
𝜕

𝜕𝑥
(𝑥𝑦𝑧) +

𝜕

𝜕𝑦
(3𝑥2𝑦) +

𝜕

𝜕𝑧
(𝑥𝑧2 − 𝑦2𝑧) 

𝑑𝑖𝑣𝐹⃗ = 𝑦𝑧. 1 + 3𝑥2. 1 + (𝑥. 2𝑧 − 𝑦2. 1) 

𝑑𝑖𝑣𝐹⃗ = 𝑦𝑧 + 3𝑥2 + 2𝑥𝑧 − 𝑦2 

At  (2, −1,1) 

𝑑𝑖𝑣𝐹⃗ = (−1)(1) + 3. (2)2 + 2(2)(1) − (−1)2 

𝑑𝑖𝑣𝐹⃗ = −1 + 12 + 4 − 1 

𝒅𝒊𝒗𝑭⃗⃗⃗ =14 



  
 

Also, 𝑐𝑢𝑟𝑙𝐹⃗ = 𝛻 𝑋 𝐹⃗ 

                     = |

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

(𝑥𝑦𝑧) (3𝑥2𝑦) (𝑥𝑧2 − 𝑦2𝑧)

| 

𝑐𝑢𝑟𝑙𝐹⃗ = [
𝜕

𝜕𝑦
(𝑥𝑧2 − 𝑦2𝑧) −

𝜕

𝜕𝑧
(3𝑥2𝑦)] 𝑖̂ − [

𝜕

𝜕𝑥
(𝑥𝑧2 − 𝑦2𝑧) −

𝜕

𝜕𝑧
(𝑥𝑦𝑧)] 𝑗̂

+ [
𝜕

𝜕𝑥
(3𝑥2𝑦) −

𝜕

𝜕𝑦
(𝑥𝑦𝑧)] 𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = [(−2𝑦𝑧) − 0]𝑖̂ − [(𝑧2 − 0) − (𝑥𝑦)]𝑗̂ + [(6𝑥𝑦) −  (𝑥𝑧)]𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = [−2𝑦𝑧]𝑖̂ − [𝑧2 − 𝑥𝑦]𝑗̂ + [6𝑥𝑦 − 𝑥𝑧]𝑘̂ 

At (2,-1,1) 

𝑐𝑢𝑟𝑙𝐹⃗ = [−2(−1)(1)]𝑖̂ − [12 − 2(−1)]𝑗̂ + [6(2)(−1) − (2)(1)]𝑘̂ 

𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ = 𝟐𝒊̂ − 𝟑𝒋̂ − 𝟏𝟒𝒌̂ 

2. Find 𝑑𝑖𝑣𝐹⃗  and 𝑐𝑢𝑟𝑙𝐹⃗ where 𝐹⃗ = 𝑔𝑟𝑎𝑑(𝑥3 + 𝑦3 + 𝑧3 − 3𝑥𝑦𝑧). 

Sol: Let 𝜑 = 𝑥3 + 𝑦3 + 𝑧3 − 3𝑥𝑦𝑧 

𝐹⃗ = 𝑔𝑟𝑎𝑑𝜑 

𝐹⃗ = 𝛻𝜑 

𝐹⃗ =
𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂ 

𝑭⃗⃗⃗ = (𝟑𝒙𝟐 − 𝟑𝒚𝒛)𝒊̂ + (𝟑𝒚𝟐 − 𝟑𝒙𝒛)𝒋̂ + (𝟑𝒛𝟐 − 𝟑𝒙𝒚)𝒌̂ 

Now, 𝑑𝑖𝑣𝐹⃗ = 𝛻. 𝐹⃗ 

           𝑑𝑖𝑣𝐹⃗ =
𝜕

𝜕𝑥
(3𝑥2 − 3𝑦𝑧)+

𝜕

𝜕𝑦
(3𝑦2 − 3𝑥𝑧) +

𝜕

𝜕𝑧
(3𝑧2 − 3𝑥𝑦) 

          𝑑𝑖𝑣𝐹⃗ = (6𝑥 − 0) + (6𝑦 − 0) + (6𝑧 − 0) 

          𝒅𝒊𝒗𝑭⃗⃗⃗ = 𝟔𝒙 + 𝟔𝒚 + 𝟔𝒛 

𝑐𝑢𝑟𝑙𝐹⃗ = 𝛻 𝑋 𝐹⃗ 

𝑐𝑢𝑟𝑙𝐹⃗ = ||

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

(3𝑥2 − 3𝑦𝑧) (3𝑦2 − 3𝑥𝑧) (3𝑧2 − 3𝑥𝑦)

|| 

𝑐𝑢𝑟𝑙𝐹⃗ = [
𝜕

𝜕𝑦
(3𝑧2 − 3𝑥𝑦) −

𝜕

𝜕𝑧
(3𝑦2 − 3𝑥𝑧)] 𝑖̂ − [

𝜕

𝜕𝑥
(3𝑧2 − 3𝑥𝑦) −

𝜕

𝜕𝑧
(3𝑥2 − 3𝑦𝑧)] 𝑗̂

+ [
𝜕

𝜕𝑥
(3𝑦2 − 3𝑥𝑧) −

𝜕

𝜕𝑦
(3𝑥2 − 3𝑦𝑧)] 𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = [(0 − 3𝑥) − (0 − 3𝑥)]𝑖̂ − [(0 − 3𝑦) − (0 − 3𝑦)]𝑗̂ + [(0 − 3𝑧) − (0 − 3𝑧)]𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = [−3𝑥 + 3𝑥]𝑖̂ − [−3𝑦 + 3𝑦]𝑗̂ + [−3𝑧 + 3𝑧]𝑘̂ 



  
 

𝑐𝑢𝑟𝑙𝐹⃗ = 0𝑖̂ − 0𝑗̂ + 0𝑘̂ 

𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ = 𝟎⃗⃗⃗ 

3. If 𝐹⃗ = 𝛻(𝑥𝑦3𝑧2), find 𝑑𝑖𝑣𝐹⃗  and 𝑐𝑢𝑟𝑙𝐹⃗  at (1, −1,1). 

Sol: Let 𝜑 = 𝑥𝑦3𝑧2 

𝐹⃗ = 𝛻𝜑 

𝐹⃗ =
𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂ 

𝑭⃗⃗⃗ = (𝒚𝟑𝒛𝟐)𝒊̂ + (𝟑𝒙𝒚𝟐𝒛𝟐)𝒋̂ + (𝟐𝒙𝒚𝟑𝒛)𝒌̂ 

Now, 𝑑𝑖𝑣𝐹⃗ = 𝛻. 𝐹⃗ 

           𝑑𝑖𝑣𝐹⃗ =
𝜕

𝜕𝑥
(𝑦3𝑧2)+

𝜕

𝜕𝑦
(3𝑥𝑦2𝑧2) +

𝜕

𝜕𝑧
(2𝑥𝑦3𝑧) 

          𝑑𝑖𝑣𝐹⃗ = (0) + (6𝑥𝑦𝑧2) + (2𝑥𝑦3) 

          𝑑𝑖𝑣𝐹⃗ = 6𝑥𝑦𝑧2 + 2𝑥𝑦3 

At (1, −1,1) 

𝑑𝑖𝑣𝐹⃗ = 6(1)(−1)(1)2 + 2(1)(−1)3 = −6 − 2 

𝒅𝒊𝒗𝑭⃗⃗⃗ = −𝟖 

Also, 𝑐𝑢𝑟𝑙𝐹⃗ = 𝛻 𝑋 𝐹⃗ 

𝑐𝑢𝑟𝑙𝐹⃗ = |
|

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

(𝒚𝟑𝒛𝟐) (𝟑𝒙𝒚𝟐𝒛𝟐) (𝟐𝒙𝒚𝟑𝒛)

|
| 

𝑐𝑢𝑟𝑙𝐹⃗ = [
𝜕

𝜕𝑦
(𝟐𝒙𝒚𝟑𝒛) −

𝜕

𝜕𝑧
(𝟑𝒙𝒚𝟐𝒛𝟐)] 𝑖̂ − [

𝜕

𝜕𝑥
(𝟐𝒙𝒚𝟑𝒛) −

𝜕

𝜕𝑧
(𝒚𝟑𝒛𝟐)] 𝑗̂

+ [
𝜕

𝜕𝑥
(𝟑𝒙𝒚𝟐𝒛𝟐) −

𝜕

𝜕𝑦
(𝒚𝟑𝒛𝟐)] 𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = [(𝟔𝒙𝒚𝟐𝒛𝟐) − (𝟔𝒙𝒚𝟐𝒛𝟐)]𝑖̂ − [(𝟐𝒚𝟑𝒛) − (𝟐𝒚𝟑𝒛)]𝑗̂ + [(𝟑𝒚𝟐𝒛𝟐) − (𝟑𝒚𝟐𝒛𝟐)]𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = 0𝑖̂ − 0𝑗̂ + 0𝑘̂ 

𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ = 𝟎⃗⃗⃗ 

4. If 𝐹⃗ = (3𝑥2𝑦 − 𝑧)𝑖̂ + (𝑥𝑧3 + 𝑦4)𝑗̂ − 2𝑥3𝑧2𝑘̂ , find 𝑔𝑟𝑎𝑑(𝑑𝑖𝑣𝐹⃗) at (2, −1,0). 

Sol: Given  𝐹⃗ = (3𝑥2𝑦 − 𝑧)𝑖̂ + (𝑥𝑧3 + 𝑦4)𝑗̂ − 2𝑥3𝑧2𝑘̂ 

Wkt, 𝑑𝑖𝑣𝐹⃗ = 𝛻. 𝐹⃗ 

           𝑑𝑖𝑣𝐹⃗ =
𝜕

𝜕𝑥
(3𝑥2𝑦 − 𝑧)+

𝜕

𝜕𝑦
(𝑥𝑧3 + 𝑦4) +

𝜕

𝜕𝑧
(−2𝑥3𝑧2) 

          𝑑𝑖𝑣𝐹⃗ = (6𝑥𝑦) + (0 + 4𝑦3) + (−4𝑥3𝑧) 



  
 

          𝒅𝒊𝒗𝑭⃗⃗⃗ = 𝟔𝒙𝒚 + 𝟒𝒚𝟑 −𝟒𝒙𝟑𝒛 =  𝝋(𝑺𝒂𝒚) 

𝜕𝜑

𝜕𝑥
= 6𝑦 − 12𝑥2𝑧        

𝜕𝜑

𝜕𝑦
= 6𝑥 + 12𝑦2        

𝜕𝜑

𝜕𝑧
= −4𝑥3 

Now, 𝑔𝑟𝑎𝑑(𝑑𝑖𝑣𝐹⃗) = 𝑔𝑟𝑎𝑑𝜑 

𝑔𝑟𝑎𝑑(𝑑𝑖𝑣𝐹⃗) = 𝛻𝜑 

                         =
𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂ 

 𝑔𝑟𝑎𝑑(𝑑𝑖𝑣𝐹⃗)  = (6𝑦 − 12𝑥2𝑧)𝑖̂ + (6𝑥 + 12𝑦2)𝑗̂ + (−4𝑥3)𝑘̂ 

At (2, −1,0) 

𝑔𝑟𝑎𝑑(𝑑𝑖𝑣𝐹⃗)  = (6(−1) − 0)𝑖̂ + (6(2) + 12(−1)2)𝑗̂ + (−4(2)3)𝑘̂ 

𝒈𝒓𝒂𝒅(𝒅𝒊𝒗𝑭⃗⃗⃗) =  𝟔𝒊̂ + 𝟐𝟒𝒋̂ − 𝟑𝟐𝒌̂ 

6. If 𝐹⃗ = 𝑥2𝑖̂ + 𝑥𝑦𝑗̂ + 𝑥𝑧𝑘̂ , find 𝑐𝑢𝑟𝑙(𝑐𝑢𝑟𝑙𝐹⃗) . 

Sol: Given 𝐹⃗ = 𝑥2𝑖̂ + 𝑥𝑦𝑗̂ + 𝑥𝑧𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = 𝛻 𝑋 𝐹⃗𝑐𝑢𝑟𝑙𝐹⃗ = |
|

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

(𝒙𝟐) (𝒙𝒚) (𝒙𝒛)

|
| 

𝑐𝑢𝑟𝑙𝐹⃗ = [
𝜕

𝜕𝑦
(𝑥𝑧) −

𝜕

𝜕𝑧
(𝑥𝑦)] 𝑖̂ − [

𝜕

𝜕𝑥
(𝑥𝑧) −

𝜕

𝜕𝑧
(𝑥2)] 𝑗̂ + [

𝜕

𝜕𝑥
(𝑥𝑦) −

𝜕

𝜕𝑦
(𝑥2)] 𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = [(0) − (0)]𝑖̂ − [(𝑧) − (0)]𝑗̂ + [(𝑦) − (0)]𝑘̂ 

𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ = 𝟎𝒊̂ − 𝒛𝒋̂ + 𝒚𝒌̂ 

Now, 

𝑐𝑢𝑟𝑙(𝑐𝑢𝑟𝑙𝐹⃗) = 𝛻𝑋(𝑐𝑢𝑟𝑙𝐹⃗) 

𝑐𝑢𝑟𝑙(𝑐𝑢𝑟𝑙𝐹⃗) = ||

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
(𝟎) (−𝒛) (𝒚)

|| 

𝑐𝑢𝑟𝑙(𝑐𝑢𝑟𝑙𝐹⃗) = [
𝜕

𝜕𝑦
(𝑦) −

𝜕

𝜕𝑧
(−𝑧)] 𝑖̂ − [

𝜕

𝜕𝑥
(𝑦) −

𝜕

𝜕𝑧
(0)] 𝑗̂ + [

𝜕

𝜕𝑥
(−𝑧) −

𝜕

𝜕𝑦
(0)] 𝑘̂ 

𝑐𝑢𝑟𝑙(𝑐𝑢𝑟𝑙𝐹⃗) = [(1) − (−1)]𝑖̂ − [(0) − (0)]𝑗̂ + [(0) − (0)]𝑘̂ 

𝒄𝒖𝒓𝒍(𝒄𝒖𝒓𝒍𝑭⃗⃗⃗) = 𝟐𝒊̂ 

7. Show that 𝐹⃗ =
𝑥𝑖̂+𝑦𝑗̂

(𝑥2+𝑦2)
 is both solenoidal and irrotational.  

Sol: Given 𝐹⃗ =
𝑥

(𝑥2+𝑦2)
𝑖̂ +

𝑦

(𝑥2+𝑦2)
𝑗̂ 

Wkt, 𝑑𝑖𝑣𝐹⃗ = 𝛻. 𝐹⃗ 



  
 

           𝑑𝑖𝑣𝐹⃗ =
𝜕

𝜕𝑥
(

𝑥

(𝑥2+𝑦2)
)+

𝜕

𝜕𝑦
(

𝑦

(𝑥2+𝑦2)
) 

          𝑑𝑖𝑣𝐹⃗ =
(𝑥2+𝑦2).1−𝑥.2𝑥

(𝑥2+𝑦2)2 +
(𝑥2+𝑦2).1−𝑦.2𝑦

(𝑥2+𝑦2)2  

          𝑑𝑖𝑣𝐹⃗ =
𝑥2+𝑦2−2𝑥2+𝑥2+𝑦2−2𝑦2

(𝑥2+𝑦2)2  

          𝒅𝒊𝒗𝑭⃗⃗⃗ = 𝟎 

∴ 𝑭⃗⃗⃗ is Solenoidal. 

Now, 𝑐𝑢𝑟𝑙𝐹⃗ = 𝛻 𝑋 𝐹⃗ 

𝑐𝑢𝑟𝑙𝐹⃗ =
|

|

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
𝑥

(𝑥2 + 𝑦2)

𝑦

(𝑥2 + 𝑦2)
0

|

|
 

𝑐𝑢𝑟𝑙𝐹⃗ = [
𝜕

𝜕𝑦
(0) −

𝜕

𝜕𝑧
(

𝑦

(𝑥2 + 𝑦2)
)] 𝑖̂ − [

𝜕

𝜕𝑥
(0) −

𝜕

𝜕𝑧
(

𝑥

(𝑥2 + 𝑦2)
)] 𝑗̂

+ [
𝜕

𝜕𝑥
(

𝑦

(𝑥2 + 𝑦2)
) −

𝜕

𝜕𝑦
(

𝑥

(𝑥2 + 𝑦2)
)] 𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = [(0) − (0)]𝑖̂ − [(0) − (0)]𝑗̂ + [
−2𝑥𝑦

(𝑥2 + 𝑦2)
+

2𝑥𝑦

(𝑥2 + 𝑦2)
] 𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = 0𝑖̂ − 0𝑗̂ + 0𝑘̂ 

𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ = 𝟎⃗⃗⃗ 

∴ 𝑭⃗⃗⃗ is irrotational. 

8. P.T 𝐹⃗ = (𝑦 + 𝑧)𝑖̂ + (𝑧 + 𝑥)𝑗̂ + (𝑥 + 𝑦)𝑘̂ is irrotational. Also find a scalar point function   

    𝜑 such that 𝐹⃗ = 𝛻𝜑. 

Sol: Given 𝐹⃗ = (𝑦 + 𝑧)𝑖̂ + (𝑧 + 𝑥)𝑗̂ + (𝑥 + 𝑦)𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = 𝛻 𝑋 𝐹⃗ 

 

𝑐𝑢𝑟𝑙𝐹⃗ = ||

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧
(𝑦 + 𝑧) (𝑧 + 𝑥) (𝑥 + 𝑦)

|| 

𝑐𝑢𝑟𝑙𝐹⃗ = [
𝜕

𝜕𝑦
(𝑥 + 𝑦) −

𝜕

𝜕𝑧
(𝑧 + 𝑥)] 𝑖̂ − [

𝜕

𝜕𝑥
(𝑥 + 𝑦) −

𝜕

𝜕𝑧
(𝑦 + 𝑧)] 𝑗̂ + [

𝜕

𝜕𝑥
(𝑧 + 𝑥) −

𝜕

𝜕𝑦
(𝑦 + 𝑧)] 𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = [(1) − (1)]𝑖̂ − [(1) − (1)]𝑗̂ + [(1) − (1)]𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = 0𝑖̂ − 0𝑗̂ + 0𝑘̂ 

𝒄𝒖𝒓𝒍𝑭⃗⃗⃗ = 𝟎⃗⃗⃗ ∴  𝑭⃗⃗⃗ is irrotational. 

To find 𝝋 



  
 

Consider 𝛻𝜑 = 𝐹⃗ 

𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂ = (𝑦 + 𝑧)𝑖̂ + (𝑧 + 𝑥)𝑗̂ + (𝑥 + 𝑦)𝑘̂ 

𝜕𝜑

𝜕𝑥
= 𝑦 + 𝑧                

𝜕𝜑

𝜕𝑦
= 𝑧 + 𝑥          

𝜕𝜑

𝜕𝑧
= 𝑥 + 𝑦 

Integrating we get 

𝜑 = (𝑦 + 𝑧) ∫ 1 𝑑𝑥               𝜑 = (𝑧 + 𝑥) ∫ 1 𝑑𝑦                        𝜑 = (𝑥 + 𝑦) ∫ 1 𝑑𝑧 

𝜑 = (𝑦 + 𝑧)𝑥 + 𝑓(𝑦, 𝑧)        𝜑 = (𝑧 + 𝑥)𝑦 + 𝑓(𝑥, 𝑧)          𝜑 = (𝑥 + 𝑦)𝑧 + 𝑓(𝑥, 𝑦) 

𝜑 = 𝑥𝑦 + 𝑥𝑧 + 𝑓(𝑦, 𝑧)           𝜑 = 𝑦𝑧 + 𝑥𝑦 + 𝑓(𝑥, 𝑧)          𝜑 = 𝑥𝑧 + 𝑦𝑧 + 𝑓(𝑥, 𝑦) 

∴  𝝋 = 𝒙𝒚 + 𝒙𝒛 + 𝒚𝒛 , where 𝑓(𝑦, 𝑧) = 𝑦𝑧  , 𝑓(𝑥, 𝑧) = 𝑥𝑧 , 𝑓(𝑥, 𝑦) = 𝑥𝑦 

9. If  𝐹⃗ = (𝑎𝑥𝑦 + 𝑧3)𝑖̂ + (3𝑥2 − 𝑧)𝑗̂ + (𝑏𝑥𝑧2 − 𝑦)𝑘̂ ; if  𝐹⃗ is irrotational find constants 𝑎  

    and 𝑏. Also find scalar function 𝜑 such that 𝐹⃗ = 𝛻𝜑.  

Sol: Given   𝐹⃗ = (𝑎𝑥𝑦 + 𝑧3)𝑖̂ + (3𝑥2 − 𝑧)𝑗̂ + (𝑏𝑥𝑧2 − 𝑦)𝑘̂  

𝑐𝑢𝑟𝑙𝐹⃗ = 𝛻 𝑋 𝐹⃗ 

 

𝑐𝑢𝑟𝑙𝐹⃗ = ||

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

(𝑎𝑥𝑦 + 𝑧3) (3𝑥2 − 𝑧) (𝑏𝑥𝑧2 − 𝑦)

|| 

𝑐𝑢𝑟𝑙𝐹⃗ = [
𝜕

𝜕𝑦
(𝑏𝑥𝑧2 − 𝑦) −

𝜕

𝜕𝑧
(3𝑥2 − 𝑧)] 𝑖̂ − [

𝜕

𝜕𝑥
(𝑏𝑥𝑧2 − 𝑦) −

𝜕

𝜕𝑧
(𝑎𝑥𝑦 + 𝑧3)] 𝑗̂

+ [
𝜕

𝜕𝑥
(3𝑥2 − 𝑧) −

𝜕

𝜕𝑦
(𝑎𝑥𝑦 + 𝑧3)] 

𝑐𝑢𝑟𝑙𝐹⃗ = [(−1) − (−1)]𝑖̂ − [(𝑏𝑧2) − (3𝑧2)]𝑗̂ + [(6𝑥) − (𝑎𝑥)]𝑘̂𝑐𝑢𝑟𝑙𝐹⃗

= 0𝑖̂ − (𝑏𝑧2 − 3𝑧2)𝑗̂ + (6𝑥 − 𝑎𝑥)𝑘̂ 

Since 𝐹⃗ is irrotational, 

𝑐𝑢𝑟𝑙𝐹⃗ = 0⃗⃗   

0𝑖̂ − (𝑏𝑧2 − 3𝑧2)𝑗̂ + (6𝑥 − 𝑎𝑥)𝑘̂ = 0𝑖̂ − 0𝑗̂ + 0𝑘̂ 

𝑏𝑧2 − 3𝑧2 = 0                     6𝑥 − 𝑎𝑥 = 0 

𝑧2(𝑏 − 3) = 0                     𝑥(6 − 𝑎) = 0 

𝑏 − 3 = 0        6 − 𝑎 = 0 

𝒃 = 𝟑             𝒂 = 𝟔 

Thus, 𝑭⃗⃗⃗ = (𝟔𝒙𝒚 + 𝒛𝟑)𝒊̂ + (𝟑𝒙𝟐 − 𝒛)𝒋̂ + (𝟑𝒙𝒛𝟐 − 𝒚)𝒌̂ 

To find 𝝋 



  
 

Consider 𝛻𝜑 = 𝐹⃗ 

𝜕𝜑

𝜕𝑥
𝑖̂ +

𝜕𝜑

𝜕𝑦
𝑗̂ +

𝜕𝜑

𝜕𝑧
𝑘̂ = (6𝑥𝑦 + 𝑧3)𝑖̂ + (3𝑥2 − 𝑧)𝑗̂ + (3𝑥𝑧2 − 𝑦)𝑘̂ 

𝜕𝜑

𝜕𝑥
= 6𝑥𝑦 + 𝑧3            

𝜕𝜑

𝜕𝑦
= 3𝑥2 − 𝑧           

𝜕𝜑

𝜕𝑧
= 3𝑥𝑧2 − 𝑦 

Integrating we get 

𝜑 = 6𝑦 ∫ 𝑥 𝑑𝑥 + 𝑧3 ∫ 1 𝑑𝑥               𝜑 = 3𝑥2 ∫ 1 𝑑𝑦 − 𝑧 ∫ 1 𝑑𝑦          𝜑 = 3𝑥 ∫ 𝑧2𝑑𝑧 − 𝑦 ∫ 1 𝑑𝑧 

𝜑 = 6𝑦 (
𝑥2

2
) + 𝑧3𝑥 + 𝑓(𝑦, 𝑧)           𝜑 = 3𝑥2𝑦 − 𝑧𝑦 + 𝑓(𝑥, 𝑧)            𝜑 = 3𝑥 (

𝑧3

3
) − 𝑦𝑧 + 𝑓(𝑥, 𝑦) 

𝜑 = 3𝑥2𝑦 + 𝑧3𝑥 + 𝑓(𝑦, 𝑧)               𝜑 = 3𝑥2𝑦 − 𝑧𝑦 + 𝑓(𝑥, 𝑧)            𝜑 = 𝑥𝑧3 − 𝑦𝑧 + 𝑓(𝑥, 𝑦) 

∴  𝝋 = 𝟑𝒙𝟐𝒚 + 𝒙𝒛𝟑 − 𝒚𝒛 , where 𝑓(𝑦, 𝑧) = −𝑦𝑧  , 𝑓(𝑥, 𝑧) = 𝑥𝑧3, 𝑓(𝑥, 𝑦) = 3𝑥2𝑦 

 

VECTOR INTEGRATION 

Line Integral 

      Consider a curve 𝐶 in space which consists of infinitesimally small elements of length  

𝑑𝑟. Then the line integral of a vector 𝐴(𝑥, 𝑦, 𝑧) along the curve 𝐶 is defined to be the sum of the 

scalar products of 𝐴  ,𝑑𝑟 and is represented by ∫ 𝐴
𝐶

. 𝑑𝑟 .  

        If 𝐹⃗ is the force acted upon by a particle in displacing it along the curve 𝐶 then ∫ 𝐹⃗
𝐶

. 𝑑𝑟  

represents the total work done by a force , it also represents the circulation of 𝐹⃗ about 𝐶 where 𝐹⃗ 

represents the velocity of a fluid. 

        𝐹⃗ is said to be irrotational if ∮ 𝐹⃗. 𝑑𝑟
𝐶

= 0. 

Problems 

1. If 𝐹⃗ = (5𝑥𝑦 − 6𝑥2)𝑖̂ + (2𝑦 − 4𝑥)𝑗̂, evaluate ∫ 𝐹⃗
𝐶

. 𝑑𝑟 where 𝐶 is the curve 𝑦 = 𝑥3 from  

    the point (1,1) to the point (2,8). 

Sol: Given 𝐹⃗ = (5𝑥𝑦 − 6𝑥2)𝑖̂ + (2𝑦 − 4𝑥)𝑗 ̂  

                  𝑑𝑟 = 𝑑𝑥𝑖̂ + 𝑑𝑦𝑗̂ + 𝑑𝑧𝑘̂ 

Consider, 𝐹⃗. 𝑑𝑟 = [(5𝑥𝑦 − 6𝑥2)𝑖̂ + (2𝑦 − 4𝑥)𝑗̂]. [𝑑𝑥𝑖̂ + 𝑑𝑦𝑗̂ + 𝑑𝑧𝑘̂]            

                  𝐹⃗. 𝑑𝑟 = (5𝑥𝑦 − 6𝑥2)𝑑𝑥 + (2𝑦 − 4𝑥)𝑑𝑦     ---  (1) 

In 𝐶 : 𝑦 = 𝑥3                      Points:   (1,1)    (2,8) 

        𝑑𝑦 = 3𝑥2𝑑𝑥 

(1)⇒ 𝐹⃗. 𝑑𝑟 = (5𝑥4 − 6𝑥2)𝑑𝑥 + (2𝑥3 − 4𝑥). 3𝑥2𝑑𝑥 

         𝐹⃗. 𝑑𝑟 = (5𝑥4 − 6𝑥2 + 6𝑥5 − 12𝑥3)𝑑𝑥 



  
 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 = ∫(5𝑥4 − 6𝑥2 + 6𝑥5 − 12𝑥3)𝑑𝑥 

2

1

 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 = 5 [
𝑥5

5
]

𝑥=1

𝑥=2

− 6 [
𝑥3

3
]

𝑥=1

𝑥=2

+ 6 [
𝑥6

6
]

𝑥=1

𝑥=2

− 12 [
𝑥4

4
]

𝑥=1

𝑥=2

 

                  = (25 − 1) − 2(23 − 1) + (26 − 1) − 3(24 − 1) 

                  = 31 − 14 + 63 − 45 

∫ 𝑭⃗⃗⃗

𝑪

. 𝒅𝒓⃗⃗ = 𝟑𝟓 

2. Evaluate ∫ 𝐹⃗
𝐶

. 𝑑𝑟 along the circle 𝑥2 + 𝑦2 = 4 , where 𝐹⃗ = 3𝑥𝑦𝑖̂ − 𝑦𝑗̂ + 2𝑧𝑘̂. 

Sol: Given 𝐹⃗ = 3𝑥𝑦𝑖̂ − 𝑦𝑗̂ + 2𝑧𝑘̂ 

                 𝑑𝑟 = 𝑑𝑥𝑖̂ + 𝑑𝑦𝑗̂ + 𝑑𝑧𝑘̂ 

Consider, 𝐹⃗. 𝑑𝑟 = [3𝑥𝑦𝑖̂ − 𝑦𝑗̂ + 2𝑧𝑘̂]. [𝑑𝑥𝑖̂ + 𝑑𝑦𝑗̂ + 𝑑𝑧𝑘̂]            

                  𝐹⃗. 𝑑𝑟 = (3𝑥𝑦)𝑑𝑥 + (−𝑦)𝑑𝑦 + (2𝑧)𝑑𝑧     ---  (1) 

In 𝐶 : 𝑥2 + 𝑦2 = 4    , 𝑧 = 0 

         𝑥2 + 𝑦2 = 22          (𝑥2 + 𝑦2 = 𝑟2) 

Put     𝑥 = 𝑟𝑐𝑜𝑠𝜃           ;                𝑦 = 𝑟𝑠𝑖𝑛𝜃            ;   𝑧 = 0 

          𝑥 = 2𝑐𝑜𝑠𝜃           ;               𝑦 = 2𝑠𝑖𝑛𝜃 

        𝑑𝑥 = −2𝑠𝑖𝑛𝜃𝑑𝜃    ;             𝑑𝑦 = 2𝑐𝑜𝑠𝜃𝑑𝜃        ;  𝑑𝑧 = 0 

   𝜃: 𝜃 = 0   𝑡𝑜    𝜃 = 2𝜋 

(1)⇒ 𝐹⃗. 𝑑𝑟 = (3.  2𝑐𝑜𝑠𝜃.  2𝑠𝑖𝑛𝜃)(−2𝑠𝑖𝑛𝜃𝑑𝜃) + (−2𝑠𝑖𝑛𝜃). (2𝑐𝑜𝑠𝜃𝑑𝜃) 

         𝐹⃗. 𝑑𝑟 = (−24𝑐𝑜𝑠𝜃𝑠𝑖𝑛2𝜃 − 4𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃)𝑑𝜃 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 = ∫ (−24𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃 − 4𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜃)𝑑𝜃

2𝜋

𝜃=0

 

∫ 𝐹⃗
𝐶

. 𝑑𝑟 = −24 [
𝑠𝑖𝑛3𝜃

3
]

0

2𝜋

− 4 [
𝑠𝑖𝑛2𝜃

2
]

0

2𝜋

            {∫[𝑓(𝑥)]𝑛𝑓′(𝑥)𝑑𝑥 =
[𝑓(𝑥)]𝑛+1

𝑛+1
}     

∫ 𝐹⃗

𝐶

. 𝑑𝑟 = −8(0 − 0) − 2(0 − 0)                              {𝑠𝑖𝑛2𝜋 = 0 = 𝑠𝑖𝑛0} 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 = 0. 

3. If 𝐹⃗ = (3𝑥2 + 6𝑦)𝑖̂ − (14𝑦𝑧)𝑗̂ + (20𝑥𝑧2)𝑘̂, evaluate ∫ 𝐹⃗
𝐶

. 𝑑𝑟 from the point (0,0,0) to  



  
 

   (1,1,1) along the curve given by 𝑥 = 𝑡,  𝑦 = 𝑡2 ,  𝑧 = 𝑡3. 

Sol: Given 𝐹⃗ = (3𝑥2 + 6𝑦)𝑖̂ − (14𝑦𝑧)𝑗̂ + (20𝑥𝑧2)𝑘̂ 

                 𝑑𝑟 = 𝑑𝑥𝑖̂ + 𝑑𝑦𝑗̂ + 𝑑𝑧𝑘̂ 

Consider, 𝐹⃗. 𝑑𝑟 = [(3𝑥2 + 6𝑦)𝑖̂ − (14𝑦𝑧)𝑗̂ + (20𝑥𝑧2)𝑘̂]. [𝑑𝑥𝑖̂ + 𝑑𝑦𝑗̂ + 𝑑𝑧𝑘̂]            

                  𝐹⃗. 𝑑𝑟 = (3𝑥2 + 6𝑦)𝑑𝑥 + (−14𝑦𝑧)𝑑𝑦 + (20𝑥𝑧2)𝑑𝑧     ---  (1) 

In 𝐶 : 𝑥 = 𝑡        ;                𝑦 = 𝑡2            ;   𝑧 = 𝑡3 

        𝑑𝑥 = 𝑑𝑡     ;             𝑑𝑦 = 2𝑡𝑑t          ;  𝑑𝑧 = 3𝑡2𝑑𝑡 

   𝑡: 𝑡 = 0   𝑡𝑜    𝑡 = 1 

(1)⇒ 𝐹⃗. 𝑑𝑟 = (3𝑡2 + 6𝑡2)𝑑𝑡 − (14𝑡2𝑡3). 2𝑡𝑑𝑡 + (20. 𝑡. 𝑡6)3𝑡2𝑑𝑡 

         𝐹⃗. 𝑑𝑟 = (9𝑡2 − 28𝑡6 + 60𝑡9)𝑑𝑡 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 = ∫(9𝑡2 − 28𝑡6 + 60𝑡9)𝑑𝑡

1

0

 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 = 9 [
𝑡3

3
]

𝑡=0

𝑡=1

− 28 [
𝑡7

7
]

𝑡=0

𝑡=1

+ 60 [
𝑡10

10
]

𝑡=0

𝑡=1

 

               = 3(1 − 0) − 4(1 − 0) + 6(1 − 0) 

                  = 3 − 4 + 6 

∫ 𝑭⃗⃗⃗

𝑪

. 𝒅𝒓⃗⃗ = 𝟓 

4. If 𝐹⃗ = (𝑥2)𝑖̂ + (𝑥𝑦)𝑗̂, evaluate ∫ 𝐹⃗
𝐶

. 𝑑𝑟 from (0,0) to (1,1) along i) the line 𝑦 = 𝑥   

    ii) the parabola 𝑦 = √𝑥. 

Sol: Given 𝐹⃗ = 𝑥2𝑖̂ + 𝑥𝑦𝑗̂ 

                 𝑑𝑟 = 𝑑𝑥𝑖̂ + 𝑑𝑦𝑗̂ + 𝑑𝑧𝑘̂ 

Consider, 𝐹⃗. 𝑑𝑟 = [(𝑥2)𝑖̂ + (𝑥𝑦)𝑗̂]. [𝑑𝑥𝑖̂ + 𝑑𝑦𝑗̂ + 𝑑𝑧𝑘̂]            

                  𝐹⃗. 𝑑𝑟 = (𝑥2)𝑑𝑥 + (𝑥𝑦)𝑑𝑦     ---  (1) 

i) Along 𝑦 = 𝑥                               Point: (0,0) 𝑡𝑜 (1,1) 

                  𝑑𝑦 = 𝑑𝑥 

(1)⇒ 𝐹⃗. 𝑑𝑟 = (𝑥2)𝑑𝑥 + (𝑥. 𝑥)𝑑𝑥 

         𝐹⃗. 𝑑𝑟 = (𝑥2 + 𝑥2)𝑑𝑥 

         𝐹⃗. 𝑑𝑟 = 2𝑥2𝑑𝑥 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 = ∫ 2𝑥2𝑑𝑥 

1

0

 



  
 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 = 2 [
𝑥3

3
]

𝑥=0

𝑥=1

 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 =
2

3
(1 − 0) 

∫ 𝑭⃗⃗⃗

𝑪

. 𝒅𝒓⃗⃗ =
𝟐

𝟑
 

ii) Along 𝑦 = √𝑥      ; 𝑦2 = 𝑥                               Point: (0,0) 𝑡𝑜 (1,1) 

                  2𝑦𝑑𝑦 = 𝑑𝑥 

(1)⇒ 𝐹⃗. 𝑑𝑟 = (𝑦4)2𝑦𝑑𝑦 + (𝑦2. 𝑦)𝑑𝑦         

        𝐹⃗. 𝑑𝑟 = (2𝑦5 + 𝑦3)𝑑𝑦 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 = ∫(2𝑦5 + 𝑦3)𝑑𝑦 

1

0

 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 = 2 [
𝑦6

6
]

𝑦=0

𝑦=1

+ [
𝑦4

4
]

𝑦=0

𝑦=1

 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 =
1

3
(1 − 0) +

1

4
(1 − 0) 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 =
1

3
+

1

4
 

∫ 𝑭⃗⃗⃗

𝑪

. 𝒅𝒓⃗⃗ =
𝟕

𝟏𝟐
 

5. Find the total work done by a force  𝐹⃗ = 2𝑥𝑦𝑖̂ − 4𝑧𝑗̂ + 5𝑥𝑘̂  along the curve 𝑥 = 𝑡2 ,   

    y=(2t+1)  , 𝑧 = 𝑡3 from the point 𝑡 = 1  to 𝑡 = 2. 

Sol: Given 𝐹⃗ = 2𝑥𝑦𝑖̂ − 4𝑧𝑗̂ + 5𝑥𝑘̂ 

                 𝑑𝑟 = 𝑑𝑥𝑖̂ + 𝑑𝑦𝑗̂ + 𝑑𝑧𝑘̂ 

Consider, 𝐹⃗. 𝑑𝑟 = [2𝑥𝑦𝑖̂ − 4𝑧𝑗̂ + 5𝑥𝑘̂]. [𝑑𝑥𝑖̂ + 𝑑𝑦𝑗̂ + 𝑑𝑧𝑘̂]            

                  𝐹⃗. 𝑑𝑟 = 2𝑥𝑦𝑑𝑥 − 4𝑧𝑑𝑦 + 5𝑥𝑑𝑧     ---  (1) 

In 𝐶 : 𝑥 = 𝑡2;                𝑦 = 2𝑡 + 1            ;   𝑧 = 𝑡3 

        𝑑𝑥 = 2𝑡𝑑t;             𝑑𝑦 = 2𝑑t          ;  𝑑𝑧 = 3𝑡2𝑑𝑡 

   𝑡: 𝑡 = 1   𝑡𝑜    𝑡 = 2 

(1)⇒ 𝐹⃗. 𝑑𝑟 = (2𝑡2(2𝑡 + 1))2𝑡𝑑𝑡 − 4(𝑡3). 2𝑑𝑡 + (5𝑡2)3𝑡2𝑑𝑡 



  
 

         𝐹⃗. 𝑑𝑟 = (8𝑡4 + 4𝑡3 − 8𝑡3 + 15𝑡4)𝑑𝑡 

𝐹⃗. 𝑑𝑟 = (23𝑡4 − 4𝑡3)𝑑𝑡 

The work done by a force = ∫ 𝐹⃗
𝐶

. 𝑑𝑟 

∫ 𝐹⃗.

𝐶

𝑑𝑟 = ∫(23𝑡4 − 4𝑡3)𝑑𝑡 

2

𝑡=1

 

             = 23 [
𝑡5

5
]

𝑡=1

2

− 4 [
𝑡4

4
]

𝑡=1

2

 

               =
23

5
(25 − 1) − (24 − 1) 

     

               =
23(31)

5
− 15 =

713−75

5
 

Work done , ∫ 𝑭⃗⃗⃗
𝑪

. 𝒅𝒓⃗⃗ =
𝟔𝟑𝟖

𝟓
 units 

6. Find the total work done by a force  𝐹⃗ = 3𝑥2𝑖̂ + (2𝑥𝑧 − 𝑦)𝑗̂ + 𝑧𝑘̂  when it moves   

    a particle from the point 𝑡 = 0 and 𝑡 = 2 along the curve 𝑥 = 𝑡,  𝑦 =
𝑡2

4
 , 𝑧 =

3𝑡3

8
. 

Sol: Given 𝐹⃗ = 3𝑥2𝑖̂ + (2𝑥𝑧 − 𝑦)𝑗̂ + 𝑧𝑘̂ 

                 𝑑𝑟 = 𝑑𝑥𝑖̂ + 𝑑𝑦𝑗̂ + 𝑑𝑧𝑘̂ 

Consider, 𝐹⃗. 𝑑𝑟 = [3𝑥2𝑖̂ + (2𝑥𝑧 − 𝑦)𝑗̂ + 𝑧𝑘̂]. [𝑑𝑥𝑖̂ + 𝑑𝑦𝑗̂ + 𝑑𝑧𝑘̂]            

                  𝐹⃗. 𝑑𝑟 = 3𝑥2𝑑𝑥 + (2𝑥𝑧 − 𝑦)𝑑𝑦 + 𝑧𝑑𝑧     ---  (1) 

In 𝐶 : 𝑥 = 𝑡      ;                𝑦 =
𝑡2

4
               ;          𝑧 =

3𝑡3

8
 

        𝑑𝑥 = 𝑑t    ;             𝑑𝑦 =
2𝑡

4
𝑑𝑡 =

𝑡

2
𝑑𝑡          ;        𝑑𝑧 =

(3)3𝑡2

8
𝑑𝑡 =

9𝑡2

8
𝑑𝑡 

   𝑡: 𝑡 = 0   𝑡𝑜    𝑡 = 2 

(1)⇒ 𝐹⃗. 𝑑𝑟 = 3𝑡2𝑑𝑡 + [2𝑡 (
3𝑡3

8
) −

𝑡2

4
]

𝑡

2
𝑑𝑡 +

3𝑡3

8
.

9𝑡2

8
𝑑𝑡 

         𝐹⃗. 𝑑𝑟 = (3𝑡2 +
3𝑡5

8
−

𝑡3

8
+

27𝑡5

64
) 𝑑𝑡 

𝐹⃗. 𝑑𝑟 = (3𝑡2 −
𝑡3

8
+

51𝑡5

64
) 𝑑𝑡 

The work done by a force = ∫ 𝐹.⃗⃗⃗⃗
𝐶

𝑑𝑟 

∫ 𝐹⃗.

𝐶

𝑑𝑟 = ∫ (3𝑡2 −
𝑡3

8
+

51𝑡5

64
) 𝑑𝑡

2

𝑡=0

 

              = 3 [
𝑡3

3
]

𝑡=0

2

−
1

8
[

𝑡4

4
]

𝑡=0

2

+
51

64
[

𝑡6

6
]

𝑡=0

2

 

               = (23 − 0) −
1

32
(24 − 0) +

51

384
(26 − 0) 



  
 

               = 8 −
166

32
+

51

384
(64) 

∫ 𝐹⃗.

𝐶

𝑑𝑟 = 8 −
1

2
+

51

6
 

∫ 𝐹⃗.

𝐶

𝑑𝑟 =
48 − 3 + 51

6
 

∫ 𝐹⃗

𝐶

. 𝑑𝑟 =
96

6
 

Work done, ∫ 𝑭⃗⃗⃗
𝑪

. 𝒅𝒓⃗⃗ = 𝟏𝟔 𝒖𝒏𝒊𝒕𝒔 

Green’s Theorem 

   Let 𝑀(𝑥, 𝑦) and 𝑁(𝑥, 𝑦) be two functions defined in region  ′𝑅′ and the 𝑥𝑦 − 𝑃𝑙𝑎𝑛𝑒 with simple 

closed curve 𝐶 has its boundary , then ∮ 𝑴𝒅𝒙 + 𝑵𝒅𝒚
𝑪

= ∬ [
𝝏𝑴

𝝏𝒙
−

𝝏𝑵

𝝏𝒚
]

𝑹
𝒅𝒚𝒅𝒙 

 

Note: 

1. 𝐀𝐫𝐞𝐚 = ∬ 𝒅𝒚𝒅𝒙
𝑹

=
𝟏

𝟐
∫ (𝒙𝒅𝒚 − 𝒚𝒅𝒙)

𝑪
 

Problems 

1. Evaluate ∫ (𝒙𝒚 − 𝒙𝟐)𝒅𝒙 + 𝒙𝟐𝒚𝒅𝒚
𝑪

  where 𝐶 is the closed curve bounded by 𝑦 = 0, 

      𝑥 = 1 and 𝑦 = 𝑥. 

Sol: Green’s Theorem:∮ 𝑴𝒅𝒙 + 𝑵𝒅𝒚
𝑪

= ∬ [
𝝏𝑵

𝝏𝒙
−

𝝏𝑴

𝝏𝒚
]

𝑹
𝒅𝒚𝒅𝒙         --- (1) 

  

Given  ∫ (𝑥𝑦 − 𝑥2)𝑑𝑥 + 𝑥2𝑦𝑑𝑦
𝐶

 

Here,   M = 𝑥𝑦 − 𝑥2          𝑁 = 𝑥2𝑦 

            
𝝏𝑴

𝝏𝒚
= 𝒙                    

𝝏𝑵

𝝏𝒙
= 𝟐𝒙𝒚 

In ‘R’ 

𝑥: 𝑥 = 0  𝑡𝑜  𝑥 = 1 

𝑦: 𝑦 = 0  𝑡𝑜  𝑦 = 𝑥 

(1) ⇒ ∫ (𝑥𝑦 − 𝑥2)𝑑𝑥 + 𝑥2𝑦𝑑𝑦 = ∫ ∫ (2𝑥𝑦 − 𝑥)𝑑𝑦𝑑𝑥
𝑥

𝑦=0

1

𝑥=0𝐶
 

                                                           = ∫ [2𝑥 [
𝑦2

2
]

0

𝑥

− 𝑥[𝑦]0
𝑥] 𝑑𝑥

1

𝑥=0
           

                       

                                                           = ∫ [𝑥(𝑥2 − 0) − 𝑥(𝑥 − 0)]𝑑𝑥
1

𝑥=0
 



  
 

∫ (𝑥𝑦 − 𝑥2)𝑑𝑥 + 𝑥2𝑦𝑑𝑦 = ∫ (𝑥3 − 𝑥2)

1

𝑥=0

𝑑𝑥

𝐶

 

                                          = [
𝑥4

4
]

𝑥=0

1

− [
𝑥3

3
]

𝑥=0

1

   

                                              =
1

4
−

1

3
=

3−4

12
 

∫ (𝒙𝒚 − 𝒙𝟐)𝒅𝒙 + 𝒙𝟐𝒚𝒅𝒚 =
−𝟏

𝟏𝟐
𝑪

 

2. Use Green’s theorem to evaluate ∫ (𝒙𝟐 + 𝒚𝟐)𝒅𝒙 + 𝟑𝒙𝟐𝒚𝒅𝒚
𝑪

 where 𝐶 is the circle  

     𝑥2 + 𝑦2 = 4 traced in the positive sign.  

Sol: Green’s Theorem: ∮ 𝑴𝒅𝒙 + 𝑵𝒅𝒚
𝑪

= ∬ [
𝝏𝑵

𝝏𝒙
−

𝝏𝑴

𝝏𝒚
]

𝑹
𝒅𝒚𝒅𝒙         --- (1) 

Given  ∫ (𝑥2 + 𝑦2)𝑑𝑥 + 3𝑥2𝑦𝑑𝑦
𝐶

 

Here,   M = 𝑥2 + 𝑦2              𝑁 = 3𝑥2                                                      

            
𝝏𝑴

𝝏𝒚
= 𝟐𝒚                    

𝝏𝑵

𝝏𝒙
= 𝟔𝒙𝒚 

In ‘R’ 

𝑥: 𝑥 = −2  𝑡𝑜  𝑥 = 2 

𝑦: 𝑦 = −√4 − 𝑥2    𝑡𝑜  𝑦 = √4 − 𝑥2 

(1)⇒ ∫ (𝑥2 + 𝑦2)𝑑𝑥 + 3𝑥2𝑦𝑑𝑦 = ∫ ∫ (6𝑥𝑦 − 2𝑦)𝑑𝑦𝑑𝑥
√4−𝑥2

𝑦=−√4−𝑥2

2

𝑥=−2𝐶
 

                                                           = ∫ [6𝑥 [
𝑦2

2
]

−√4−𝑥2

√4−𝑥2

− 2 [
𝑦2

2
]

−√4−𝑥2

√4−𝑥2

] 𝑑𝑥
2

𝑥=−2
 

= ∫ [3𝑥 [[√4 − 𝑥2]
2

− [−√4 − 𝑥2]
2

] − [[√4 − 𝑥2]
2

− [−√4 − 𝑥2]
2

]] 𝑑𝑥

2

𝑥=−2

 

∫ (𝑥2 + 𝑦2)𝑑𝑥 + 3𝑥2𝑦𝑑𝑦 =

𝐶

∫ [3𝑥[(4 − 𝑥2) − (4 − 𝑥2)] − [(4 − 𝑥2) − (4 − 𝑥2)]]𝑑𝑥

2

𝑥=−2

 

∫ (𝒙𝟐 + 𝒚𝟐)𝒅𝒙 + 𝟑𝒙𝟐𝒚𝒅𝒚 =
𝑪

𝟎.      

3.Use Green’s theorem to find area between the parabola 𝑥2 = 4𝑦  and  𝑦2 = 4𝑥. 



  
 

Sol: Wkt  𝐀𝐫𝐞𝐚 = ∬ 𝒅𝒚𝒅𝒙
𝑹

=
𝟏

𝟐
∫ (𝒙𝒅𝒚 − 𝒚𝒅𝒙)

𝑪
 

Thus,       A =
1

2
∫ (𝑥𝑑𝑦 − 𝑦𝑑𝑥)

𝐶
 

A =
1

2
[∫ (𝑥𝑑𝑦 − 𝑦𝑑𝑥)

𝑂𝐴
+ ∫ (𝑥𝑑𝑦 − 𝑦𝑑𝑥)

𝐴𝑂
]          --- (1) 

              

Along OA:                             Along AO:                 

𝒙𝟐 = 𝟒𝒚                                   𝒚𝟐 = 𝟒𝒙   

𝑦 =
𝑥2

4
                                     𝑥 =

𝑦2

4
  

𝑑𝑦 =
2𝑥

4
𝑑𝑥                           𝑑𝑥 =

2𝑦

4
𝑑𝑦 

𝒅𝒚 =
𝒙

𝟐
𝒅𝒙                             𝒅𝒙 =

𝒚

𝟐
𝒅𝒚 

In ‘R’ 

𝑥: 𝑥 = 0  𝑡𝑜  𝑥 = 4𝑦: 𝑦 = 4  𝑡𝑜  𝑦 = 0 

(1) ⇒ A =
1

2
[∫ (𝑥.

𝑥

2
𝑑𝑥 −

𝑥2

4
𝑑𝑥)

4

𝑥=0
+ ∫ (

𝑦2

4
𝑑𝑦 − 𝑦.

𝑦

2
𝑑𝑦 )

0

𝑦=4
] 

          A =
1

2
[∫ (

𝑥2

2
−

𝑥2

4
)

4

𝑥=0
𝑑𝑥 + ∫ (

𝑦2

4
−

𝑦2

2
 )

0

𝑦=4
𝑑𝑦] 

        A =
1

2
[∫ (

𝑥2

4
)

4

𝑥=0
𝑑𝑥 − ∫ (

𝑦2

4
 )

0

𝑦=4
𝑑𝑦] 

A =
1

2 ∗ 4
[ ∫ 𝑥2 𝑑𝑥

4

𝑥=0

− ∫ 𝑦2

0

𝑦=4

𝑑𝑦] 

A =
1

8
[[

𝑥3

3
]

0

4

− [
𝑦3

3
]

4

0

] 

A =
1

8 ∗ 3
[(43 − 0) − (0 − 43)] 

A =
1

24
[64 + 64] 



  
 

A =
128

24
 

𝑨 =
𝟏𝟔

𝟑
 Sq.Units 

Stoke’s Theorem 

If 𝑆 is a surface bounded by a simple closed curve 𝐶 and if 𝐹⃗ is any continuously  

 differentiable vector function then 

∮ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗

𝑪

= ∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗

𝑺

. 𝒏̂ 𝒅𝒔 = ∬(𝜵𝑿𝑭⃗⃗⃗)

𝑺

. 𝒏̂ 𝒅𝒔 

Problems 

1.Verify Stoke’s theorem for 𝐹⃗ = 𝑦𝑖̂ + 𝑧𝑗̂ + 𝑥𝑘̂ where 𝑆 is the upper half of the sphere 

       𝑥2 + 𝑦2 + 𝑧2 = 1 and 𝐶 is its boundary. 

Sol: By Stoke’s theorem, 

∮ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗
𝑪

= ∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗
𝑺

. 𝒏̂ 𝒅𝒔  , 𝐶 is the circle in the 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 whose centre is the origin and radius 

equal to unity.  

i.e., 𝑥2 + 𝑦2 = 1 and    𝑧 = 0 

                                          𝑑𝑧 = 0 

Put 𝑥 = 𝑐𝑜𝑠𝜃 𝑦 = 𝑠𝑖𝑛𝜃   ; 0 ≤ 𝜃 ≤ 2𝜋 

LHS,  ∮ 𝐹⃗. 𝑑𝑟
𝐶

= ∮ 𝑦𝑑𝑥 + 𝑧𝑑𝑦 + 𝑥𝑑𝑧
𝐶

 

                            = ∫ (𝑠𝑖𝑛𝜃)(−𝑠𝑖𝑛𝜃𝑑𝜃) + (0) + (0)
2𝜋

𝜃=0
 

                            = − ∫ 𝑠𝑖𝑛2𝜃𝑑𝜃
2𝜋

𝜃=0
 

                            = − ∫
(1−𝑐𝑜𝑠2𝜃)

2
𝑑𝜃

2𝜋

𝜃=0
 

                            = −
1

2
∫ (1 − 𝑐𝑜𝑠2𝜃)𝑑𝜃

2𝜋

𝜃=0
 

                             = −
1

2
{[𝜃]0

2𝜋 − [
𝑠𝑖𝑛2𝜃

2
]

0

2𝜋
} 

                            = −
1

2
{[2𝜋 − 0] −

1

2
[𝑠𝑖𝑛4𝜋 − 𝑠𝑖𝑛0]} 

∮ 𝐹⃗. 𝑑𝑟

𝐶

= −
1

2
(2𝜋) 

∮ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗

𝑪

= −𝝅 

Now,  𝑐𝑢𝑟𝑙𝐹⃗ = 𝛻𝑋𝐹⃗ 



  
 

                      = |

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑦 𝑧 𝑥

| 

                      = [
𝜕

𝜕𝑦
(𝑥) −

𝜕

𝜕𝑧
(𝑧)] 𝑖̂ − [

𝜕

𝜕𝑥
(𝑥) −

𝜕

𝜕𝑧
(𝑦)] 𝑗̂ + [

𝜕

𝜕𝑥
(𝑧) −

𝜕

𝜕𝑦
(𝑦)] 𝑘̂ 

                        = [0 − 1]𝑖̂ − [1 − 0]𝑗̂ + [0 − 1]𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = −𝑖̂ − 𝑗̂ − 𝑘̂ 

𝑛̂𝑑𝑠 = 𝑑𝑦𝑑𝑧𝑖̂ + 𝑑𝑥𝑑𝑧𝑗̂ + 𝑑𝑥𝑑𝑦𝑘̂ 

𝑛̂𝑑𝑠 = 0. 𝑖̂ + 0. 𝑗̂ + 𝑑𝑥𝑑𝑦𝑘̂                              (𝑆𝑖𝑛𝑐𝑒 𝑧 = 0,  𝑑𝑧 = 0) 

𝑐𝑢𝑟𝑙𝐹⃗. 𝑛̂𝑑𝑠 = (−𝑖̂ − 𝑗̂ − 𝑘̂ ).  (0. 𝑖̂ + 0. 𝑗̂ + 𝑑𝑥𝑑𝑦𝑘̂) 

𝒄𝒖𝒓𝒍𝑭⃗⃗⃗. 𝒏̂𝒅𝒔 = −𝒅𝒙𝒅𝒚 

RHS, ∬ 𝑐𝑢𝑟𝑙𝐹⃗
𝑆

. 𝑛̂ 𝑑𝑠 = ∬ −𝑑𝑥𝑑𝑦
𝑆

 

∬ 𝑐𝑢𝑟𝑙𝐹⃗

𝑆

. 𝑛̂ 𝑑𝑠 = − ∬ 𝑑𝑥𝑑𝑦

𝑆

 

∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗
𝑺

. 𝒏̂ 𝒅𝒔 = −𝝅               (𝑺𝒊𝒏𝒄𝒆 ∬ 𝑑𝑥𝑑𝑦
𝑆

= 𝑨𝒓𝒆𝒂 𝒐𝒇 𝒄𝒊𝒓𝒄𝒍𝒆, 𝑥2 + 𝑦2 = 1 = 𝜋(1)2 = 𝜋) 

LHS = RHS 

2. Evaluate ∮ (𝑥𝑦𝑑𝑥 + 𝑥𝑦2𝑑𝑦) 
𝐶

by Stoke’s theorem where 𝐶 is the square in 𝑥𝑦 −  𝑝𝑙𝑎𝑛𝑒 with 

    vertices (1,0) (−1,0)  (0,1) (0, −1). 

Sol: Given ∮ (𝑥𝑦𝑑𝑥 + 𝑥𝑦2𝑑𝑦) 
𝐶

 

∮ 𝐹⃗. 𝑑𝑟

𝐶

= ∮ (𝑥𝑦𝑑𝑥 + 𝑥𝑦2𝑑𝑦) 

𝐶

 

Here, 𝐹⃗ = 𝑥𝑦𝑖̂ + 𝑥𝑦2𝑗̂ + 0𝑘̂ 

Now,  𝑐𝑢𝑟𝑙𝐹⃗ = 𝛻𝑋𝐹⃗ 

                      = |

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑥𝑦 𝑥𝑦2 0

| 

                      = [
𝜕

𝜕𝑦
(0) −

𝜕

𝜕𝑧
(𝑥𝑦2)] 𝑖̂ − [

𝜕

𝜕𝑥
(0) −

𝜕

𝜕𝑧
(𝑥𝑦)] 𝑗̂ + [

𝜕

𝜕𝑥
(𝑥𝑦2) −

𝜕

𝜕𝑦
(𝑥𝑦)] 𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = [0 − 0]𝑖̂ − [0 − 0]𝑗̂ + [𝑦2 − 𝑥]𝑘̂ 

𝑛̂𝑑𝑠 = 𝑑𝑦𝑑𝑧𝑖̂ + 𝑑𝑥𝑑𝑧𝑗̂ + 𝑑𝑥𝑑𝑦𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗. 𝑛̂𝑑𝑠 = (0. 𝑖̂ − 0. 𝑗̂ + [𝑦2 − 𝑥]𝑘̂ ).  (𝑑𝑦𝑑𝑧𝑖̂ + 𝑑𝑥𝑑𝑧𝑗̂ + 𝑑𝑥𝑑𝑦𝑘̂) 



  
 

𝒄𝒖𝒓𝒍𝑭⃗⃗⃗. 𝒏̂𝒅𝒔 = [𝒚𝟐 − 𝒙]𝒅𝒙𝒅𝒚 

Wkt , ∮ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗
𝑪

= ∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗
𝑹

. 𝒏̂ 𝒅𝒔 

                            = ∬ [𝑦2 − 𝑥]𝑑𝑥𝑑𝑦
𝑅

 

                      

∮ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗

𝑪

= ∫ ∫ [𝑦2 − 𝑥]𝑑𝑦𝑑𝑥

1

𝑦=−1

1

𝑥=−1

 

                          = ∫ {[
𝑦3

3
]

−1

1

− 𝑥[𝑦]−1
1 }

1

𝑥=−1
𝑑𝑥 

                         = ∫ [
1

3
[1 − (−1)] − 𝑥[1 − (−1)]]

1

𝑥=−1
𝑑𝑥 

∮ 𝐹⃗. 𝑑𝑟

𝐶

= ∫ [
2

3
− 2𝑥]

1

𝑥=−1

𝑑𝑥  

∮ 𝐹⃗. 𝑑𝑟

𝐶

=
2

3
[𝑥]−1

1 − 2 [
𝑥2

2
]

−1

1

 

∮ 𝐹⃗. 𝑑𝑟

𝐶

=
2

3
[1 − (−1)] − [(1)2 − (−1)2] 

∮ 𝐹⃗. 𝑑𝑟

𝐶

=
2

3
[2] − [0] 

∮ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗

𝑪

=
𝟒

𝟑
 

3. Evaluate ∮ (𝑥2 + 𝑦2)𝑑𝑥 − 2𝑥𝑦𝑑𝑦
𝐶

 taken round the rectangle bounded by 𝑥 = 0, 𝑥 = 𝑎, 

    𝑦 = 0, 𝑦 = 𝑏 using Stoke’s theorem .   

Sol: Given ∮ (𝑥2 + 𝑦2)𝑑𝑥 − 2𝑥𝑦𝑑𝑦
𝐶

 



  
 

∮ 𝐹⃗. 𝑑𝑟

𝐶

= ∮ (𝑥2 + 𝑦2)𝑑𝑥 − 2𝑥𝑦𝑑𝑦

𝐶

 

Here, 𝐹⃗ = (𝑥2 + 𝑦2)𝑖̂ − 2𝑥𝑦𝑗̂ + 0𝑘̂ 

Now,  𝑐𝑢𝑟𝑙𝐹⃗ = 𝛻𝑋𝐹⃗ 

                      = |

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

(𝑥2 + 𝑦2) −2𝑥𝑦 0

| 

                      = [
𝜕

𝜕𝑦
(0) −

𝜕

𝜕𝑧
(−2𝑥𝑦)] 𝑖̂ − [

𝜕

𝜕𝑥
(0) −

𝜕

𝜕𝑧
((𝑥2 + 𝑦2))] 𝑗̂ + [

𝜕

𝜕𝑥
(−2𝑥𝑦) −

𝜕

𝜕𝑦
((𝑥2 + 𝑦2))] 𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = [0 − 0]𝑖̂ − [0 − 0]𝑗̂ + [−2𝑦 − 2𝑦]𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = 0𝑖̂ − 0𝑗̂ − 4𝑦𝑘̂ 

𝑛̂𝑑𝑠 = 𝑑𝑦𝑑𝑧𝑖̂ + 𝑑𝑥𝑑𝑧𝑗̂ + 𝑑𝑥𝑑𝑦𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗. 𝑛̂𝑑𝑠 = (0. 𝑖̂ − 0. 𝑗̂ − 4𝑦𝑘̂ ).  (𝑑𝑦𝑑𝑧𝑖̂ + 𝑑𝑥𝑑𝑧𝑗̂ + 𝑑𝑥𝑑𝑦𝑘̂) 

𝒄𝒖𝒓𝒍𝑭⃗⃗⃗. 𝒏̂𝒅𝒔 = −𝟒𝒚𝒅𝒙𝒅𝒚 

Wkt , ∮ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗
𝑪

= ∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗
𝑹

. 𝒏̂ 𝒅𝒔 

                            = ∬ −4𝑦𝑑𝑥𝑑𝑦
𝑅

 

 

       

 

                        ∮ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗
𝑪

    = −4 ∫ ∫ 𝑦 𝑑𝑦 𝑑𝑥
𝑏

𝑦=0

𝑎

𝑥=0
  

                            = −4 ∫ {[
𝑦2

2
]

0

𝑏

}
𝑎

𝑥=0
𝑑𝑥 

                             = −4 ∫ {[
𝑏2

2
− 0]}

𝑎

𝑥=0
𝑑𝑥 

∮ 𝐹⃗. 𝑑𝑟

𝐶

= −4.
𝑏2

2
∫ 1.

𝑎

𝑥=0

𝑑𝑥 



  
 

∮ 𝐹⃗. 𝑑𝑟

𝐶

= −2𝑏2[𝑥]0
𝑎 

∮ 𝐹⃗. 𝑑𝑟

𝐶

= −2𝑏2(𝑎 − 0) 

∮ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗

𝑪

= −𝟐𝒂𝒃𝟐 

4. Using Stoke’s theorem to evaluate ∮ 𝐹⃗. 𝑑𝑟
𝐶

 where 𝐹⃗ = 𝑦𝑖̂ + 𝑧𝑗̂ + 𝑥𝑘̂ and 𝐶 is the  

    boundary of the upper half of the sphere 𝑥2 + 𝑦2 + 𝑧2 = 1 . 

Sol: Given 𝐹⃗ = 𝑦𝑖̂ + 𝑧𝑗̂ + 𝑥𝑘̂ 

𝐶 is the circle in the 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 whose centre is the origin and radius equal to unity.  

i.e., 𝑥2 + 𝑦2 = 1 and    𝑧 = 0 

                                          𝑑𝑧 = 0 

Now,  𝑐𝑢𝑟𝑙𝐹⃗ = 𝛻𝑋𝐹⃗ 

                      = |

𝑖̂ 𝑗̂ 𝑘̂
𝜕

𝜕𝑥

𝜕

𝜕𝑦

𝜕

𝜕𝑧

𝑦 𝑧 𝑥

| 

                      = [
𝜕

𝜕𝑦
(𝑥) −

𝜕

𝜕𝑧
(𝑧)] 𝑖̂ − [

𝜕

𝜕𝑥
(𝑥) −

𝜕

𝜕𝑧
(𝑦)] 𝑗̂ + [

𝜕

𝜕𝑥
(𝑧) −

𝜕

𝜕𝑦
(𝑦)] 𝑘̂ 

                        = [0 − 1]𝑖̂ − [1 − 0]𝑗̂ + [0 − 1]𝑘̂ 

𝑐𝑢𝑟𝑙𝐹⃗ = −𝑖̂ − 𝑗̂ − 𝑘̂ 

𝑛̂𝑑𝑠 = 𝑑𝑦𝑑𝑧𝑖̂ + 𝑑𝑥𝑑𝑧𝑗̂ + 𝑑𝑥𝑑𝑦𝑘̂ 

𝑛̂𝑑𝑠 = 0. 𝑖̂ + 0. 𝑗̂ + 𝑑𝑥𝑑𝑦𝑘̂                              (𝑆𝑖𝑛𝑐𝑒 𝑧 = 0,  𝑑𝑧 = 0) 

𝑐𝑢𝑟𝑙𝐹⃗. 𝑛̂𝑑𝑠 = (−𝑖̂ − 𝑗̂ − 𝑘̂ ).  (0. 𝑖̂ + 0. 𝑗̂ + 𝑑𝑥𝑑𝑦𝑘̂) 

𝒄𝒖𝒓𝒍𝑭⃗⃗⃗. 𝒏̂𝒅𝒔 = −𝒅𝒙𝒅𝒚 

By Stoke’s theorem, 

∮ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗

𝑪

= ∬ 𝒄𝒖𝒓𝒍𝑭⃗⃗⃗

𝑺

. 𝒏̂ 𝒅𝒔 

∮ 𝐹⃗. 𝑑𝑟

𝐶

= ∬ −𝑑𝑥𝑑𝑦

𝑆

 

∮ 𝐹⃗. 𝑑𝑟

𝐶

= − ∬ 𝑑𝑥𝑑𝑦

𝑆

 



  
 

∮ 𝑭⃗⃗⃗. 𝒅𝒓⃗⃗
𝑪

= −𝝅                 (𝑆𝑖𝑛𝑐𝑒 ∬ 𝑑𝑥𝑑𝑦
𝑆

= 𝐴𝑟𝑒𝑎 𝑜𝑓 𝑐𝑖𝑟𝑐𝑙𝑒, 𝑥2 + 𝑦2 = 1 = 𝜋(1)2 = 𝜋) 

Problem on flux 

If  𝐹⃗ = 2𝑥𝑦𝑖̂ + 𝑦𝑧2𝑗̂ + 𝑥𝑧𝑘̂ and 𝑆 is the rectangular parallelepiped bounded by 𝑥 = 0, 𝑦 = 0, 𝑧 =

0,  𝑥 = 2, 𝑦 = 1, 𝑧 = 3.Find the flux across S. 

Sol: Here𝐹⃗ = 2𝑥𝑦𝑖̂ + 𝑦𝑧2𝑗̂ + 𝑥𝑧𝑘̂ 

Now, 𝑑𝑖𝑣𝐹⃗ = 𝛻. 𝐹⃗ 

                     = [
𝜕

𝜕𝑥
𝑖̂ +

𝜕

𝜕𝑦
𝑗̂ +

𝜕

𝜕𝑧
𝑘̂] . [2𝑥𝑦𝑖̂ + 𝑦𝑧2𝑗̂ + 𝑥𝑧𝑘̂] 

          𝑑𝑖𝑣𝐹⃗ =
𝜕

𝜕𝑥
(2𝑥𝑦) +

𝜕

𝜕𝑦
(𝑦𝑧2)+

𝜕

𝜕𝑧
(𝑥𝑧) 

        𝒅𝒊𝒗𝑭⃗⃗⃗ = 𝟐𝒚 + 𝒛𝟐 + 𝒙 

  Flux across  S = ∬ 𝐹⃗
𝑆

. 𝑛̂ 𝑑𝑠 

  By divergence theorem, ∬ 𝐹⃗
𝑆

. 𝑛̂ 𝑑𝑠 = ∭ 𝑑𝑖𝑣𝐹⃗ 𝑑𝑣
𝑉

 

∬ 𝐹⃗

𝑆

. 𝑛̂ 𝑑𝑠 = ∫ ∫ ∫(𝟐𝒚 + 𝒛𝟐 + 𝒙 ) 𝑑𝑥 𝑑𝑦 𝑑𝑧

2

𝑥=0

1

𝑦=0

3

𝑧=0

 

= ∫ ∫ [(2𝑦 + 𝑧2) [𝑥]0
2 + [

𝑦2

2
]

0

2

] 𝑑𝑦 𝑑𝑧
1

𝑦=0

3

𝑧=0
     

                 = ∫ ∫ (4𝑦 + 2𝑧2 + 2) 𝑑𝑦 𝑑𝑧
1

𝑦=0

3

𝑧=0
 

                 = ∫ {4 [
𝑦2

2
]

0

1

+ (2𝑧2 + 2)[𝑦]0
1} 𝑑𝑧

3

𝑧=0
 

                 = ∫ {2 + 2𝑧2 + 2}𝑑𝑧
3

𝑧=0
 

               = ∫ {2𝑧2 + 4}𝑑𝑧
3

𝑧=0
 

∬ 𝐹⃗

𝑆

. 𝑛̂ 𝑑𝑠 = 2 [
𝑧3

3
]

0

3

+ 4[𝑧]0
3 

= 2(9 − 0) + 4(3 − 0) 

∬ 𝑭⃗⃗⃗

𝑺

. 𝒏̂ 𝒅𝒔 = 𝟑𝟎 

 

 



1 VECTOR SPACES AND SUBSPACES

What is a vector? Many are familiar with the concept of a vector as:

• Something which has magnitude and direction.

• an ordered pair or triple.

• a description for quantities such as Force, velocity and acceleration.

Such vectors belong to the foundation vector space - Rn - of all vector spaces. The

properties of general vector spaces are based on the properties of Rn. It is therefore

helpful to consider briefly the nature of Rn.

1.1 The Vector Space Rn

Definitions

• If n is a positive integer, then an ordered n-tuple is a sequence of n real

numbers (a1, a2, . . . , an). The set of all ordered n-tuples is called n-space and

is denoted by Rn.

When n = 1 each ordered n-tuple consists of one real number, and so R may be

viewed as the set of real numbers. Take n = 2 and one has the set of all 2-tuples

which are more commonly known as ordered pairs. This set has the geometrical

interpretation of describing all points and directed line segments in the Cartesian x−y

plane. The vector space R3, likewise is the set of ordered triples, which describe all

points and directed line segments in 3-D space.

In the study of 3-space, the symbol (a1, a2, a3) has two different geometric in-

terpretations: it can be interpreted as a point, in which case a1, a2 and a3 are the

coordinates, or it can be interpreted as a vector, in which case a1, a2 and a3 are

the components. It follows, therefore, that an ordered n-tuple (a1, a2, . . . , an) can be
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viewed as a “generalized point” or a “generalized vector” - the distinction is math-

ematically unimportant. Thus, we can describe the 5-tuple (1, 2, 3, 4, 5) either as a

point or a vector in R5.

Definitions

• Two vectors u = (u1, u2, . . . , un) and v = (v1, v2, . . . , vn) in Rn are called equal

if

u1 = v1, u2 = v2, . . . , un = vn

• The sum u + v is defined by

u + v = (u1 + v1, u2 + v2, . . . , un + vn)

• Let k be any scalar, then the scalar multiple ku is defined by

ku = (ku1, ku2, . . . , kun)

• These two operations of addition and scalar multiplication are called the stan-

dard operations on Rn.

• The zero vector in Rn is denoted by 0 and is defined to be the vector

0 = (0, 0, . . . , 0)

• The negative (or additive inverse) of u is denoted by -u and is defined by

−u = (−u1,−u2, . . . ,−un)

• The difference of vectors in Rn is defined by

v − u = v + (−u)

The most important arithmetic properties of addition and scalar multiplication

of vectors in Rn are listed in the following theorem. This theorem enabes us to

manipulate vectors in Rn without expressing the vectors in terms of componenets.
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Theorem 1.1. If u = (u1, u2, . . . , un),v = (v1, v2, . . . , vn), and w = (w1, w2, . . . , wn)

are vectors in Rn and k and l are scalars, then:

1. u + v = v + u

2. u + (v + w) = (u + v) + w

3. u + 0 = 0 + u = u

4. u + (−u) = 0; that is, u− u = 0

5. k(lu) = (kl)u

6. k(u + v) = ku + kv

7. (k + l)u = ku + lu

8. 1u = u

1.2 Generalized Vector Spaces

The time has now come to generalize the concept of a vector. In this section a set of

axioms are stated, which if satisfied by a class of objects, entitles those objects to be

called “vectors”. The axioms were chosen by abstracting the most important prop-

erties (theorem 1.1). of vectors in Rn; as a consequence, vectors in Rn automatically

satisfy these axioms. Thus, the new concept of a vector, includes many new kinds

of vector without excluding the “common vector”. The new types of vectors include,

among other things, various kinds of matrices and functions.

Definition

A vector space V over a field F is a nonempty set on which two operations are

defined - addition and scalar multiplication. Addition is a rule for associating with

each pair of objects u and v in V an object u + v, and scalar multiplication is a rule

for associating with each scalar k ∈ F and each object u in V an object ku such that
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1. If u,v ∈ V , then u + v ∈ V .

2. If u ∈ V and k ∈ F, then ku ∈ V .

3. u + v = v + u

4. u + (v + w) = (u + v) + w

5. There is an object 0 in V, called a zero vector for V , such that u+0 = 0+u = u

for all u in V .

6. For each u in V , there is an object -u in V , called the additive inverse of u,

such that u + (−u) = −u + u = 0;

7. k(lu) = (kl)u

8. k(u + v) = ku + kv

9. (k + l)u = ku + lu

10. 1u = u

Remark The elements of the underlying field F are called scalars and the elements

of the vector space are called vectors. Note also that we often restrict our attention

to the case when F = R or C.

Examples of Vector Spaces

A wide variety of vector spaces are possible under the above definition as illus-

trated by the following examples. In each example we specify a nonempty set of

objects V . We must then define two operations - addition and scalar multiplication,

and as an exercise we will demonstrate that all the axioms are satisfied, hence entitling

V with the specified operations, to be called a vector space.

1. The set of all n-tuples with entries in the field F, denoted Fn (especially note

Rn and Cn).
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2. The set of all m× n matrices with entries from the field F, denoted Mm×n(F).

3. The set of all real-valued functions defined on the real line (−∞,∞).

4. The set of polynomials with coefficients from the field F, denoted P (F).

5. (Counter example) Let V = R2 and define addition and scalar multiplication

oparations as follows: If u = (u1, u2) and v = (v1, v2), then define

u + v = (u1 + v1, u2 + v2)

and if k is any real number, then define

ku = (ku1, 0).

1.2.1 Some Properties of Vectors

It is important to realise that the following results hold for all vector spaces. They

provide a useful set of vector properties.

Theorem 1.2. If u, v, w ∈ V (a vector space) such that u + w = v + w, then u = v.

Corollary 1.1. The zero vector and the additive inverse vector (for each vector) are

unique.

Theorem 1.3. Let V be a vector space over the field F, u ∈ V , and k ∈ F. Then the

following statement are true:

(a) 0u = 0

(b) k0 = 0

(c) (−k)u = −(ku) = k(−u)

(d) If ku = 0, then k = 0 or u = 0.
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1.2.2 Quiz

True or false?

(a) Every vector space contains a zero vector.

(b) A vector space may have more than one zero vector.

(c) In any vector space, au = bu implies a = b.

(d) In any vector space, au = av implies u = v.

1.3 Subspaces

It is possible for one vector space to be contained within a larger vector space. This

section will look closely at this important concept.

Definitions

• A subset W of a vector space V is called a subspace of V if W is itself a vector

space under the addition and scalar multiplication defined on V .

In general, all ten vector space axioms must be verified to show that a set W with

addition and scalar multiplication forms a vector space. However, if W is part of a

larget set V that is already known to be a vector space, then certain axioms need not

be verified for W because they are inherited from V . For example, there is no need

to check that u + v = v + u (axiom 3) for W because this holds for all vectors in V

and consequently holds for all vectors in W . Likewise, axioms 4, 7, 8, 9 and 10 are

inherited by W from V . Thus to show that W is a subspace of a vector space V (and

hence that W is a vector space), only axioms 1, 2, 5 and 6 need to be verified. The

following theorem reduces this list even further by showing that even axioms 5 and 6

can be dispensed with.

Theorem 1.4. If W is a set of one or more vectors from a vector space V , then W

is a subspace of V if and only if the following conditions hold.

(a) If u and v are vectors in W , then u + v is in W .
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(b) If k is any scalar and u is any vector in W , then ku is in W .

Proof. If W is a subspace of V , then all the vector space axioms are satisfied; in

particular, axioms 1 and 2 hold. These are precisely conditions (a) and (b).

Conversely, assume conditions (a) and (b) hold. Since these conditions are vector

space axioms 1 and 2, it only remains to be shown that W satisfies the remaining

eight axioms. Axioms 3, 4, 7, 8, 9 and 10 are automatically satisfied by the vectors

in W since they are satisfied by all vectors in V . Therefore, to complete the proof,

we need only verify that Axioms 5 and 6 are satisfied by vectors in W .

Let u be any vector in W . By condition (b), ku is in W for every scalar k. Setting

k = 0, it follows from theorem 1.3 that 0u = 0 is in W , and setting k = −1, it follows

that (−1)u = −u is in W .

Remarks

• Note that a consequence of (b) is that 0 is an element of W .

• A set W of one or more vectors from a vector space V is said to be closed

under addition if condition (a) in theorem 1.4 holds and closed under scalar

multiplication if condition (b) holds. Thus, theorem 1.4 states that W is a

subspace of V if and only if W is closed under addition and closed under scalar

multiplication.

Examples of Subspaces

1. A plane through the origin of R3 forms a subspace of R3. This is evident

geometrically as follows: Let W be any plane through the origin and let u and

v be any vectors in W other than the zero vector. Then u + v must lie in W

because it is the diagonal of the parallelogram determined by u and v, and ku

must lie in W for any scalar k because ku lies on a line through u. Thus, W is

closed under addition and scalar multiplication, so it is a subspace of R3.
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2. A line through the origin of R3 is also a subspace of R3. It is evident geomet-

rically that the sum of two vectors on this line also lies on the line and that a

scalar multiple of a vector on the line is on the line as well. Thus, W is closed

under addition and scalar multiplication, so it is a subspace of R3.

3. Let n be a positive integer, and let W consist of all functions expressible in the

form

p(x) = a0 + a1x + · · ·+ anx
n

where a0, . . . , an belong to some field F. Thus, W consists of the zero function

together with all polynomials in F of degree n or less. The set W is a subspace

of P (F) (example 4 on page 5), and if F = R it is also a subspace of the vector

space of all real-valued functions (discussed in example 3 on page 5).

To see this, let p and q be the polynomials

p(x) = a0 + a1x + · · ·+ anx
n

and

q(x) = b0 + b1x + · · ·+ bnx
n

Then

(p + q)(x) = p(x) + q(x) = (a0 + b0) + (a1 + b1)x + · · ·+ (an + bn)xn

and

(kp)(x) = kp(x) = (ka0) + (ka1)x + · · ·+ (kan)xn

These functions have the form given above, so p + q and kp lie in W . This

vector space W is denoted Pn(F).

4. The transpose AT of an m× n matrix A is the n×m matrix obtained from A

by interchanging rows and columns. A symmetric matrix is a square matrix A

such that AT = A. The set of all symmetric matrices in Mn×n(F) is a subspace

of Mn×n(F).

8



5. The trace of an n × n matrix A, denoted tr(A), is the sum of the diagonal

entries of A. The set of n× n matrices having trace equal to zero is a subspace

of Mn×n(F).

1.3.1 Operations on Vector Spaces

Definitions

• The addition of two subsets U and V of a vector space is defined by:

U + V = {u + v|u ∈ U,v ∈ V }

• The intersection ∩ of two subsets U and V of a vector space is defined by:

U ∩ V = {w|w ∈ U and w ∈ V }

• A vector space W is called the direct sum of U and V , denoted U ⊕V , if U and

V are subspaces of W with U ∩ V = {0} and U + V = W .

The following theorem shows how we can form a new subspace from other ones.

Theorem 1.5. Any intersection or sum of subspaces of a vector space V is also a

subspace of V .

1.3.2 Quiz

True or false?

(a) If V is a vector space and W is a subset of V that is also a vector space, then W

is a subspace of V .

(b) The empty set is a subspace of every vector space.

(c) If V is a vector space other than the zero vector space, then V contains a subspace

W such that W 6= V .

(d) The intersection of any two subsets of V is a subspace of V .

(e) Any union of subspaces of a vector space V is a subspace of V .
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1.4 Linear Combinations of Vectors and Systems of Linear

Equations

Have m linear equations in n variables:

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2

...

am1x1 + am2x2 + · · ·+ amnxn = bm

Write in matrix form: Axxx = bbb.

A = [aij] is the m× n coefficient matrix.

xxx =


x1

...

xn

 is the column vector of unknowns, and bbb =


b1

...

bm

 is the column

vector of RHS.

Note: aij, bj ∈ R or C.

1.4.1 Gaussian Elimination

To solve Axxx = bbb:

write augmented matrix: [A|bbb].

1. Find the left-most non-zero column, say column j.

2. Interchange top row with another row if necessary, so top element of column j is

non-zero. (The pivot.)

3. Subtract multiples of row 1 from all other rows so all entries in column j below

the top are then 0.

4. Cover top row; repeat 1 above on rest of rows.

Continue until all rows are covered, or until only 00 . . . 0 rows remain.
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Result is a triangular system, easily solved by back substitution: solve the last

equation first, then 2nd last equation and so on.

1.4.2 Example

Use Gaussian elimination to solve:

x3 − x4 = 2

−9x1 − 2x2 + 6x3 − 12x4 = −7

3x1 + x2 − 2x3 + 4x4 = 2

2x3 = 6

1.4.3 Definition (row echelon form)

A matrix is in row echelon form (r.e.f.) if each row after the first starts with more

zeros than the previous row (or else rows at bottom of matrix are all zeros).

The Gauss algorithm converts any matrix to one in row echelon form. The 2

matrices are equivalent, that is, they have the same solution set.

1.4.4 Elementary row operations

1. ri ↔ rj : swap rows i and j.

2. ri → ri − crj : replace row i with

(row i minus c times row j).

3. ri → cri :

replace row i with c times row i, where c 6= 0.

The Gauss algorithm uses only 1 and 2.

1.4.5 Possible solutions for Axxx = bbb

Consider the r.e.f. of [A|bbb]. Then we have three possibilities:
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(1) Exactly one solution; here the r.e.f. gives each variable a single value, so the

number of variables, n, equals the number of non-zero rows in the r.e.f.

(2) No solution; when one row of r.e.f. is (0 0 . . . d) with d 6= 0. We can’t solve

0x1 + 0x2 + · · · + 0xm = d if d 6= 0; it says 0 = d. In this case the system is said to

be inconsistent.

(3) Infinitely many solutions; here the number of rows of the r.e.f. is less than

the number of variables.

Note that a homogeneous system has bbb = 000, i.e., all zero RHS. Then we always

have at least the trivial solution, xi = 0, 1 ≤ i ≤ n.

1.4.6 Examples

x1 + x2 − x3 = 0

2x1 − x2 = 0

4x1 + x2 − 2x3 = 0

x2 − 2x3 + 4x4 = 2

2x2 − 3x3 + 7x4 = 6

x3 − x4 = 2

1.4.7 Different right hand sides

To solve Axxx = bbbj, for j = 1, . . . , r, for r different sets of right hand sides bbbj:

Form a big augmented matrix [A|bbb1bbb2 . . . bbbr] and find its r.e.f. [U |bbb′1bbb
′
2 . . . bbb′r]. So

U will be a r.e.f. corresponding to A. Then solve each of the systems Uxxx = bbb′j,

j = 1, 2, . . . , r, by back substitution.
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1.4.8 Special case: finding A−1 (if it exists)

If A is n×n and it has an inverse, then solving Axxx = eeej (where eeej is the n×1 column

with 1 in jth place and 0 elsewhere) gives jth column of A−1.

So we find r.e.f. of [A|eee1eee2 . . . eeen], i.e., determine the r.e.f. of [A|I] where I is n×n

identity matrix.

Once we have found the r.e.f. of [A|I] to be [U |∗], we then use row operations to

convert it to [I|D], so D = A−1.

If the last row of U is all zeros, A has no inverse.

Note that if A and I are square, AC = I implies CA = I and conversely.

If such a matrix C exists, it is unique. We write C = A−1, and we say A is

non-singular or invertible.

1.4.9 Example

Does A =


1 −1 4

1 0 −2

2 −2 10

 have an inverse?

If so, find it.

1.4.10 Linear combinations

Definitions

• A vector w is called a linear combination of the vectors v1, v2, . . . , vr if it can

be expressed in the form

w = k1v1 + k2v2 + · · ·+ krvr

where k1, k2, . . . , kr are scalars.

Example
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1. Consider the vectors u = (1, 2,−1) and v = (6, 4, 2) in R3. Show that w =

(9, 2, 7) is a linear combination of u and v and that w′ = (4,−1, 8) is not a

linear combination of u and v.

1.4.11 Spanning

If v1,v2, . . . ,vr are vectors in a vector space V , then generally some vectors in V may

be linear combinations of v1,v2, . . . ,vr and others may not. The following theorem

shows that if a set W is constructed consisting of all those vectors that are expressible

as linear combinations of v1,v2, . . . ,vr, then W forms a subspace of V .

Theorem 1.6. If v1,v2, . . . ,vr are vectors in a vector space V , then:

(a) The set W of all linear combinations of v1,v2, . . . ,vr is a subspace of V.

(b) W is the smallest subspace of V that contains v1,v2, . . . ,vr every other subspace

of V that contains v1,v2, . . . ,vr must contain W

Proof. (a) To show that W is a subspace of V , it must be proven that it is closed

under addition and scalar multiplication. There is at least one vector in W ,

namely, 0, since 0 = 0v1 + 0v2 + · · ·+ 0vr. If u and v are vectors in W , then

u = c1v1 + c2v2 + · · ·+ crvr

and

v = k1v1 + k2v2 + · · ·+ krvr

where c1, c2, . . . , cr, k1, k2, . . . , kr are scalars. Therefore

u + v = (c1 + k1)v1 + (c2 + k2)v2 + · · ·+ (cr + kr)vr

and, for any scalar k,

ku = (kc1)v1 + (kc2)v2 + · · ·+ (kcr)vr

Thus, u + v and ku are linear combinations of v1,v2, . . . ,vr and consequently

lie in W . Therefore, W is closed under addition and scalar multiplication.
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(b) Each vector vi is a linear combination of v1,v2, . . . ,vr since we can write

vi = 0v1 + 0v2 + · · ·+ 1vi + · · ·+ 0vr

Therefore, the subspace W contains each of the vectors v1,v2, . . . ,vr. Let W ′

be any other subspace that contains v1,v2, . . . ,vr. Since W ′ is closed under

addition and scalar multiplication, it must contain all linear combinations of

v1,v2, . . . ,vr. Thus W ′ contains each vector of W .

Definitions

• If S = {v1,v2, . . . ,vr} is a set of vectors in a vector space V , then the subspace

W of V consisting of all linear combinations of the vectors in S is called the

space spanned by v1,v2, . . . ,vr, and it is said that the vectors v1,v2, . . . ,vr

span W . To indicate that W is the space spanned by the vectors in the set

S = {v1,v2, . . . ,vr} the below notation is used.

W = span(S) or W = span{v1,v2, . . . ,vr}

Examples The polynomials 1, x, x2, . . . , xn span the vector space Pn defined previ-

ously since each polynomial p in Pn can be written as

p = a0 + a1x + · · ·+ anx
n

which is a linear combination of 1, x, x2, . . . , xn. This can be denoted by writing

Pn = span{1, x, x2, . . . , xn}

Spanning sets are not unique. For example, any two noncolinear vectors that lie

in the x− y plane will span the x− y plane. Also, any nonzero vector on a line will

span the same line.
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Theorem 1.7. Let S = {v1,v2, . . . ,vr} and S ′ = {w1,w2, . . . ,wk} be two sets of

vectors in a vector space V . Then

span(S) = span(S ′)

if and only if each vector in S is a linear combination of those in S ′ and (conversely)

each vector in S ′ is a linear combination of those in S.

Proof. If each vector in S is a linear combination of those in S ′ then

span(S) ⊆ span(S ′)

and if each vector in S ′ is a linear combination of those in S then

span(S ′) ⊆ span(S)

and therefore

span(S) = span(S ′).

If

vi 6= a1w1 + a2w2 + · · ·+ anwn

for all possible a1, a2, . . . , an then

vi ∈ span(S) but vi 6∈ span(S ′)

therefore

span(S) 6= span(S ′)

and vice versa.

1.4.12 Quiz

True or false?

(a) 000 is a linear combination of any non-empty set of vectors.

(b) If S ⊆ V (vector space V ), then span(S) equals the intersection of all subspaces

of V that contain S.
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1.5 Linear Independence

In the previous section it was stated that a set of vectors S spans a given vector space

V if every vector in V is expressible as a linear combination of the vectors in S. In

general, it is possible that there may be more than one way to express a vector in V

as a linear combination of vectors in a spanning set. This section will focus on the

conditions under which each vector in V is expressible as a unique linear combination

of the spanning vectors. Spanning sets with this property play a fundamental role in

the study of vector spaces.

Definitions If S = {v1, v2, . . . , vr} is a nonempty set of vectors, then the vector

equation

k1v1 + k2v2 + · · ·+ krvr = 0

has at least one solution, namely

k1 = 0, k2 = 0, . . . , kr = 0

If this is the only solution, then S is called a linearly independent set. If there are

other solutions, then S is called a linearly dependent set.

Examples

1. If v1 = (2,−1, 0, 3), v2 = (1, 2, 5,−1) and v3 = (7,−1, 5, 8), then the set of

vectors S = {v1,v2,v3} is linearly dependent, since 3v1 + v2 − v3 = 0.

2. The polynomials

p1 = 1− x, p2 = 5 + 3x− 2x2, p3 = 1 + 3x− x2

form a linearly dependent set in P2 since 3p1 − p2 + 2p3 = 0

3. Consider the vectors i = (1, 0, 0), j = (0, 1, 0),k = (0, 0, 1) in R3. In terms of

components the vector equation

k1i + k2j + k3k = 0
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becomes

k1(1, 0, 0) + k2(0, 1, 0) + k3(0, 0, 1) = (0, 0, 0)

or equivalently,

(k1, k2, k3) = (0, 0, 0)

Thus the set S = {i, j,k} is linearly independent. A similar argument can be

used to extend S to a linear independent set in Rn.

4. In M2×3(R), the set
 1 −3 2

−4 0 5

 ,

 −3 7 4

6 −2 −7

 ,

 −2 3 11

−1 −3 2


is linearly dependent since

5

 1 −3 2

−4 0 5

+3

 −3 7 4

6 −2 −7

−2

 −2 3 11

−1 −3 2

 =

 0 0 0

0 0 0

 .

The following two theorems follow quite simply from the definition of linear inde-

pendence and linear dependence.

Theorem 1.8. A set S with two or more vectors is:

(a) Linearly dependent if and only if at least one of the vectors in S is expressible

as a linear combination of the other vectors in S.

(b) Linearly independent if and only if no vector in S is expressible as a linear

combination of the other vectors in S.

Example

1. Recall that the vectors

v1 = (2,−1, 0, 3), v2 = (1, 2, 5,−1), v3 = (7,−1, 5, 8)
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were linear dependent because

3v1 + v2 − v3 = 0.

It is obvious from the equation that

v1 =
−1

3
v2 +

1

3
v3, v2 = −3v1 + 1v3, v3 = 3v1 + 1v2

Theorem 1.9. (a) A finite set of vectors that contains the zero vector is linearly

dependent.

(b) A set with exactly two vectors is linearly independent if and only if neither vector

is a scalar multiple of the other.
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2 BASIS AND DIMENSION

A line is thought of as 1-Dimensional, a plane 2-Dimensional, and surrounding space

as 3-Dimensional. This section will attempt to make this intuitive notion of dimension

precise and extend it to general vector spaces.

2.1 Coordinate systems of General Vector Spaces

A line is thought of as 1-Dimensional because every point on that line can be specified

by 1 coordinate. In the same way a plane is thought of as 2 Dimensional because

every point on that plane can be specified by 2 coordinates and so on. What defines

this coordinate system? The most common form of defining a coordinate system is

the use of coordinate axes. In the case of the plane the x and y axes are used most

frequently. But there is also a way of specifying the coordinate system with vectors.

This can be done by replacing each axis with a vector of length one that points in

the positive direction of the axis. In the case of the x− y plane the x and y-axes are

replaced by the well known unit vectors i and j respectively. Let O be the origin of

the system and P be any point in the plane. The point P can be specified by the

vector OP . Every vector, OP can be written as a linear combination of i and j:

OP = ai + bj

The coordinates of P , corresponding to this coordinate system, are (a, b).

Informally stated, vectors such as i and j that specify a coordinate system are

called “basis vectors” for that system. Although in the preceding discussion our

basis vectors were chosen to be of unit length and mutually perpendicular this is

not essential. As long as linear combinations of the vectors chosen are capable of

specifiying all points in the plane. In our example this only requires that the two

vectors are not colinear. Different basis vectors however do change the coordinates of

a point, as the following example demonstrates.
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Example Let S = {i, j}, U = {i, 2j} and V = {i + j, j}. Let the sets S,U and V be

three sets of basis vectors. Let P be the point i + 2j. The coordinates of P relative

to each set of basis vectors is:

S → (1, 2)

U → (1, 1)

T → (1, 1)

The following definition makes the preceding ideas more precise and enables the

extension of a coordinate system to general vector spaces.

Definition

• If V is any vector space and S = {v1,v2, . . . ,vn} is a set of vectors in V , then

S is called a basis for V if the following two conditions hold:

(a) S is linearly independent

(b) S spans V

A basis is the vector space generalization of a coordinate system in 2-space and

3-space. The following theorem will aid in understanding how this is so.

Theorem 2.1. If S = {v1,v2, . . . ,vn} is a basis for a vector space V , then every

vector v in V can be expressed in the form v = c1v1 + c2v2 + · · · + cnvn in exactly

one way.

Proof. Since S spans V , it follows from the definition of a spanning set that every

vector in V is expressible as a linear combination of the vectors in S. To see that

there is only one way to express a vector as a linear combination of the vectors in S,

suppose that some vector v can be written as

v = c1v1 + c2v2 + · · ·+ cnvn

and also as

v = k1v1 + k2v2 + · · ·+ knvn
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Subtracting the second equation from the first gives

0 = (c1 − k1)v1 + (c2 − k2)v2 + · · ·+ (cn − kn)vn

Since the right side of this equation is a linear combination of vectors in S, the linear

independence of S implies that

(c1 − k1) = 0, (c2 − k2) = 0, . . . , (cn − kn)

That is

c1 = k1, c2 = k2, . . . , cn = kn

Thus the two expressions for v are the same.

Definitions

• If S = {v1,v2, . . . ,vn} is a basis for a vector space V , and

v = c1v1 + c2v2 + · · ·+ cnvn

is the expression for a vector v in terms of the basis S, then the scalars

c1, c2, . . . , cn are called the coordinates of v relative to the basis S. The vector

(c1, c2, . . . , cn) in Fn constructed from these coordinates is called the coordi-

nate vector of v relative to S; it is denoted by

[v]S = (c1, c2, . . . , cn)

• If v = [v]S then S is called the standard basis.

Remark It should be noted that coordinate vectors depend not only on the basis S

but also on the order in which the basis vectors are written; a change in the order

of the basis vectors results in a corresponding change of order for the entries in the

coordinate vectors.

Examples
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1. In example 3 of Section 1.5 it was shown that if

i = (1, 0, 0), j = (0, 1, 0), k = (0, 0, 1)

then S = {i, j,k} is a linearly independent set in R3. This set also spans R3

since any vector v = (a, b, c) can be written as

v = (a, b, c) = a(1, 0, 0) + b(0, 1, 0) + c(0, 1, 1) = ai + bj + ck

Thus, S is a basis for R3. It is in fact a standard basis for R3. Looking at

the coefficients of i, j and k above, it follows that the coordinates of v relative

to the standard basis are a, b and c, so

[v]S = (a, b, c)

and so we have

[v]S = v.

2.2 Dimension of General Vector Spaces

Definition

• A nonzero vector space V is called finite-dimensional if it contains a finite

set of vectors {v1,v2, . . . ,vn} that forms a basis. If no such set exists, V is

called infinite-dimensional. In addition, the zero vector space is regarded as

finite-dimensional.

Examples

• The vector spaces Fn and Pn are both finite-dimensional.

• The vector space of all real valued functions defined on (−∞,∞) is infinite-

dimensional.

Theorem 2.2. If V is a finite-dimensional vector space and {v1,v2, . . . ,vn} is any

basis, then:
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(a) Every set with more than n vectors is linearly dependent.

(b) No set with fewer than n vectors spans V .

Proof. (a) Let S ′ = {w1,w2, . . . ,wm} be any set of m vectors in V , where m > n.

It remains to be shown that S ′ is linearly dependent. Since S = {v1,v2, . . . ,vn}

is a basis for V , each wi can be expressed as a linear combination of the vectors

in S, say:

w1 = a11v1 + a21v2 + · · ·+ an1vn

w2 = a12v1 + a22v2 + · · ·+ an2vn

...

wm = a1mv1 + a2mv2 + · · ·+ anmvn

To show that S ′ is linearly dependent, scalars k1, k2, . . . , kn must be found, not

all zero, such that

k1w1 + k2w2 + · · ·+ kmwm = 0

combining the above 2 systems of equations gives

(k1a11 + k2a12 + · · ·+ kma1m)v1

+ (k1a21 + k2a22 + · · ·+ kma2m)v2

. . .

+ (k1an1 + k2an2 + · · ·+ kmanm)vn = 0

Thus, from the linear independence of S, the problem of proving that S ′ is a

linearly dependent set reduces to showing there are scalars k1, k2, . . . , km, not

all zero, that satisfy

a11k1 + a12k2 + · · ·+ a1mkm = 0

a21k1 + a22k2 + · · ·+ a2mkm = 0

...
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an1k1 + an2k2 + · · ·+ anmkm = 0

As the system is homogenous and there are more unknowns than equations

(m > n), we have an infinite number of solutions, or in other words there are

non trivial solutions such that k1, k2, . . . , km are not all zero.

(b) Let S ′ = {w1,w2, . . . ,wm} be any set of m vectors in V , where m < n. It

remains to be shown that S ′ does not span V . The proof is by contradiction:

assume S ′ spans V . This leads to a contradiction of the linear dependence of

the basis S = {v1,v2, . . . ,vn} of V .

If S ′ spans V , then every vector in V is a linear combination of the vectors in

S ′. In particular, each basis vector vi is a linear combination of the vectors in

S ′, say

v1 = a11w1 + a21w2 + · · ·+ an1wm

v2 = a12w1 + a22w2 + · · ·+ an2wm

...

vn = a1nw1 + a2nw2 + · · ·+ amnwm

To obtain the contradiction it will be shown that there exist scalars k1, k2, . . . , kn

not all zero, such that

k1v1 + k2v2 + · · ·+ knvn = 0

Observe the similarity to the above two systems compared with those given in

the proof of (a). It can be seen that they are identical except that the w’s and

the v’s and the m’s and n’s have been interchanged. Thus the above system in

the same way again reduces to the problem of finding k1, k2, . . . , kn not all zero,

that satisfy

a11k1 + a12k2 + · · ·+ a1mkn = 0

a21k1 + a22k2 + · · ·+ a2mkn = 0
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...

am1k1 + am2k2 + · · ·+ amnkn = 0

As the system is homogenous and there are more unknowns than equations

(n > m), we have an infinite number of solutions, or in other words there

exist non trivial solutions such that k1, k2, . . . , km are not all zero. Hence the

contradiction.

The last theorem essentially states the following. Let S be a set with n vectors

which forms a basis for the vector space V . Let S ′ be another set of vectors in V

consisting of m vectors. If m is greater than n, S ′ cannot form a basis for V as the

vectors in S ′ cannot be linearly independent. If m is less than n, S ′ cannot form a

basis for V because it does not span V . Thus, theorem 2.2 leads directly into one of

the most important theorems in linear algebra.

Theorem 2.3. All bases for a finite-dimenstional vector space have the same number

of vectors.

And thus the concept of dimension is almost complete. All that is needed is a

definition.

Definition

• The dimension of a finite-dimensional vector space V , denoted by dim(V ), is

defined to be the number of vectors in a basis for V . In addition, the zero vector

space has dimension zero.

Examples

1. The dimensions of some common vector spaces are given below:

dim(Fn) = n

dim(Pn) = n + 1

dim(Mn×n(F)) = mn
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2. Determine a basis (and hence dimension) for the solution space of the homoge-

nous system:

2x1 + 2x2 − x3 + x5 = 0

−x1 − x2 + 2x3 − 3x4 + x5 = 0

x1 + x2 − 2x3 − x5 = 0

x3 + x4 + x5 = 0

2.3 Related Theorems

The remaining part of this section states theorems which illustrate the subtle relation-

ships among the concepts of spanning, linear independence, basis and dimension. In

many ways these theorems form the building blocks of other results in linear algebra.

Theorem 2.4. Plus/Minus Theorem. Let S be a nonempty set of vectors in a

vector space V .

(a) If S is a linearly independent set, and if v is a vector in V that is outside of

the span(S), then the set S ∪ {v} that results by inserting v is still linearly

independent.

(b) If v is a vector in S that is expressible as a linear combination of other vectors

in S, and if S − {v} denotes the set obtained by removing v from S, then S

and S − {v} span the same space: that is,

span(S) = span(S − {v})

A proof will not be included, but the theorem can be visualised in R3 as follows.

(a) Consider two linearly independent vectors in R3. These two vectors span a

plane. If you add a third vector to them that is not in the plane, then the three

vectors are still linearly independent and they span the entire domain of R3.
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(b) Consider three non-colinear vectors in a plane that form a set S. The set S

spans the plane. If any one of the vectors is removed from S to give S ′ it is

clear that S ′ still spans the plane. That is span(S) = span(S ′).

Theorem 2.5. If V is an n-dimensional vector space and if S is a set in V with

exactly n vectors, then S is a basis for V if either S spans V or S is linearly inde-

pendent.

Proof. Assume that S has exactly n vectors and spans V . To prove that S is a basis

it must be shown that S is a linearly independent set. But if this is not so, then

some vector v in S is a linear combination of the remaining vectors. If this vector is

removed from S, then it follows from the theorem 2.4(b) that the remaining set of

n-1 vectors still spans V . But this is impossible, since it follows from theorem 2.2(b),

that no set with fewer than n vectors can span an n-dimensional vector space. Thus,

S is linearly independent.

Assume S has exactly n vectors and is a linearly independent set. To prove that

S is a basis it must be shown that S spans V . But if this is not so, then there is some

vector v in V that is not in span(S). If this vector is inserted in S, then it follows

from the theorem 2.4(a) that this set of n+1 vectors is still linearly independent. But

this is impossible because it follows from theorem 2.2(a) that no set with more than n

vectors in an n-dimensional vector space can be linearly independent. Thus S spans

V .

Examples

• v1 = (−3, 8) and v2 = (1, 1) form a basis for R2 because R2 has dimension two

and v1 and v2 are linearly independent.

Theorem 2.6. Let S be a finite set of vectors in a finite-dimensional vector space V .

(a) If S spans V but is not a basis for V , then S can be reduced to a basis for V by

removing appropriate vectors from S.
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(b) If S is a linearly independent set that is not already a basis for V , then S can

be enlarged to a basis for V by inserting appropriate vectors into S.

Proof. (a) The proof is constructive and is called the left to right algorithm.

Let vc1 be the first nonzero vector in the set S. Choose the next vector in

the list which is not a linear combination of vc1 and call it vc2 . Find the next

vector in the list which is not a linear combination of vc1 and vc2 and call it

vc3 . Continue in such a way until the number of vectors chosen equals dim(V ).

(b) This proof is also constructive.

Let V be a vector space. Begin with u1,u2, . . . ,ur which form a linearly inde-

pendent family in V . Let v1,v2, . . . ,vn be a basis for V . Now it is necessary

and important that r < n. To extend the basis, simply apply the left to right

algorithm to the set (note that this set spans V because it contains a basis

within it)

u1,u2, . . . ,ur,v1,v2, . . . ,vn

This will select a basis for V that commences with u1,u2, . . . ,ur

Theorem 2.7. If W is a subspace of a finite-dimensional vector space V , then

dim(W ) ≤ dim(V ); moreover, if dim(W ) = dim(V ), then W = V

Proof. Let S = {w1,w2, . . . ,wm} be a basis for W . Either S is also a basis for V or it

is not. If it is, then dim(W ) = dim(V ) = m. If it is not, then by the previous theorem,

vectors can be added to the linearly independent set S to make it into a basis for V ,

so dim(W ) < dim(V ). Thus, dim(W ) ≤ dim(V ) in all cases. If dim(W ) = dim(V ),

then S is a set of m linearly independent vectors in the m-dimensional vector space

V ; hence by theorem 2.5, S is a basis for V . Therefore W = V .
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2.3.1 Quiz

True or false?

(a) The zero vector space has no basis.

(b) Every vector space that is spanned by a finite set has a basis.

(c) Every vector space has a finite basis.

(d) A vector space cannot have more than one basis.

(e) If a vector space has a finite basis, then the number of vectors in every basis is

the same.

(f) Suppose that V is a finite dimensional vector space, S1 is a linear independent

subset of V , and S2 is a subset of V that spans V . Then S1 cannot contain

more vectors than S2.

(g) If S spans the vector space V , then every vector in V can be written as a linear

combination of vectors in S in only one way.

(h) Every subspace of a finite dimensional vector space is finite dimensional.

(i) If V is an n dimensional vector space, then V has exactly one subspace with

dimension 0 and one with dimension n.

(j) If V is an n dimensional vector space, and if S is a subset of V with n vectors,

then S is linearly independent if and only if S spans V .
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3 INNER PRODUCT SPACES AND ORTHONOR-

MAL BASES

In many applications of vector spaces, we are concerned with the notion of measure-

ment. In this section we introduce the idea of length through the structure of inner

product spaces. We only consider F = R or C.

Definition

Let V be a vector space over F. We define an inner product 〈, 〉 on V to be a function

that assigns a scalar 〈u,v〉 ∈ F to every pair of ordered vectors u,v ∈ V such that

the following properties hold for all u,v,w ∈ V and α ∈ F:

(a) 〈u + v,w〉 = 〈u,w〉+ 〈v,w〉

(b) 〈αu,v〉 = α〈u,v〉

(c) 〈u,v〉 = 〈v,u〉

(d) 〈u,u〉 > 0 if u 6= 0.

The main example is when V = Fn. In this case we often use the notation

〈u,v〉 ≡ u · v which is determined by

u · v =
n∑

i=1

uivi

where u = (u1, u2, . . . , un) and v = (v1, v2, . . . , vn).

Definitions

• A vector space V over F endowed with a specific inner product is called an

inner product space. If F = R then V is said to be a real inner product space,

whereas if F = C we call V a complex inner product space.

• The norm (or length, or magnitude) of a vector u is given by ‖u‖ =
√
〈u,u〉.
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• Two vectors u,v in an inner product space are said to be orthogonal if 〈u,v〉 =

0.

• If u and v are orthogonal vectors and both u and v have a magnitude of one

(with respect to 〈, 〉), then u and v are said to be orthonormal.

• A set of vectors in an inner product space is called an orthogonal set if all

pairs of distinct vectors in the set are orthogonal. An orthogonal set in which

each vector has a magnitude of one is called an orthonormal set.

The following additional properties follow easily from the axioms:

Theorem 3.1. Let V be an inner product space, x,y, z ∈ V and c ∈ F.

(a) 〈x,y + z〉 = 〈x,y〉+ 〈x, z〉.

(b) 〈x, cy〉 = c̄〈x,y〉.

(c) 〈x,0〉 = 〈0,x〉 = 0.

(d) 〈x,x〉 = 0 if and only if x = 0.

(e) If 〈x,y〉 = 〈x, z〉 for all x ∈ V , then y = z.

Proof. (a) - (d) exercises

(e) By part (a) and (b), 〈x,y − z〉 = 0 for all x ∈ V . Since this is true for all x,

it is true for x = y − z, thus 〈y − z,y − z〉 = 0. By (d) this implies that y = z.

Now that the groundwork has been laid the following theorem can be stated. The

proof of this result is extremely important, since it makes use of an algorithm, or

method, for converting an arbitary basis into an orthonormal basis.

Theorem 3.2. Every non-zero finite dimensional inner product space V has an or-

thonormal basis.

Proof. Let {u1,u2, . . . ,um} be any basis for V . It suffices to show that V has an

orthogonal basis, since the vectors in the orthogonal basis can be normalized to pro-

duce an orthonormal basis for V . The following sequence of steps will produce an

orthogonal basis {v1,v2, . . . ,vm} for V .
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Step 1 Let v1 = u1.

Step 2 Obtain a vector v2 that is orthogonal to v1 by computing the component of

u2 that is orthogonal to the space W1 spanned by v1. This can be done using

the formula:

v2 = u2 −
(
〈u2,v1〉
〈v1,v1〉

)
v1

Of course, if v2 = 0, then v2 is not a basis vector. But this cannot happen,

since it would then follow from the preceding formula for v2 that

u2 =

(
〈u2,v1〉
〈v1,v1〉

)
v1 =

(
〈u2,v1〉
〈u1,u1〉

)
u1

which says that u2 is a multiple of u1, contradicting the linear independence of

the basis S = {u1,u2, . . . ,un}.

Step 3 To construct a vector v3 that is orthogonal to both v1 and v2, compute the

component of u3 orthogonal to the space W2 spanned by v1 and v2 using the

formula:

v3 = u3 −
(
〈u3,v1〉
〈v1,v1〉

)
v1 −

(
〈u3,v2〉
〈v2,v2〉

)
v2

As in step 2, the linear independence of {u1,u2, . . . ,un} ensures that v3 6= 0.

The remaining details are left as an exercise.

Step 4 To determine a vector v4 that is orthogonal to v1,v2 and v3, compute the

component of u4 orthogonal to the space W3 spanned by v1,v2 and v3 using

the formula

v4 = u4 −
(
〈u4,v1〉
〈v1,v1〉

)
v1 −

(
〈u4,v2〉
〈v2,v2〉

)
v2 −

(
〈u4,v3〉
〈v3,v3〉

)
v3

Continuing in this way, an orthogonal set of vectors, {v1,v2, . . . ,vm}, will be obtained

after m steps. Since V is an m-dimensional vector space and every orthogonal set is

linearly independent, the set {v1,v2, . . . ,vn} is an orthogonal basis for V .
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This preceding step-by-step construction for converting an arbitary basis into an

orthogonal basis is called the Gram-Schmidt process.

Examples: THE GRAM-SCHMIDT PROCESS

1. Consider the vector space R3 with the Euclidean inner product. Apply the

Gram-Schmidt process to transform the basis vectors u1 = (1, 1, 1),u2 = (0, 1, 1),u3 =

(0, 0, 1) into an orthogonal basis {v1,v2,v3}; then normalize the orthogonal ba-

sis vectors to obtain an orthonormal basis {q1,q2,q3}.

Step 1

v1 = u1 = (1, 1, 1)

Step 2

v2 = u2 −
(

u2 · v1

v1 · v1

)
v1

= (0, 1, 1)− 2

3
(1, 1, 1) =

(
−2

3
,
1

3
,
1

3

)
Step 3

v3 = u3 −
(

u3 · v1

v1 · v1

)
v1 −

(
u3 · v2

v2 · v2

)
v2

= (0, 0, 1)− 1

3
(1, 1, 1)− 1/3

2/3

(
−2

3
,
1

3
,
1

3

)
=

(
0,−1

2
,
1

2

)
Thus,

v1 = (1, 1, 1), v2 =

(
−2

3
,
1

3
,
1

3

)
, v3 =

(
0,−1

2
,
1

2

)
form an orthogonal basis for R3. The norms of these vectors are

‖v1‖ =
√

3, ‖v2‖ =

√
6

3
, ‖v3‖ =

1√
2

so an orthonormal basis for R3 is

q1 =
v1

‖v1‖
=

(
1√
3
,

1√
3
,

1√
3

)
, q2 =

v2

‖v2‖
=

(
−2√

6
,

1√
6
,

1√
6

)
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q3 =
v3

‖v3‖
=

(
0,− 1√

2
,

1√
2

)
The Gramm-Schmidt process with subsequent normalization not only converts an

arbitary basis {u1,u2, . . . ,un} into an orthonormal basis {q1,q2, . . . ,qn}, but it does

it in such a way that for k ≥ 2 the following relationships hold:

• {q1,q2, . . . ,qk} is an orthonormal basis for the space spanned by {u1, . . . ,uk}.

• qk is orthogonal to {u1,u2, . . . ,uk−1}.

The proofs are omitted but these facts should become evident after some thoughtful

examination of the proof of Theorem 3.1.

3.1 Quiz

True or false?

• An inner product is a scalar-valued function on the set of ordered pairs of

vectors.

• An inner product space must be over the field of real or complex numbers.

• An inner product is linear in both components.

• If x, y and z are vectors in an inner product space such that 〈x, y〉 = 〈x, z〉,

then y = z.

• If 〈x, y〉 = 0 for all x in an inner product space, then y = 0.
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4 LINEAR TRANSFORMATIONS AND MATRI-

CES

Definitions

• Let V, W be vector spaces over a field F. A function that maps V into W ,

T : V → W , is called a linear transformation from V to W if for all vectors

u and v in V and all scalars c ∈ F

(a) T (u + v) = T (u) + T (v)

(b) T (cu) = cT (u)

• In the special case where V = W , the linear transformation T : V → V is called

a linear operator on V .

• Let A be an m × n matrix and let T : Fn → Fm be the linear transformation

defined by T (x) = Ax for all x ∈ Fn. Then as a matter of notational convention

it is said that T is the linear transformation TA.

4.0.1 Basic Properties of Linear Transformations

Theorem 4.1. If T : V → W is a linear transformation, then:

(a) If T is linear, then T (0) = 0

(b) T is linear if and only if T (av + w) = aT (v) + T (w) for all v,w in V and

a ∈ F.

(c) T (v −w) = T (v)− T (w) for all v and w in V .

Part (a) of the above theorem states that a linear transformation maps 0 into 0.

This property is useful for identifying transformations that are not linear. Part (b)

is usually used to show that a transformation is linear.

Examples
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1. TA is a linear transformation. Let A be an m× n matrix and let T : Fn → Fm

be the linear transformation defined by TA(x) = Ax for all x ∈ Fn. Let u and

v ∈ Fn, then

T (λu + v) = A(λu + v)

= λAu + Av

= λTA(u) + TA(v)

and thus TA is a linear transformation.

2. If I is the n× n identity matrix, then for every vector x in Fn

TI(x) = Ix = x

so multiplication by I maps every vector in Fn into itself. TI(x) is called the

identity operator on Fn.

3. Let A, B and X be n× n matrices. Then Y = AX −XB is also n× n.

Let V = Mn×n(F) be the vector space of all n×n matrices. Then Y = AX−XB

defines a transformation T : V → V . The transformation is linear since

T (λX1 + X2) = A(λX1 + X2)− (λX1 + X2)B

= λAX1 + AX2 − λX1b−X2B

= λ(AX1 −X1B) + AX2 −X2B

= λT (X1) + T (X2)

Theorem 4.2. If T : Fn → Fm is a linear transformation, then there exists an m×n

matrix A such that T = TA.

Example

1. Find the 2× 2 matrix A such that T = TA has the property that

T

 1

1

 =

 1

3

 and T

 2

1

 =

 0

1


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4.1 Geometric Transformations in R2

This section consists of various different transformations of the form TA that have a

geometrical interpretation. Such transformations form the building blocks for under-

standing linear transformations.

Examples of Geometric Transformations

• Operators on R2 and R3 that map each vector into its symmetric image about

some line or plane are called reflection operators. Such operators are of the

form TA and are thus linear. There are three main reflections in R2. These are

summarised below. Considering the transformation from the coordinates (x, y)

to (w1, w2) the properties of the operator are as follows.

1. Reflection about the y-axis: The equations for this transformation are

w1 = −x

w2 = y

The standard matrix for the transformation is clearly

A =

 −1 0

0 1


To demonstrate the reflection, consider the example below.

Let x =

 1

2



therefore TA(x) = Ax =

 −1

2


2. Reflection about the x-axis: The equations for this transformation are

w1 = x

w2 = −y
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The standard matrix for the transformation is clearly

A =

 1 0

0 −1


To demonstrate the reflection, consider the example below.

Let x =

 1

2



therefore TA(x) = Ax =

 1

−2


3. Reflection about the line y = x: The equations for this transformation

are

w1 = y

w2 = x

The standard matrix for the transformation is clearly

A =

 0 1

1 0


To demonstrate the reflection, consider the example below.

Let x =

 1

2



therefore TA(x) = Ax =

 2

1


• Operators on R2 and R3 that map each vector into its orthogonal projection on a

line or plane through the origin are called orthogonal projection operators.
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Such operators are of the form TA and are thus linear. There are two main

projections in R2. These are summarised below. Considering the transformation

from the coordinates (x, y) to (w1, w2) the properties of the operator are as

follows.

1. Orthogonal projection onto the x-axis: The equations for this trans-

formation are

w1 = x

w2 = 0

The standard matrix for the transformation is clearly

A =

 1 0

0 0


To demonstrate the projection, consider the example below.

Let x =

 1

2



therefore TA(x) = Ax =

 1

0


2. Orthogonal projection on the y-axis: The equations for this transfor-

mation are

w1 = 0

w2 = y

The standard matrix for the transformation is clearly

A =

 0 0

0 1


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To demonstrate the projection, consider the example below.

Let x =

 1

2



therefore TA(x) = Ax =

 0

2


• An operator that rotates each vector in R2, through a fixed angle θ is called

a rotation operator on R2. Such operators are of the form TA and are thus

linear. There is only one rotation in R2, due to the generality of the formula.

This rotation is summarised below. Considering the transformation from the

coordinates (x, y) to (w1, w2) the properties of the operator are as follows.

1. Rotation through an angle θ: The equations for this transformation

are

w1 = x cos θ − y sin θ

w2 = x sin θ + y cos θ

The standard matrix for the transformation is clearly

A =

 cos θ − sin θ

sin θ cos θ


To demonstrate the projection, consider the example below.

Let θ = 30◦ and let x =

 1

0



therefore TA(x) = Ax =

 √
3

2

1
2


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• If k is a nonnegative scalar, then the operator T (x) = kx on R2 and R3 is

called a contraction with factor k if 0 ≤ k ≤ 1, and a dilation with

factor k if k ≥ 1. Such operators are of the form TA and are thus linear.

The contraction and the dilation operators are summarised below. Considering

the transformation from the coordinates (x, y) to (w1, w2) the properties of the

operator are as follows.

1. Contraction with factor k on R2, (0 ≤ k ≤ 1): The equations for this

transformation are.

w1 = kx

w2 = ky

The standard matrix for the transformation is clearly

A =

 k 0

0 k


To demonstrate the contraction, consider the example below.

Let k =
1

2
and let x =

 1

2


therefore TA(x) = Ax =

 1
2

1


2. Dilation with factor k on R2, (k ≥ 1): The equations for this transfor-

mation are

w1 = kx

w2 = ky

The standard matrix for the transformation is clearly

A =

 k 0

0 k


42



To demonstrate the dilation, consider the example below.

Let k = 2 and let x =

 1

2


therefore TA(x) = Ax =

 2

4


4.2 Product of Linear Transformations

Definition

• If T1 : U → V and T2 : V → W are linear transformations, the composite of

T2 with T1 denoted by T2 ◦ T1, is the function defined by the formula

(T2 ◦ T1)(u) = T2(T1(u))

where u is a vector in U .

Remark: Observe that this definition requires the domain of T2 (which is V ) to

contain the range of T1; this is essential for the formula T2(T1(u)) to make sense.

The next result shows that the composition of two linear transformations is itself

a linear transformation.

Theorem 4.3. If T1 : U → V and T2 : V → W are linear transformations, then

(T2 ◦ T1) : U → W is also a linear transformation.

Proof. If u and v are vectors in U and s ∈ F, then it follows from the definition of a

composite transformation and from the linearity of T1 and T2 that

T2 ◦ T1(su + v) = T2(T1(su + v))

= T2(sT1(u) + T1(v))

= sT2(T1(u)) + T2(T1(v))

= sT2 ◦ T1(u) + T2 ◦ T1(v)

and thus the proof is complete.
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Examples

1. Let A be an m × n matrix, and B be an n × p matrix, then AB is an m × p

matrix. Also TA : Fn → Fm, and TB : Fp → Fn are both linear transformations.

Then

TA ◦ TB = TA(TB(x))

= ABx

= (AB)x

= TAB(x)

where x ∈ Fp. And therefore TA ◦ TB = TAB : Fp → Fm.

2. If V has a basis β = {v1,v2} and T : V → V is a linear transformation given

by

T (v1) = 2v1 + 3v2

T (v2) = −7v1 + 8v2

To find T ◦ T (−v1 + 3v2) takes two steps as shown below.

T (−v1 + 3v2) = −T (v1) + 3T (v2)

= −2v1 − 3v2 + 3(−7v1 + 8v2)

= −23v1 + 21v2

Hence

T ◦ T (−v1 + 3v2) = T (−23v1 + 21v2)

= −23T (v1) + 21T (v2)

= −23(2v1 + 3v2) + 21(−7v1 + 8v2)

= −193v1 + 99v2
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4.3 Kernel and Image

Definitions

• If T : V → W is a linear transformation, then the set of vectors in V that T

maps into 0 is called the kernel of T . It is denoted by ker(T ). In mathematical

notation:

ker(T ) = {v ∈ V | T (v) = 0}

• If T : V → W is a linear transformation, then the set of all vectors in W that

are images under T of at least one vector in V is called the Image (or range in

some texts) of T ; it is denoted by Im(T ). In mathematical notation:

Im(T ) = {w ∈ W |w = T (v) for some v ∈ V }

Examples

1. Let I : V → V be the identity operator. Since Iv = v for all vectors in V ,

every vector in V is the image of some vector (namely, itself); thus, Im(I) = V .

Since the only vector that I maps into 0 is 0, it follows that ker(I) = {0}.

2. Let T : R3 → R3 be the orthogonal projection on the x − y plane. The kernel

of T is the set of points that T maps into 0 = (0, 0, 0); these are the points on

the z-axis. Since T maps every point in R3 into the x − y plane, the image of

T must be some subset of this plane. But every point (x0, y0, 0) in the x − y

plane is the image under T of some point; in fact, it is the image of all points on

the vertical line that passes through (x0, y0, 0). Thus Im(T ) is the entire x− y

plane.

3. Let T : R2 → R2 be the linear operator that rotates each vector in the x−y plane

through the angle θ. Since every vector in the x − y plane can be obtaine by

rotating some vector through the angle θ, one obtains Im(T ) = R2. Moreover,

the only vector that rotates into 0 is 0, so ker(T ) = {0}.
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4. Find the kernel and image of the linear transformation T : R3 → R2 given by

T (


x

y

z

) =

 x− y

2z


In all of the preceding examples, ker(T ) and Im(T ) turned out to be subspaces.

This is no accident as the following theorem points out.

Theorem 4.4. If T : V → W is a linear transformation, then:

(a) The kernel of T is a subspace of V .

(b) The range of T is a subspace of W .

Proof. (a) To show that ker(T ) is a subspace, it must be shown that it contains at

least one vector and is closed under addition and scalar multiplication. By part

(a) of Theorem 4.1, the vector 0 is in ker(T ), so this set contains at least one

vector. Let v1 and v2 be vectors in ker(T ), and let k be any scalar. Then

T (v1 + v2) = T (v1) + T (v2) = 0 + 0 = 0

so that v1 and v2 is in ker(T ). Also,

T (kv1) = kT (v1) = k0 = 0

so that kv1 is in ker(T ).

(b) Since T (0) = 0, there is at least one vector in Im(T ). Let w1 and w2 be vectors

in the range of T , and let k be any scalar. To prove this part it must be shown

that w1 + w2 and kw1 are in the range of T ; that is, vectors a and b must be

found in V such that T (a) = w1 + w2 and T (b) = kw1.

Since w1 and w2 are in the range of T , there are vectors a1 and a2 in V such

that T (a1) = w1 and T (a2) = w2. Let a = a1 + a2 and b = ka1. Then

T (a) = T (a1 + a2) = T (a1) + T (a2) = w1 + w2
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and

T (b) = T (ka1) = kT (a1) = kw1

which completes the proof.

Theorem 4.5. If T : U → V is a linear transformation and {u1,u2, . . . ,un} forms

a basis for U , then Im(T ) = span(T (u1), T (u2), . . . , T (un))

This theorem is best demonstrated by a simple example.
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Example

Let A be m× n and let T = TA. Then TA : Fn → Fm. Let {e1, e2, . . . , en} be the

standard basis for Fn. Then by the previous theorem it can be stated

Im(TA) = span(TA(e1), TA(e2), . . . , TA(en))

= span(Ae1, Ae2, . . . , Aen)

= span(col1(A), col2(A), . . . , coln(A))

4.4 Rank and Nullity

Definitons If T : U → V is a linear transformation,

• the dimension of the image of T is called the rank of T and is denoted by

rank(T ),

• the dimension of the kernel is called the nullity of T and is denoted by nul-

lity(T).

Example

• Let U be a vector space of dimension n, with basis {u1,u2, . . . ,un}, and let

T : U → U be a linear transformation defined by

T (u1) = u2, T (u2) = u3, · · · , T (un−1) = un and T (un) = 0

Find bases for ker(T ) and Im(T ) and determine rank(T ) and nullity(T ).

Theorem 4.6. If T : U → V is a linear transformation from an n-dimensional vector

space U to a vector space V , then

rank(T ) + nullity(T ) = dim(U) = n

Proof. The proof is divided up into two cases.
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Case 1 Let U be the zero vector space. Then due to theorem 4.1 it is known that

T (0) = 0. Therefore it can be stated that

Im(T ) = {0} and ker(T ) = {0}

therefore

rank(T )+nullity(T ) = 0 + 0 = 0 = dim(U)

Case 2 Let U be an n-dimensional vector space with the basis {u1,u2, . . . ,un}. Then

the proof can be divided into three parts.

(a) Consider the case where ker(T ) = {0}. Let u ∈ ker(T ). As u ∈ U it can

be expressed as

u = x1u1 + x2u2 + · · ·+ xnun (1)

As u ∈ ker(T ) it can be stated that

0 = T (u) = x1T (u1) + x2T (u2) + · · ·+ xnT (un) (2)

Due to the fact that ker(T ) = {0}, u = 0. Due to the linear indepen-

dence of u1,u2, . . . ,un it follows from equation (1) that x1, x2, . . . , xn =

0. It then also follows from equation (2) that T (u1), T (u2), . . . , T (un)

are linearly independent. It is known from Theorem 4.5 that Im(T ) =

span(T (u1), T (u2), . . . , T (un)). As T (u1), T (u2), . . . , T (un) are linearly

independent they form a basis for Im(T ). It can therefore be stated that

rank(T )+nullity(T ) = n + 0 = n = dim(U)

(b) Consider the case where ker(T ) = U . Theorem 4.5 states: Im(T ) =

span(T (u1), T (u2), . . . , T (un)). However u1,u2, . . . ,un ∈ ker(T ). There-

fore T (u1), T (u2), . . . , T (un) = 0. So it can be stated that Im(T ) =

span(0) = {0}. Therefore

rank(T )+nullity(T ) = 0 + n = n = dim(U)
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(c) Consider the case where 1 ≤ nullity(T ) < n. Assume that the nullity(T ) =

r, and let u1,u2, . . . ,ur be a basis for the kernel. Since {u1,u2, . . . ,ur}

form a linearly independent set, theorem 2.6(b) states that there are n− r

vectors, ur+1,ur+2, . . . ,un, such that {u1, . . . ,ur,ur+1, . . . ,un} is a basis

for U . To complete the proof it shall be shown that the n − r vectors in

the set S = {T (ur+1), . . . , T (un)} form a basis for the image of T . It then

follows that

rank(T )+nullity(T ) = n− r + r = n = dim(U)

First it shall be shown that S spans the image of T . If b is any vector in

Im(T ), then b = T (u) for some vector u in U . Since {u1, . . . ,ur,ur+1, . . . ,un}

is a basis for U , the vector u can be written in the form

u = c1u1 + · · ·+ crur + cr+1ur+1 + · · ·+ cnun

since u1, . . . ,ur lie in the kernel of T , it is clear that T (u1), . . . , T (ur) = 0,

so that

b = T (u) = cr+1T (ur+1) + · · ·+ cnT (un)

Thus, S spans the image of T .

Finally, it shall be shown that S is a linearly independent set and conse-

quently forms a basis for Im(T ). Suppose that some linear combination

of the vectors in S is zero; that is,

kr+1T (ur+1) + · · ·+ knT (un) = 0 (3)

It must be shown that kr+1 = · · · = kn = 0. Since T is linear, equation (3)

can be rewritten as

T (kr+1ur+1 + · · ·+ knun) = 0
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which says that kr+1ur+1 + · · · + knun is in the kernel of T . This vec-

tor can therefore be written as a linear combination of the basis vectors

{u1, . . . ,ur}, say

kr+1ur+1 + · · ·+ knun = k1u1 + · · ·+ krur

Thus,

k1u1 + · · ·+ krur − kr+1ur+1 − · · · − knun = 0

Since {u1, . . . ,un} is linearly independent, all of the k’s are zero; in par-

ticular kr+1 = · · · = kn = 0, which completes the proof.

Examples Let T : R2 → R2 be the linear operator that rotates each vector in the

x − y plane through an angle of θ. It was shown previously that ker(T ) = {0} and

Im(T ) = R2. Thus,

rank(T )+nullity(T ) = 2 + 0 = 2 = dim(U)

which is consistent with the fact that the domain of T is two-dimensional.

4.5 Matrix of a Linear Transformation

In this section it shall be shown that if U and V are finite-dimensional vector spaces,

then with a little ingenuity any linear transformation T : U → V can be regarded as

a matrix transformation. The basic idea is to work with coordinate matrices of the

vectors rather than with the vectors themselves.

Definition

• Suppose that U is an n-dimensional vector space and V an m-dimensional vector

space. Let T : U → V be a linear transformation. Let β and γ be bases for U

and V respectively, then for each x in U , the coordinate vector [x]β will be a
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vector in Fn, and the coordinate vector [T (x)]γ will be a vector in Fm. If there

exists an m× n matrix A, such that

A[x]β = [T (x)]γ (4)

then A is called the matrix of the transformation relative to bases β

and γ and it is written

A = [T ]γβ

Theorem 4.7. Let β = {u1,u2, . . . ,un} and γ = {v1,v2, . . . ,vm} be bases for the

vector spaces U and V respectively, and let x ∈ U . If T : U → V is a linear

transformation then

(a) the matrix of the transformation relative to bases β and γ always exists. That

is to say, there always exists a matrix A = [T ]γβ such that

A[x]β = [T (x)]γ

(b) The matrix of the transformation relative to basis β and γ has the form

[T ]γβ = [[T (u1)]γ | [T (u2)]γ | · · · | [T (un)]γ]

Proof. Let β = {u1,u2, . . . ,un} be a basis for the n-dimensional space U and let

γ = {v1,v2, . . . ,vm} be a basis for the m-dimensional space V . Then the matrix

[T ]γβ = A must have the form

A =


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

am1 am2 · · · amn


such that (4) holds for all vectors x in U . In particular, this equation must hold for

the basis vectors u1,u2, . . . ,un; that is,

A[u1]β = [T (u1)]γ, A[u2]β = [T (u2)]γ, . . . , A[un]β = [T (un)]γ (5)
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But

[u1]β =



1

0

0
...

0


, [u2]β =



0

1

0
...

0


, . . . , [un]β =



0

0

0
...

1


so

A[u1]β =


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

am1 am2 · · · amn





1

0

0
...

0


=


a11

a21

...

am1



A[u2]β =


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

am1 am2 · · · amn





0

1

0
...

0


=


a12

a22

...

am2


...

A[un]β =


a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

am1 am2 · · · amn





0

0

0
...

1


=


a1n

a2n

...

amn


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Substituting these results into equation (5) yields
a11

a21

...

am1

 = [T (u1)]γ,


a12

a22

...

am2

 = [T (u2)]γ, . . . ,


a1n

a2n

...

amn

 = [T (un)]γ

which shows that the successive columns of A are coordinate vectors of

T (u1), T (u2), . . . , T (un)

with respect to the basis γ. Thus the matrix for T with respect to the bases β and γ

is

[T ]γβ = [[T (u1)]γ | [T (u2)]γ | · · · | [T (un)]γ]

Thus the proof is complete.

Examples

1. Let TB : Fn → Fm be a linear transformation defined by T (X) = BX where B

is an m×n matrix. Let β = {E1,E2, . . . ,En} be the standard basis for Fn and

let γ = {e1, e2, . . . , em} be the standard basis for Fm. Then it is known from

the previous theorem that [T ]γβ is the following matrix

[TB]γβ = [[TB(E1)]γ | [TB(E2)]γ | · · · | [TB(En)]γ]

In general, for 1 ≤ j ≤ n it follows from the definition of the transformation

that

TB(Ej) = BEj = colj(B) = b1je1 + b2je2 + · · ·+ bmjem

therefore

[TB(Ej)]γ =


b1j

b2j

...

bmj

 = colj(B)
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and thus it is clear that

[TB]γβ = B

2. Let U have the basis β = {u1,u2,u3} and let V have the basis γ = {v1,v2}.

Let T be the linear transformation defined by

T (u1) = 2v1 + v2, T (u2) = v1 − v2, T (u3) = 2v2

Then clearly

[T ]γβ =

 2 1 0

1 −1 2


3. Let V = M2×2(R) and let T : V → V be the linear transformation given by

T (X) = BX −XB where X ∈ V and

B =

 a b

c d


Let β = {E11, E12, E21, E22} be the standard basis for V where

E11 =

 1 0

0 0

 , E12 =

 0 1

0 0

 , E21 =

 0 0

1 0

 , E22 =

 0 0

0 1


To find [T ]ββ it is necessary to do the following calculations:

T (E11) = BE11 − E11B =

 a b

c d

 1 0

0 0

−
 1 0

0 0

 a b

c d



=

 0 −b

c 0

 = 0E11 +−bE12 + cE21 + 0E22

T (E12) = BE12 − E12B =

 a b

c d

 0 1

0 0

−
 0 1

0 0

 a b

c d


=

 −c a− d

0 c

 = −cE11 + (a− d)E12 + 0E21 + cE22
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T (E21) = BE21 − E21B =

 a b

c d

 0 0

1 0

−
 0 0

1 0

 a b

c d


=

 b 0

d− a −b

 = bE11 + 0E12 + (d− a)E21 +−bE22

T (E22) = BE22 − E22B =

 a b

c d

 0 0

0 1

−
 0 0

0 1

 a b

c d


=

 0 b

−c 0

 = 0E11 + bE12 +−cE21 + 0E22

Therefore it follows that

[T ]ββ =


0 −c b 0

−b a− d 0 b

c 0 d− a −c

0 c −b 0


The following theorem follows directly from the definition of the matrix of a linear

transformation.

Theorem 4.8. Let T : U → V be a linear transformation, and let β and γ be bases

for U and V respectively. Then if u ∈ U

[T (u)]γ = [T ]γβ[u]β

Examples

1. Let U have the basis β = {u1,u2,u3} and let V have the basis γ = {v1,v2}.

Let T be the linear transformation defined by

T (u1) = 2v1 + v2, T (u2) = v1 − v2, T (u3) = 2v2

Given that u = 3u1 +−2u2 + 7u3

[u]β =


3

−2

7

 , and [T ]γβ =

 2 1 0

1 −1 2


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Hence

[T (u)]γ = [T ]γβ[u]β =

 2 1 0

1 −1 2




3

−2

7

 =

 4

19


Hence T (u) = 4v1 + 19v2.

Example

1. Let T : V → W be a linear transformation, and let β = {v1,v2,v3} and γ =

{w1,w2,w3} be bases for V and W respectively. T is the linear transformation

given by

T (v1) = w1 + w2 +−w3

T (v2) = 2w1 +−3w2

T (v3) = 3w1 +−2w2 +−w3

Find ker(T ) and Im(T ).

The following theorem gives a recipe for finding bases for ker(T ) and the Im(T )

where possible.

Theorem 4.9. Let A be an m×n matrix such that A = [T ]γβ, where T : V → W is a

linear transformation and β = {v1,v2, . . . ,vn} and γ = {w1,w2, . . . ,wm} are bases

for V and W respectively. Let s = nullity(A) and r = rank(A). Then suppose that

xj =


x1j

x2j

...

xnj


for 1 ≤ j ≤ s, form a basis for N(A), while colc1(A), colc2(A), . . . , colct(A) form a

basis for C(A) Then
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1. (a) the vectors u1,u2, . . . ,us defined by

uj = x1jv1 + x2jv2 + · · ·+ xnjvn

will be a basis for the kernel of T .

(b) the vectors T (vc1), T (vc2), . . . , T (vcr) form a basis for the image of T .

2. If N(A) = {0}, then ker(T ) = {0}

If C(A) = {0}, then Im(T ) = {0}

3. Thus it follows that rank(T ) = rank(A) and nullity(T ) = nullity(A).
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Quiz: True or false?

Let U and V be vector spaces of dimension n and m respectively over a field F,

and let T be a linear transformation from U to V . Let β = {u1,u2, . . . ,un} be a

basis for U and let γ = {v1,v2, . . . ,vm} be a basis for V . Let u ∈ U .

(a) For any a1, . . . , an ∈ F,

T (
n∑

i=1

aiui) =
n∑

i=1

aiT (ui).

(b) {T (u1), . . . , T (un)} is a basis for Im(T ).

(c) If nullity(T ) = 0 then m = n.

(d) rank(T ) + nullity(T ) = n

(e) If α is a basis for ker(T ) and α ⊆ β, then β \ α is a basis for Im(T ).

(f) If U = Fn, then [u]β = u.

(g) [ui]β = ei.

(h) [u]β will be a column vector if and only if U = Fn.

(i) [u]β depends on the order of β.

(j) If A = [T ]γβ, then coliA = [T (ui)]β.

(k) If m = n and ui = vi for all i, then [T ]γβ = I.

(l) To get [T ]γβ, we need to calculate T (ui) for each i, and express the answer as a

linear combination of vectors from γ.
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4.6 T -invariant subspaces

Definition

Let T : V → V be a linear operator. A subspace W of V is called T -invariant if

T (w) ∈ W, ∀w ∈ W.

Examples

The are many examples of T -invariant subspaces. Veriy that the following are all

T -invariant:

• {0}

• V

• ker(T )

• Im(T )

• Eλ which is the space spanned by linearly independent eigenvectors of T corre-

sponding to eigenvalue λ. (*)

• A T -cyclic subspace of V generated by v ∈ V , given by span{v, T (v), T 2(v), . . .}

4.7 Vector space of linear transformations

If f, g : V → W are functions and V , W are vector spaces over F we have seen that

we can define addition and scalar multiplication by (f + g)(v) = f(v) + g(v) and

(af)(v) = af(v) with a ∈ F and v ∈ V .

Using the above definition, it is easily verified that if T1, T2 are linear transforma-

tions, then the linear combination aT1 + T2 is also a linear transformation. In fact,

the set of all linear transformations from V to W is itself a vector space, denoted

`(V, W ). In the case V = W we often write `(V ).

60



In fact we have the relationships

[T1 + T2]
γ
β = [T1]

γ
β + [T2]

γ
β,

[aT ]γβ = a[T ]γβ.

This is leading up to the notion of associating the vector space `(V, W ) with

Mm×n in the case V and W are of dimension n and m respectively. Before making

this identification we should investigate the concept of isomorphic vector spaces.

4.8 Isomorphisms and inverses of transformations

A linear transformation T : V → W is said to be invertible if there exists a unique

transformation T−1 : W → V such that T ◦ T−1 = IW and T−1 ◦ T = IV . We call

T−1 the inverse of T .

We have the following facts regarding inverses:

• A function is invertible if and only if it is one-to-one and onto.

• T−1 is linear.

• T is invertible if and only if rank(T ) = dim(V ) = dim(W ).

• [T−1]βγ = ([T ]γβ)−1.

We say that V is isomorphic to W if there exists an invertible linear transfor-

mation T : V → W . We write V ∼= W to indicate that V is isomorphic to W . Such

a T is called an isomorphism.

The main result of this section is the following:

If V and W are finite dimensional vector spaces over the same field, then V ∼= W

if and only if dim(V ) = dim(W ).

Examples

(a) T : F2 → P2(F) via T (a, b) = a + bx.

(b) T : P3(F) → M2(F) via T (a + bx + cx2 + dx3) =

 a + b b + c

c + d d

 .
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A corollary to our result is that for a vector space V over F, V is isomorphic to

Fn if and only if dim(V ) = n.

This formalises our association of n dimensional vector spaces with Fn as I hinted

at when we looked at standard bases.

Another consequence is that we can associate `(V, W ) with Mm×n.

4.9 Change of Basis

A basis of a vector space is a set of vectors that specify the coordinate system. A

vector space may have an infinite number of bases but each basis contains the same

number of vectors. The number of vectors in the basis is called the dimension of the

vector space. The coordinate vector or coordinate matrix of a point changes with

any change in the basis used. If the basis for a vector space is changed from some

old bases β to some new bases γ, how is the old coordinate vector [v]β of a vector

v related to the new coordinate vector [v]γ? The following theorem answers that

question.

Theorem 4.10. If the basis for a vector space is changed from some old basis β =

{u1,u2, . . . ,un} to some new basis γ = {v1,v2, . . . ,vn}, then the old coordinate

vector [w]β is related to the new coordinate vector [w]γ of the same vector w by the

equation

[w]γ = P [w]β

where the columns of P are the coordinate vectors of the old basis vectors relative to

the new basis; that is, the column vectors of P are

[u1]γ, [u2]γ, . . . , [un]γ

P is called the change of basis matrix or the change of coordinate matrix.

Proof. Let V be a vector space with a basis β = {u1,u2, . . . ,un} and a new basis
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γ = {v1,v2, . . . ,vn}. Let w ∈ V . Therefore w can be expressed as:

w = a1u1 + a2u2 + · · ·+ anun

Thus we have

[w]β = (a1, a2, . . . , an)

As γ is also a basis of V the elements of β can be expressed as follows

u1 = p11v1 + p21v2 + · · ·+ pn1vn

u2 = p12v1 + p22v2 + · · ·+ pn2vn

...

un = p1nv1 + p2nv2 + · · ·+ pnnvn

Combining this system of equations with the above expression for w gives

w = (p11a1 + p12a2 + · · ·+ p1nan)v1

+(p21a1 + p22a2 + · · ·+ p2nan)v2+

...

+(pn1a1 + pn2a2 + · · ·+ pnnan)vn+

and thus it can be seen that

[w]γ =


p11a1 + p12a2 + · · ·+ p1nan

p21a1 + p22a2 + · · ·+ p2nan

...

pn1a1 + pn2a2 + · · ·+ pnnan


which can be written as

[w]γ =


p11 p12 · · · p1n

p21 p22 · · · p2n

...
...

. . .
...

pn1 pn2 · · · pnn




a1

a2

...

an


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from which it can be seen

[w]γ = P [w]β

where P ’s columns are

[u1]γ, [u2]γ, . . . , [un]γ

Example

1. Consider the bases γ = {v1,v2} and β = {u1,u2} for R2, where

v1 = (1, 0); v2 = (0, 1); u1 = (1, 1); u2 = (2, 1)

(a) Find the transition matrix from β to γ. First the coordinate vectors of the

old basis vectors u1 and u2 must be found relative to the new basis β. By

inspection:

u1 = v1 + v2

u2 = 2v1 + v2

so that

[u1]γ =

 1

1

 and [u2]γ =

 2

1


Thus the transition matrix from β to γ

P =

 1 2

1 1


(b) Use the transition matrix to find [v]γ if

[v]β =

 −3

5


It is known from the above change of basis theorem 4.10 that

[v]γ =

 1 2

1 1

 −3

5

 =

 7

2


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As a check it should be possible to recover the vector v either from [v]β or

[v]γ. It is left for the student to show that −3u1+5u2 = 7v1+2v2 = (7, 2).

4.10 Similar Matrices

The matrix of a linear operator T : V → V depends on the basis selected for V . One

of the fundamental problems of linear algebra is to choose a basis for V that makes

the matrix for T as simple as possible - diagonal or triangular, for example. This

section is devoted to the study of this problem

To demonstrate that certain bases produce a much simpler matrix of transforma-

tion than others, consider the following example.

Example

1. Standard bases do not necessarily produce the simplest matrices for linear op-

erators. For example, consider the linear operator T : R2 → R2 defined by

T

 x1

x2

 =

 x1 + x2

−2x1 + 4x2


and the standard basis β = {e1, e2} for R2, where

e1 =

 1

0

 , e2 =

 0

1


By theorem 4.7, the matrix for T with respect to this basis is the standard

matrix for T; that is,

[T ]ββ = [T (e1) | T (e2)]

From the definition of the linear transformation T ,

T (e1) =

 1

−2

 , T (e2) =

 1

4


so

[T ]ββ =

 1 1

−2 4


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In comparison, consider the basis γ = {u1,u2}, where

u1 =

 1

1

 , u2 =

 1

2


By theorem 4.7, the matrix for T with respect to the basis γ is

[T ]γγ = [[T (u1)]γ | [T (u2)]γ

From the definiton of the linear transformation T ,

T (u1) =

 2

2

 = 2u1, T (u2) =

 3

6

 = 3u2

Hence

[T (u1)]γ =

 2

0

 , [T (e2)]γ =

 0

3


So

[T ]γγ =

 2 0

0 3


This matrix is ’simpler’ in the sense that diagonal matrices enjoy special prop-

erties that more general matrices do not.

Much research has been devoted to determining the “simplest possible form” that

can be obtained for the matrix of a linear operator T : V → V , by choosing the basis

appropriately. This problem can be attacked by first finding a matrix for T relative

to any basis, say a standard basis, where applicable, then changing the basis in a

manner that simplifies the matrix. Before pursuing this idea further, it is necessary

to grasp the theorem below. It gives a useful alternative viewpoint about change of

basis matrices; it shows that the transition matrix form a basis β to γ can be regarded

as the matrix of transformation of the identity operator.

Theorem 4.11. If β and γ are bases for a finite-dimensional vector space V , and if

I : V → V is the identity operator, then [I]γβ is the transition matrix form β to γ.
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Proof. Suppose that β = {u1,u2, . . . ,un} and γ = {v1,v2, . . . ,vn} are bases for V .

Using the fact that I(x) = x for all x ∈ V , it follows that

[I]γβ = [[I(u1)]γ | [I(u2)]γ | [I(un)]γ]

= [[u1]γ | [u2]γ | [un]γ]

which is the change of basis matrix from β to γ.

The ground work has been laid to consider the main problem in this section.

Problem: If β and γ are two bases for a finite-dimensional vector space V , and if

T : V → V is a linear operator, what relationship, if any, exists between the matrices

[T ]ββ and [T ]γγ?

The answer to this question can be obtained by considering the composition of

three linear operators. Consider a vector v ∈ V . Let the vector v be mapped into

itself by the identity operator, then let v be mapped into T (v) by T , then let T (v)

be mapped into itself by the identity operator. All four vector spaces involved in the

composition are the same (namely V ); however, the bases for the spaces vary. Since

the starting vector is v and the final vector is T (v), the composition is the same as

T ; that is,

T = I ◦ T ◦ I

If the first and last vector spaces are assigned the basis γ and the middle two spaces

are assigned the basis β, then it follows from the previous statement T = I ◦ T ◦ I,

that

[T ]γγ = [I ◦ T ◦ I]γγ = [I]γβ[T ]ββ[I]βγ

But [I]βγ is the change of basis matrix from γ to β and consequently [I]γβ is the change

of basis matrix from β to γ. Thus, let P = [I]βγ , then P−1 = [I]γβ and hence it can be

written that

[T ]γγ = P−1[T ]ββP

This is all summarised in the following theorem.
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Theorem 4.12. Let T : V → V be a linear operator on a finite-dimensional vector

space V , and let β and γ be bases for V . Then

[T ]γγ = P−1[T ]ββP (6)

where P is the change of basis matrix from γ to β.

Remark: When applying theorem 4.12, it is easy to forget whether P is the change

of basis matrix from β to γ or the change of basis matrix from γ to β. Just remember

that in order for [T ]ββ to operate succesfully on a vector v, v must be in the basis

β. Therefore, due to P ’s positioning in the formula, it must be the change of basis

matrix from γ to β.

Example

1. Let T : R2 → R2 be defined by

T

 x1

x2

 =

 x1 + x2

−2x1 + 4x2


Find the matrix of T with respect to the standard basis β = {e1, e2} for R2, then

use theorem 4.12 to find the matrix of T with respect to the basis γ = {u1,u2},

where

u1 =

 1

1

 , u2 =

 1

2


It was shown earlier that

[T ]ββ =

 1 1

−2 4


To find [T ]γγ from (6), requires the change of basis matrix P , where

P = [I]βγ = [[u1]β | [u2]β]

By inspection

u1 = e1 + e2

u2 = e1 + 2e2
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so that

[u1]β =

 1

1

 , [u2]β =

 1

2


Thus the transition matrix from γ to β is

P =

 1 1

1 2


It is clear that

P−1 =

 2 −1

−1 1


so that by theorem 4.12 the matrix of T relative to the basis γ is

[T ]γγ = P−1[T ]ββP =

 2 −1

−1 1

 1 1

−2 4

 1 1

1 2

 =

 2 0

0 3


which agrees with the previous result.

The relationship in (6) is of such importance that there is some terminology as-

sociated with it.

Definition

• If A and B are square matrices, it is said that B is similar to A if there is an

invertible matrix P such that B = P−1AP .
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NUMERICAL METHODS-I 

 

SOLUTION 0F ALGEBRAIC & TRANSCENDENTAL EQUATIONS 

An equation 0)( xf is classified into 2 types 

(1) Algebraic or Polynomial 

(2) Transcendental 

,)( 1
1

10 nn
nn axaxaxaxf  
  00 a is called algebraic or 

polynomial function of degree n . A function which is sum, difference or product of 2 

polynomials is called an algebraic function, otherwise, the function is called a transcendental 

function. For example ,xe ,log x xcos etc are transcendental functions.  

[ ..ei
i

i
i xaxf 






0

)(  is called a transcendental equation. 

 Eg. ,sincosh xx  ,xe x  xlog10   etc.] 

Root of an equation: A number m (real or complex) is called a root (or a solution) of an 

equation 0)( xf  if 0)( mf . Then we say that m satisfies the equation 0)( xf or that 

m is a zero of the function )(xf . The process of finding roots of an equation 0)( xf  is 

known as solving the equation 0)( xf . 

 Note: The repeated execution of the same process where at each step the result of the preceding 

step is used is known as iteration process. 

To find the roots of an equation 0)( xf  we start with a known approximate solution and 

apply any of the following methods: 

Regula – Falsi Method (Or Method of false position) :- 

Here we choose two points 10 & xx such that )(&)( 10 xfxf are of opposite signs. ..ei the                                          

 



putting 0y in (1), we get 

)(
)()()()(

)(
0

01

01
0

01

0

01

0 xf
xfxf

xx
xx

xx

xx

xfxf

xf














 

..ei )(
)()(

0
01

01
02 xf

xfxf

xx
xx




 ----- (2)  which is an approximation to the root. 

If now )(&)( 20 xfxf are of opposite signs, then the root lies between .& 20 xx So replacing 

1x by 2x  in (2) we get the next approximation .3x If )(&)( 12 xfxf are of opposite signs, 

then the root lies between 21 & xx . Then get 3x by replacing 0x by 2x  in (2). Repeat the above 

process till the root is found to the desired accuracy. 

The iteration process based on (1) is known as the method of false position. 

Examples: 1) Find the root of the equation 0523  xx by the method of false position 

correct to 3 decimal places. 

Solution: Let 52)( 3  xxxf , then 

&015222)2( 3 f 0165323)3( 3 f  

A root lies between 2 & 3. Let 3&2 10  xx , then  

0588.2
17

1
2)1(

)1(16

23
2)(

)()(
0

01

01
02 









 xf

xfxf

xx
xx  

Now 03911.05)0588.2(2)0588.2()( 3
2 xf  

The root lies between 2.0588 & 3. We get 

)3912.0(
3911.016

0588.23
0588.2)(

)()(
2

21

21
23 









 xf

xfxf

xx
xx  

      0813.23911.0
3911.16

9412.0
0588.2   

Repeating this process the successive approximations are 0896.24 x ,  ,0927.25 x

,0938.26 x ,0939.27 x 0943.28 x  etc.  

Hence the root is 2.094 correct to 3 decimal places. 

2) Find areal root of the equation 2.1log10 xx  by regula - falsi method correct to 4 decimal  

 places.         (VTU 2004) 

Let 2.1log)( 10  xxxf , then   



,02.12.11log1)1( 10 f 059794.02.12log2)2( 10 f

023136.02.13log3)3( 10 f  

A root lies between 2 & 3.Taking 3&2 10  xx in the regula - falsi method we get, 

59794.0
8293.0

1
2)59794.0(

)59794.0(23136.0

23
2)(

)()(
0

01

01
02 









 xf

xfxf

xx
xx  

       72102.2  

Now 001709.02.172102.2log72102.2)( 102 xf  

..ei  root lies between 2.72102 & 3 .   

74021.201709.0
24845.0

27898.0
72102.2)01709.0(

)01709.0(23136.0

72102.23
72102.23 




x

Repeating this process the successive approximations are  ,74024.24 x 74063.25 x ,   

74064.26 x . 

Hence the root is 2.7406 correct to 4 decimal places. 

3) Find the real root of the equation ,13cos  xx correct to 3 decimal places by the method  

    of False position.     [VTU 2003] 

Here 13cos)(  xxxf  

 04597.1)1(,02)0( ff Root lies between 0 & 1 

 Let 1&0 10  xx  

5781.0
4597.3

2
02

24597.1

01
0)(

)()(
0

01

01
02 









 xf

xfxf

xx
xx  

01032.0)5781.0()( 2  fxf  

Hence root lies between 0.5781 & 1 

6060.01032.0
5629.1

4219.0
5781.01032.0

1032.04597.1

5781.01
5781.03 




x  

00039.0)( 3 xf  

root lies between 0.6060 & 1 

607.00039.0
4636.1

394.0
6060.00039.0

0039.04597.1

6060.01
6060.04 




x  

0000363.0)( 4 xf  

Hence root lies between 0.607 & 1 



6071.0000363.0
460063.1

393.0
607.0000363.0

000363.04597.1

607.01
607.05 




x  

Hence the root is 0.607 correct to 3 decimal places. 

4) Find the fourth root of 12 correct to 3 decimal places using the method of false position. 

Answer: Let 012)12( 44
1

 xx . Take 12)( 4  xxf , then  

041216122)2(,011121)1( 4  ff  

root lies between 1 & 2. Taking 2&1 10  xx , we get 4)(&11)( 10  xfxf  

7333.111
15

1
1)11(

)11(4

12
1)(

)()(
0

01

01
02 




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


 xf

xfxf

xx
xx  

Now 0974.212)7333.1()( 4
2 xf  

Root lies between 1.7333 & 2. Taking, we get  

8470.1974.2
974.6

2667.0
7333.1)974.2(

)974.2(4

7333.12
7333.13 




x  

Now 03623.012)847.1()( 4
3 xf .  

Root lies between 1.8470 & 2.  

8597.13623.0
3623.4

153.0
8470.1)3623.0(

)3623.0(4

8470.12
8470.14 




x  

Now 00389.012)8597.1()( 4
4 xf .  

Root lies between 1.8597& 2. 

8611.10389.0
0389.4

1403.0
8597.1)0389.0(

)0389.0(4

8597.12
8597.15 




x  

 00028.0)( 5xf root lies between 1.8611 & 2 

8612.10028.0
0028.4

1389.0
8611.1)0028.0(

)0028.0(4

8611.12
8611.16 




x  

861.1)12( 4
1

  correct to 3 decimal places. 

Exercises: 

I Find the real root of the following equations correct to 3 decimal places by the method of 

false position. 

A (1) 0433  xx  )196.2:( Ans    (2) 0943  xx    )7065.2:(Ans  

    (3) 013  xx  near 1x  )682.0:(Ans           (4) 01346  xxx  )404.1:(Ans  

B (1) 02 xxe     )853.0:(Ans                            (2) 6log2  xx     )647.3:(Ans  



    (3) 0sin  xxex
   )991.2:( Ans  

II Use the method of false position to find the fourth root of 32 correct to 3 decimal places.       

   )378.2:(Ans  

III Find the root of the equation xxex cos  using regula falsi method correct to 4 decimal  

    places. )5177.0:(Ans  

 

3 Newton – Raphson method 

Let ox be an approximation root of .0)( xf If hxx o 1 be the exact root, then ,0)( 1 xf  

..ei 0)(  hxf o  

Expanding )( hxf o  by using Taylor’s series we get, 

0.......)(
!2

)()( 11
2

1  ooo xf
h

xhfxf  

Since h is small, neglecting 
2h & higher powers of h , we get 
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o

o
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xf
hxhfxf   

)(

)(

11

o

o
oo

xf

xf
xhxx  , which is a closer approximation to the root. 

Similarly starting with 1x , a still better approximation 2x is given by 
)(

)(

1
1

1
12

xf

xf
xx   

In general 
)(

)(
11

n

n
nn

xf

xf
xx  , which is known as the Newton – Raphson formula Or 

Newton’s iteration formula.           

       

                                                                                                                                                    

               

Repeating this process, we approach to the root .  Hence this method consists in replacing the 

part of the curve between the point A & x – axis by means of the tangent to the curve at A.  

Examples: 1) Find by Newton’s method, the real root of the equation 1cos3  xx  



                                                                                                                                      [VTU 

2003] 

Answer: Here 1cos3)(  xxxf  

 04597.1)1(&02)0( ff  a root lies between 0 & 1. 

So take 5.0ox  [which is mid point of 0 & 1] 

Now xxf sin3)(1   

By Newton’s iteration formula we have, 
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Putting ,0n the first approximation 1x is given by 
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)5.0sin(3

1)5.0cos()5.0sin()5.0(

sin3

1cossin
1 











o

ooo

x

xxx
x  

Putting ,1n the second approximation 2x is given by 

6071.0
)6085.0sin(3

1)6085.0cos()6085.0sin()6085.0(
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Putting ,2n the third approximation is given by 

 

Here the root is correct to 4 decimal places. 

2) Find the real root of by using Newton – Raphson method, correct to five 

decimal places. 

Answer: Here  

 

 

So a root lies between 2 & 3, Let be the initial approximation to the root. 

Now              

                               

Hence Newton – Raphson formula gives- 
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 is the required root correct to 5 decimal places. 

 

3) Using N – R method, find a root of which is near  correct to 3 decimal 

places. 

Answer: Here  take  

Hence Newton – Raphson formula gives- 

 

          

  

       

       

 root of the equation is 0.967 correct to 3 decimal places.  

 

Exercises:  

I. Find by Newton’s method, a root of the following correct to 3 decimal places: 

    (1)  (2)  

   (3)       (4)      

   (5) , lying between 1 & 2  

II. Find a root of the following equations correct to 3 significant figure using Newton’s iterative  

 1x 746506.2
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0133  xx )347.0:(Ans 0523  xx      2.095):(Ans

0353  xx )657.0:(Ans 0463  xx 0.732):(Ans

0893 23  xx )226.1:(Ans



     method: 

    (1)   (2)           

    (3) , lying between 2 & 3  

     (4)  
 

 

III. Using N – R method find a root of the following equations correct to 3 decimal places. 

     1)      2)  near 3    3)  which is near 

 

    [Answers: 1) 0.853  2) 2.883      3) 2.798] 

IV. Find by Newton’s method, the root of the equations: 

     1)  (VTU 2003)      2)         3) 

     

     4)  

    Answers: 1) 0.518     2) 1.303     3) 0.539       4) 2.911 

 

Useful Deductions (Recurrence formula) 

(1) Iterative formula to find  is  

(2) Iterative formula to find  is  

(3) Iterative formula to find  is  

(4) Iterative formula to find  is  

Proofs: 1) To find .  

Let . Then . Take  

Then Newton Raphson formula gives 

 

      Or 

 

 

2) To find  

07124  xx )594.0:(Ans 0134  xx )967.1:(Ans

057 234  xxxx )061.2:(Ans

035 25  xx )822.0:(Ans
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Let  

Take then  

By Newton’s formula, we get 

 

Or  

 

 

 

 

3) To find  

Let  

Take then  

Then Newton Raphson formula gives 

 

Or 

 

 

4) To find  

Let  

Take then  

Then by N – R formula we get, 

 

Or  

 

 

Problems: Evaluate the following correct to 4 decimal places by Newton’s iteration method 
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The iteration formula to find  is , here then we get  

 

An approximate value of is 0.03, take then we get, 

 

 

 

  up to 4 decimal places, we have  
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The iteration formula to find is , here  

 

An approximate value of take , then we get 
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3)  

The iteration formula to find is , here  

, An approximate value of , take we get 
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 up to 4 decimal places, we have  
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4)  

Answer: The iteration formula to find is , here 

 

, An approximate value of take Then we 

get, 

 

 

Since up to 4 decimal places, we have  

5)  

Answer: The iteration formula to find  is , here 

 

 

An approximate value of take Then we get, 

 

,  

Since up to 4 decimal places, we have  

Exercises:  

1) Develop a recurrence formula for finding using Newton’s – Raphson method and 

hence           

     compute  correct to 4 decimal places. 

2) Find the cube root of 41, using N – R method. 

3) Develop an algorithm using N – R method to find the fourth root of a positive number N and  

    hence find  

4) Evaluate the following (correct to 3 decimal places) by using Newton’s – Raphson method. 
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i)      ii)      iii)  

Answers: 1) ,           2) 3.4482        3) 2.3784 

                4) i) 0.056       ii) 0.258         iii) 0.4347 

Finite differences 

 1) Forward differences: Let denote a set of values of  at the  

     points  respectively. Then the difference is called forward  

    differences of  and is denoted by . 

, , , , . . . . . . . . , where 

 is called forward difference operator and    are called forward 

differences. Similarly the differences of the forward differences are denoted by 

 & similarly we can define , forward differences etc.  

 Thus  

          

   Similarly ,  & soon 

   Now  

  Similarly , & soon.  

In the similar manner we get, ,  

  , 

 & soon 

Hence we can express any higher order differences in terms of the . Since the coefficient on 

the right side are the binomial coefficients that can be obtained by “Pascal’s Triangle” 

Which is as shown below 
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The forward differences are usually arranged in tabular column, called a Forward difference 

table 

 

Forward difference table:- 

      

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 2. Backward differences: Let  denote a set of values of  at the 

points  respectively. Then the difference is called Backward 

differences of  and  is denoted by  

  , , , . . . . ,   

    where  is called forward difference operator and  are called

backward  differences. Like forward differences we can also define higher order backward 

differences. 

   Thus  

      

       Similarly  soon. 

      Now  

             & so on. 

2n 1 2 1

3n 1 3 3 1

4n 1 4 6 4 1
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7n 1 7 21 35 35 21
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Backward difference table:- 

      

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Symbolic relations: In addition to the operation &  we now define one more operator 

called Shift operator E as follows  , then  

   & soon. In general  

Relation between E & :  

We know that or -------- (1) 

Equation (1)  that the effect of the operator on is the same as that of the operator 

on .  

 Now  

Relation between  & E:  

We know that ------ (2) 

Relation between ,  & E:  

 ------ (3) 

Relation between  & :  

 

  ----------- (4) 

 

 

Examples: 

1) The following Table gives a set of values of and the corresponding values of  

 10 15 20 25 30 35 

 19.97 21.51 22.47 23.52 24.65 25.89 

    Form the difference table and write down the values of          

      and  

   The difference table is  
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Interpolation 
Introduction: Let  be a continuous function defined in some interval  then 

we can find the functional values  corresponding to given values of  say  

as .  

Now for a given set of tabular values  satisfying the relation 

 where the explicit nature of is not known, we can find a simpler function, say 

such that &  agree at the set of tabulated points and this process is called 

‘interpolation’. The process of estimating the value of for some value of out side the 

interval is called extrapolation. If is a polynomial, then process is called 

polynomial interpolation &  is called the interpolating polynomial. 

Interpolation with equal interval: 

 Newton’s interpolation formulae (Gregory – Newton):  

Let  be a given set of  values of & where values 

of  be equidistance. ………..,  
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Where This is called as Newton’s or Newton-Gregory forward difference 

interpolation formula & is used to determine the interpolation near the beginning of a set of 

tabular values &  

 

Where .  This is called Newton’s or Newton-Gregory backward difference 

interpolation formula & is used to interpolating near the end of the tabulated values. 

Problems: 

 1) Find the interpolation Polynomial which takes the following values.     

 & and hence find  

The difference table is  

     

 

 

 
 

 
 

 

 
 

 

 

 
 

 

 

 
 

   
 

   

 

 

 
 

 

 

 

 

 

 

 

Using forward formula we get; 

Here ,   

Newton’s forward formula is  

 

              

              

 Hence  

   &  

Using backward formula we get; 

Here ,  

Newton’s backward formula is  
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           =  

           

Note: The above example shows that if a tabulated function is a polynomial, then forward & 

backward  

          formula gives same results. 

2) Given that find 

 

 Answer:  The Given data can put in tabular form as – 

   x (in degrees)     

     

 

          The difference Table is  

     

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

         Here .  

Consider forward difference formula, 

 

           

 

, correct to 4 decimal places. 

3) The following table gives the distances in miles of the visible horizon for the given heights 

in feet above  

     the earth’s surface. Find for  

 

     400 

      

Answer: The difference table is  
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Here .  

Consider forward difference formula, 

 

 

, correct to 4 decimal places 

4) From the following table, estimate the number of students who obtained marks between 40 

and 45: 

Marks 30 - 40 40 - 50 50 - 60 60 - 70 70 - 80 

No. of students 31 42 51 35 31 

Answer: The cumulative frequency table is  

Marks less than : x 40 50 60 70 80 

No. of students: y 31 73 124 159 190 

 Then the difference table is  

 

Here  ( we have to find y when x = 45) 
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 Consider forward difference formula, 

 

 

The number of student with marks less than 45 is 47.86  

But the number of students with marks less than 40 is 31. 

Hence the number of students getting marks between 4 & 45 = 48 – 31=17. 

5) In the table below, the values of y are consecutive terms of a series of which 23.6 is the 

term. Find the  

    first and tenth terms of the series. 

 x : 3 4 5 6 7 8 9 

y: 4.8 8.4 14.5 23.6 36.2 52.8 73.9 

 

Answer: The difference table is  

 

 

To find first term, consider Newton’s forward interpolation formula  

Here  

 

 

The first term is 3.1 
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To find tenth term, consider Newton’s backward interpolation formula  

Here  

 

             

The tenth term is 100. 

6) Estimate the value of from the following available data: 

x 20 25 30 35 40 45 

f(x) 354 332 291 260 231 204 

 

Answer: The difference table is  
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To find use Forward formula  

Here  

Newton’s forward interpolation formula is  

 

            

         

 

          

approximately. 

To find use backward formula  

,1h ,9nx 1
1

910
10 







h

xx
px n

!4

)3)(2)(1(

!3

)2)(1(

!2

)1(

!1
)(

432
nnnn

nn
yppppypppyppyp

yxy













1000
24

4321
5.0

6

321
5.4

2

21
1.21

1

1
9.73 












)42(&)22( ff

x y y y2 y3 y4 y5

)22(f

,5h 4.0
5

2022
22&20 







h

xx
pxx o

o

!4

)3)(2)(1(

!3

)2)(1(

!2

)1(

!1
)(

432
oooo

on
yppppypppyppyp

yxy













!5

)4)(3)(2)(1( 5
oyppppp 



)37(
24

)6.2)(6.1)(6.0(4.0
29

6

)6.1)(6.0(4.0
)19(

2

)6.0(4.0
)22(

1

4.0
354 










70464.35145
120

)6.3)(6.2)(6.1)(6.0(4.0





352)22(  f

)42(f



Here  

Newton’s backward interpolation formula is  

 

            

         

 

          

approximately. 

Exercises:  
1) Find the cubic polynomial which takes the following values: 

x: 0 1 2 3 

f(x): 1 2 1 10 

       Hence find              

2) If and find 

     

 

3) The area of a circle of diameter is given for the following values: 

 80 85 90 95 100 

 5026 5674 6362 7088 7854 

    Calculate the area of a circle of diameter 105                                                                           

4) Find the number of men getting wages between Rs. 10 and 15 from the following data: 

   

Wages in Rs. : 0 - 10 10 - 20 20 - 30 30 - 40 

Frequency : 9 30 35 42 

 

5) From the following data estimate the number of persons having incomes between 2000 and  

    2500 

Income : Below 500 500 - 1000 1000 - 2000 2000 - 3000 3000 - 4000 

No. of persons 

: 

6000 4250 3600 1500 650 

6) In the following table, the values of are consecutive terms of a series of which 12.5 is 

the  

    term. Find the first and tenth terms of the series. 

x : 3 4 5 6 7 8 9 
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y : 2.7 6.4 12.5 21.6 34.3 51.2 72.9 

                                                                                                                                        

7) Find the cubic polynomial which takes the following values:    

x : 0 1 2 3 4 

f(x) : -5 -10 -9 4 35 

8) Given  

    find                    

9) From the data given in the following table, find the number of workers whose hourly wage 

is between  Rs. 21 & Rs. 25.  

Hourly wage (in Rs.): 0 - 10 11 - 20 21 - 30 31 - 40 41 - 50 

No. of workers: 20 45 115 210 115 

                 

10) Estimate the value of from the table given below:   

x : 0.10 0.15 0.20 0.25 0.30 

 0.1003 0.1511 0.2027 0.2553 0.3093 

                            

1)  2)  3)  4)         5) 

 

               6)       7)        8)       9)       10)   

Interpolation with unequally spaced points: 

In the Newton’s interpolation we required the values of the independent variable to be 

equally spaced.  

Now we have to derive interpolation formula with unequally spaced values of the 

argument.  

  Here we have Lagrange’s formula. 

Lagrange’s interpolation formula:  

Let be a continuous & differentiable times in the interval . Let , 

 ------,  be the set of  points where the values of need not 

necessarily be equally spaced. Then  

 

,8156.2654log10  ,8169.2656log10  ,8182.2658log10  ,8195.2660log10 

,821.2662log10  655log10

)27.0tan(&)12.0tan(

xy tan

:Answer 41)4(,1672 23  fxxx 1312.1 8666 24

1169

100&1.0 563  xx 8162.2 42 ,1205.0 2767.0



)(xy )1( n ),( ba ),( oo yx

),,( 11 yx ),,( nn yx )1( n x

...........
)).......()((

)().........)((

)).......()((

)().........)((
)( 1

1211

2

21

21 








 y

xxxxxx

xxxxxx
y

xxxxxx

xxxxxx
xf

no

no
o

nooo

n



           -------(3) 

This is called Lagrange’s interpolation formula.  

Problems: 1) By using the Lagrange’s interpolation formula, find from the following 

data  

 2 5 8 14 

 94.8 87.9 81.3 68.7 

Answer: Here 

and  

Lagrange’s interpolation formula is  

 

                

 

               

            

 

2) Certain corresponding values of & are: ,

and 

  . Find by using the Lagrange’s interpolation formula  

 Answer: Here 

 

   and  

Lagrange’s interpolation formula is  
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3) Given the values  

 5 7 11 13 17 

 150 392 1452 2366 5202 

Estimate using Lagrange’s interpolation formula  

Answer: Here

 

   and  

Lagrange’s interpolation formula is  

 

               

 

                

 

               

              

3
23133

21
2

32122

31

))()((

))()((

))()((

))()((
y

xxxxxx

xxxxxx
y

xxxxxx

xxxxxx

o

o

o

o 










4829.2
)307304)(305304)(300304(

)307301)(305301)(300301(
4771.2

)307300)(305300)(304300(

)307301)(305301)(304301(
301log10 











4871.2
)305307)(304307)(300307(

)305301)(304301)(300301(
4843.2

)307305)(304305)(300305(

)307301)(304301)(300301(












4871.2
237

)4)(3(1
4843.2

)2(15

)6)(3(1
4829.2

)3)(1(4

)6)(4(1
4771.2

)7)(5)(4(

)6)(4)(3(






















4786.2

x

)(xf

)9(f

,5ox ,71 x ,112 x ,133 x 174 x ,150oy ,3921 y ,14522 y

,23663 y 52024 y

9x

1
4131211

432

40321

4321

))()()((

))()()((

))()()((

))()()((
)( y

xxxxxxxx

xxxxxxxx
y

xxxxxxxx

xxxxxxxx
xf

o

o
o

ooo












3
4323133

421
2

4232122

431

))()()((

))()()((

))()()((

))()()((
y

xxxxxxxx

xxxxxxxx
y

xxxxxxxx

xxxxxxxx

o

o

o

o 










4
3424144

321

))()()((

))()()((
y

xxxxxxxx

xxxxxxxx

o

o 





392
)177)(137)(117)(57(

)179)(139)(119)(59(
150

)175)(135)(115)(75(

)179)(139)(119)(79(
)9( 









 f

2366
)1713)(1113)(713)(513(

)179)(119)(79)(59(
1452

)1711)(1311)(711)(511(

)179)(139)(79)(59(












5202
)1317)(1117)(717)(517(

)139)(119)(79)(59(









            

                 

                   

 

4) Using Lagrange’s interpolation formula, find when from the following table: 

 5 6 9 11 

 12 13 14 16 

Answer: Here and 

 

Lagrange’s interpolation formula is  

 

                

 

 

                    

                    

                   

Exercises:  

1) Using Lagrange’s interpolation formula, find from the following data   

 1 3 4 6 9 

 -3 9 30 132 156 

                  

2) Use Lagrange’s interpolation formula to find Given 

 0 2 3 6 

 -4 2 14 158 
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3) If find the Lagrange’s interpolation Polynomial 

that takes the  

    same values as at the given points.       

4) Given & find using Lagrange’s interpolation 

formula. 

 

5) Using Lagrange’s interpolation formula Find . Given  

 3 7 9 10 

 168 120 72 63 

                    

Answers: 1)          2)           3)            4)          5)  

 

Newton’s General Interpolation Formula (Divided – difference) 

The Lagrange’s interpolation formula, derived earlier has the disadvantage that if another 

interpolation point were added, then we have to change the Lagrange’s interpolation formula 

completely. Therefore we seek an interpolation polynomial which has the property that a 

polynomial of higher degree may be derived from it by simply adding new terms. Newton’s 

general interpolation formula is one such formula for which we need divided differences.  

Let be the given points. Then the divided 

differences of orders   are defined as  

      

…… 

    ………………,   

Note:  

Newton’s divided-difference interpolation formula 

From the definition of divided differences we have 

 Continuing in this way we get 
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This is called Newton’s general interpolation formula with divided differences, the last 

term is called the remainder term after (n+1) terms.  

Problems: 1) Determine as a polynomial in for the following data, using Newton’s 

divided difference Formula 

 

 - 4 -1 0 2 5 

 1245 33 5 9 1335 

 

 

 

Answer: The divided differences table is  

  
divided 

differences 

divided 

differences 
divided 

differences 

divided 

differences 

- 4 

 

-1 

 

0 

 

2 

 

5 

1245 

 

33 

 

5 

 

9 

 

1335 

 

-404 

 

-28 

 

2 

 

442 

 

 

94 

 

10 

 

88 

 

 

 

-14 

 

13 

 

 

 

 

3 

 

Newton’s divided differences interpolation formula is  

 

       

Here   

 

              

 

               

2) Using Newton’s divided difference formula, find from the following data:   

 4 5 7 10 11 13 
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 48 100 294 900 1210 2028 

The divided difference table is  

  
divided 

differences 

divided 

differences 
divided 

differences 

divided 

differences 

4 

 

5 

 

7 

 

10 

 

11 

 

13 

48 

 

100 

 

294 

 

900 

 

1210 

 

2028 

 

 

 

52 

 

97 

 

202 

 

310 

 

409 

 

 

15 

 

21 

 

27 

 

33 

 

 

 

1 

 

1 

 

1 

 

 

 

 

0 

 

0 

Newton’s divided differences interpolation formula is  

 

       

Here   

 

 

               &  

     

       

3) Given that & Construct a divided difference table. Using 

the table  determine the value of  

Answer: The divided difference table is  

  
divided 

differences 

divided 

differences 

0 

 

1 

 

5 

8 

 

68 

 

123 

 

60 

 

13.75 

 

 

 

 

-9.25 
 

 

Newton’s divided differences interpolation formula is  
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      Here   

 

 

Exercises: 1) Using Newton’s formula for divided differences find an interpolating 

polynomial for the following data: 

 0.0 0.5 1.0 2.0 

 0.00 0.57 1.46 5.05 

Hence find         

2) Given the data: 

 5 7 11 13 17 

 150 392 1452 2366 5202 

     Find using the Newton’s divided difference formula.          

3) For the data given in the following table, find the polynomial approximation of using     

     Newton’s divided difference formula: 

 2 4 5 6 8 10 

 10 96 196 350 868 1746 

                 

4) Given & , find by using the 

Newton’s  

    divided  difference formula.                                

5) Given &

find  

      by divided difference formula the value of                    

6) Given find  

7) Applying the method of divided differences for interpolation, find the value of when 

 

    given  

  

  

         

8) If & find the interpolating polynomial that takes  

    these values. 
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Answers: 1)         2)  

                3)         4)         5)        6) 

 

                7)                               8)  

Inverse interpolation: 

The process of estimating the value of for a value of is called the inverse interpolation. 

Just on interchanging & in the Lagrange’s formula or Newton’s general formula we 

obtain Inverse interpolation formula as: 

1)  

            

2) 

 

          

Problems: 1) Given  

 2 5 9 11 

 10 12 15 19 

Find corresponding to  

Answer: Here  

The inverse interpolation formula is  
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2) If & find  

  Answer: Here &  

  The inverse interpolation formula is  

 

     

     

3) Apply Lagrange’s formula to find a root of the equation given that

,  

Answer: Here & 

 

The inverse interpolation formula is  

 

         

 

         

 

 

 

Exercises: 1) Apply Lagrange’s method to find the value of when from the 

given data:     

 5 6 9 11 

 12 13 14 16 

2) Obtain the value of when from the following table using Lagrange’s method:    
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 2 5 8 14 

 94.8 87.9 81.3 68.7 

 3) The following table given a set of values of  

 1.2 2.1 2.8 4.1 4.9 6.2 
 4.2 6.8 9.8 13.4 15.5 19.6 

    Find the value of corresponding to  

4) The following table gives the values of for certain values of Find when 

    

    

 0.3706 0.4068 0.4433 

 5) Solve the equation given  

 0 0.1 0.2 0.3 0.4 

 1 0.80484 0.61873 0.44082 0.27032 

Answers: 1)     2) 6.5928          3) 3.55         4)           5) 0.5671 

 

Numerical Integration 

Here for a given set of data of a function  it is 

required to obtain a formula to compute the value of   or  

 Let  be divided into equal subintervals such that . 

Then clearly . Then integral becomes  

By considering Newton’s forward difference formula   

 

 

Since we have , then if    
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         ----------(1) 

This formula which gives the value of I is known as the quadrature formula. By putting 

…….. we get different integration formulas. 

1) Simpson’s Rule: By putting in Equation (1) we get, 

 

            

Similarly  & soon finally  

By adding we get 

 

This is called Simpson’s 1/3 – rule or Simpson’s rule. 

Note: This rule is application only when n is an even number. 

2) Simpson’s Three- eight Rule: By putting in Equation (1) we get, 

    

              

   Similarly we get , & soon. Finally we get  

   , By adding we get, 

   

 

  This is called as Simpson’s rule & is applicable only when n is a multiple of 3. 

Weddle’s Rule: By putting  in Equation (1) we get Weddle’s formula as  

 

 

             

This is called as Weddle’s rule & is generally used when the interval is divided into 

6 or 12 equal parts. 

Weddle’s rule for n = 6 is given by  
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 & for n = 12 is given by  

 

Problems: 1) By using Simpson’s 1/3 rule, evaluate dividing the interval [0, 1] 

into six equal      

     parts. Hence find an approximate value of . 

 Here the interval [0, 1] is to be divided into 6 equal parts. Hence n = 6. 

 

&  Hence the functional values at are shown 

below  

 

x:        

f(x)

: 
       

 

The Simpson’s 1/3 rule is 

  

 

The exact value of the integral is  

Hence  

2) Evaluate  by dividing the interval into eight equal parts. 

 Here n = 8 . the table of functional values is 

given by 
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y =

 

1 0.9903 0.9612 0.9118 0.8409 0.7454 0.6186 0.4417 0 

The Simpson’s 1/3 rule is  

 

                      

 

3) By using Simpson’s 1/3 rule, evaluate , taking h = 0.1 

 Here . Hence the functional values are- 

x: 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

f(x)

: 

1 0.990

1 

0.960

8 

0.913

9 

0.852

1 

0.778

8 

0.697

7 

0.612

6 

0.527

3 

0.444

9 

0.367

9 

The Simpson’s 1/3 rule is  

 

            

4) A solid of revolution is formed by rotating about the x – axis the area between the x –axis, 

the lines x = 0  

    and x = 1, and a curve through the points with the following coordinates. 

x: 0.00 0.25 0.50 0.75 1.00 

y: 1.0000 0.9896 0.9589 0.9089 0.8415 

Using the Simpson’s rule, find the volume of the solid formed. 

 The required volume is given by  

First we have to find the values of for the specified values of x which is as shown 

below- 
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x: 0.00 0.25 0.50 0.75 1.00 

 : 1.0000 0.9793 0.9195 0.8261 0.7081 

The Simpson’s 1/3 rule is  

 

      

5) Evaluate  by applying the Simpson’s 3/8 rule with seven ordinates. Hence, deduce 

the  

     value of   

 Note that taking seven ordinates is equivalent to dividing the interval into six equal parts.  

      n = 6 the functional values are as shown below- 

x:        

f(x)

: 
       

Now Simpson’s 3/8 rule is  

 

              

By direct integration we get  

 

6) By using Simpson’s 3/8 rule, evaluate  

 Let n = 6, then the functional values are- 

        

  1.2954 1.6487 2.0281 2.3774 2.6272 2.7183 

Now Simpson’s 3/8 rule is  
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7) By using Simpson’s 3/8 rule with find the approximate area under the curve 

 between the        

    ordinates Compare the result with the exact result. 

 Here required area under the curve is . So . The functional 

values are 

  1.2 1.4 1.6 1.8 2.0 2.2 2.4 2.6 2.8 

 0 0.1803 0.3243 0.4382 0.5283 0.6 0.6575 0.7041 0.7423 0.7738 

Now Simpson’s 3/8 rule is  

 

   

 

    

Exact value is  

                            

8) Given  

 4.0 4.2 4.4 4.6 4.8 5.0 5.2 

 1.3863 1.4351 1.4816 1.5261 1.5286 1.6094 1.6487 

    Evaluate , by using the Weddle’s rule. 

 Here n = 6 & h = 0.2. So we can use Weddle’s rule- 
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    The rule is  

      

 

                             =1.8255  

  9) Evaluate  by using Weddle’s rule with 7 ordinates.   

 Here 7 ordinates means n = 6 & so & here . So the 

functional values are – 

        

 1 0.9946 0.9795 0.9586 0.9373 0.9213 0.9154 

    The Weddle’s rule is 

     

       

 

                               

10) By using the Weddle’s rule find the total arc length (perimeter) of the ellipse 

  

 The parametric equation of the ellipse is  

The length of the curve is given by  

Here 

 

                                                                                          

Hence  
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Now dividing the interval into 6 equal parts we get & . So the 

functional values are – 

 0       

 2 1.9491 1.8028 1.5811 1.3229 1.0959 1 

 

Hence by Weddle’s rule we get, 

 

 =9.6878 

Exercises: 

1. By using the Simpson’s 1/3 rule, evaluate given 

x 1 2 3 4 5 

f(x) 13 50 70 80 100 

1. Evaluate by using Simpson’s 1/3 rule taking six equal strips, & hence deduce an  

approximate value of log 2. 

2. Evaluate by using the Simpson’s 1/3 rule with the aid of 11 ordinates. Hence find 

log 5. 

4. A rocket is launched from the ground. Its acceleration f is registered during the first 80 

     seconds and is tabulated below. Using the Simpson’s rule, find the velocity of the rocket 

at     

      t= 80 seconds. 

t (sec) 0 10 20 30 40 50 60 70 80 

f (cm/sec2) 30 31.63 33.34 35.47 37.75 40.33 43.25 46.69 50.67 

5. Use Simpson’s rule with h = 0.125 to show that  

6. Evaluate by using the Simpson’s 3/8 rule. 

7. Using Simpson’s 3/8 rule evaluate , taking 7 ordinates. 
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8. Evaluate by using the Simpson’s 3/8 rule, dividing the interval into 3 equal 

parts.  

    Hence find an approximate value of . 

9. Evaluate using the Simpson’s 3/8 rule, with 3 subintervals of . 

10. Evaluate by using Simpson’s 3/8 rule with six subintervals of [0, 3]. 

11. Evaluate the integral by using the Weddle’s rule with h = 0.5. Compare the 

result  

       with the actual value. 

12. Evaluate by using Weddle’s rule with seven ordinates. Hence find an 

approximate  

      value of  

13. By using Weddle’s rule evaluate Divide the interval into 12 

equal     

      parts. 

14. Using Weddle’s rule, find the area under the curve between the ordinates x = 0 

& x = 6, the function being described by the following table: 

x 0 1 2 3 4 5 6 

f(x) 0 2 2.5 2.3 2 1.7 1.5 

 

15. By using Weddle’s rule, evaluate , dividing the interval into 12 equal 

parts. 

Answers: 1) 257.6667  2) 0.34661, 0.69 
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 Numerical Methods-II 

Lesson Structure 

Numerical solution of ordinary differential equations of first order and first degree:  

        1.1 Introduction 

 1.2 Picard’s Method of successive approximation: 

 1.3 Taylor’s Series Method 

  1.4 Modified Euler’s Method 

  1.5 Runge - Kutta Method    

  1.6   Milne’s Method 

    1.7 Course Outcome 

  1.8 Exercise 

  1.9 Further Reading 

 

1.1 Introduction 

A numerical method can be used to get an accurate approximate solution to a differential 

equation. There are many programs and packages available for solving these differential equations. 

With today's computer, an accurate solution can be obtained rapidly. In this chapter we focus on 

basic numerical methods for solving initial value problems. 

 

Analytical methods, when available, generally enable to find the value of y for all values of   

x.   Numerical methods, on   the other hand, lead   to   the   values of y corresponding only to some 

finite set of values of x. That is the solution is obtained as a table of values, rather than as 

continuous function. Moreover, analytical solution, if it can be found, is exact, whereas a 

numerical solution inevitably involves an error which should be small but may, if it is not 

controlled, swamp the true solution. Therefore, we must be concerned with two aspects of 

numerical solutions of ODEs: both the method itself and its accuracy. 

 

The most general form of an ODE of first order and first degree is given by 

𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦)𝑤ℎ𝑒𝑟𝑒 𝑦(𝑥0) = 𝑦0 

Let x by an independent variable and y be dependent variable. 

Let us consider the differential equation 
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦)𝑤ℎ𝑒𝑟𝑒 𝑦(𝑥0) = 𝑦0-------(1) 

If particular values are given to the constants, then the resulting solution is called a 
particular solution. 



To obtain a particular solution from the general solution (1), we must be given 
initial conditions so that the constants can be determined. If all the initial conditions are 
specified at the same value of x then the problem is termed as initial value problem. If the 
conditions are specified at more than one value of x, then the problem is termed as 
boundary value problem. 

Though there are many analytical methods for finding the solution of the equation of 
the form (1), there exist large number of ODE’s whose solution cannot be obtained by the 
known analytical methods. In such cases, we use numerical methods to get an approximate 
solution of a given differential equation under the prescribed conditions 

Consider the first order differential equation  
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦) 

 

Let y(x0), y(x1), y(x2), y(x3)..... y(xm) be the solution values at the points x0, x1, x2, x3,----- xm 

We wish to find the approximate values y0 , y1, ........, ym  to these solution 

values. 

Let the initial condition be y(x0 ) = y0 . Let the exact solution y(x) of the given differential 

equation be represented by a continuous curve. Divide the interval (Xo,Xm))on which the 
solution is derived into a finite number of equispaced subintervals. 

 

 

 

                                                                                                       Approximate solution 

          

         Exact solution 

 

         

For each xi , the approximate values of the dependent variable y(x) are calculated using a 
suitable recursive formula. These values are y0 , y1, ......, ym 

 

and these are shown by points. Computation of these approximate values is known as 

Numerical solution of the Differential equation. 

The  general  form  of  first  order  differential  equation,  in  implicit  form,  is 

F (x, y, y
/ 
) 0 and  in the explicit form  is 

dy
 

dx 

f (x, y) . An Initial Value Problem   (IVP) 

consists of a differential equation and a condition which the solution much satisfies (or 
several conditions referring to the same value of x if the differential equation is of higher 
order). 
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𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦)𝑤ℎ𝑒𝑟𝑒 𝑦(𝑥0) = 𝑦0-------(1) 

 
Assuming f to be such that the problem has a unique solution in some interval 
containing x0,  we  shall discuss  the  methods for computing numerical values     
of  the solution. These methods are step-by-step methods. That is, we start   

from  y0 and proceed stepwise. In the first step, we compute an approximate value 

y1 of the solution y of (1) at x = x1 = x0 + h. In the second step we compute an 
approximate value y2 of the solution y at x = x2 = x0 + 2h, etc. Here h is fixed 
number for example 0.1or 0.5 depends on the requirement of the problem. In 
each step the computations are done by the same formula. 

 
The following methods are used to solve the IVP (1). 

 

1. Picard’s Method 
2. Taylor’s Series Method 
3. Euler and Modified Euler Method 
4. Runge – Kutta Method 
5. Milne’s Method 
6. Adams – Bashforth Method 

 

1.2 Picard’s Method of successive approximation: 

Consider a differential equation 
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥) with the initial condition y(x0)=y0. The 

formula to find the successive approximation by picard’s is given by 

𝑦1=𝑦0+ ∫ 𝑓(𝑥, 𝑦0)𝑑𝑥

𝑥

𝑥0

 

𝑦2=𝑦0+ ∫ 𝑓(𝑥, 𝑦1)𝑑𝑥

𝑥

𝑥0

 

𝑦2=𝑦0+ ∫ 𝑓(𝑥, 𝑦2)𝑑𝑥

𝑥

𝑥0

 

And so on 

Example 1: 

Using picard’s process of successive approximation, obtain a solution upto the fifth 

approximation of the equation 
𝑑𝑦

𝑑𝑥
= 𝑥 + 𝑦 such that y=1 when x=0 and hence find 

y(0.1). 

Solution:𝑦1=𝑦0 + ∫ 𝑓(𝑥, 𝑦0)𝑑𝑥
𝑥

𝑥0
= 1 + ∫ 𝑓(𝑥, 1)𝑑𝑥

𝑥

0
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=1 + ∫ (𝑥 + 1)𝑑𝑥
𝑥

0
= 1 +

𝑥2

2
+ 𝑥 

𝑦2=𝑦0+ ∫ 𝑓(𝑥, 𝑦1)𝑑𝑥

𝑥

𝑥0

= 1 + ∫ 𝑥 + 𝑦1𝑑𝑥

𝑥

0

 

= 1 + ∫ (𝑥 + 1 +
𝑥2

2
+ 𝑥) 𝑑𝑥 =

𝑥

0

1 + ∫ (2𝑥 + 1 +
𝑥2

2
) 𝑑𝑥

𝑥

0

 

= 𝑥 + 1 + 𝑥2 +
𝑥3

6
 

 

𝑦3 = 𝑦0+ ∫ 𝑓(𝑥, 𝑦1)𝑑𝑥

𝑥

𝑥0

= 1 + ∫ 𝑥 + 𝑦2𝑑𝑥

𝑥

0

 

= 1 + ∫ (𝑥 + 𝑥 + 1 + 𝑥2 +
𝑥3

6
) 𝑑𝑥 =

𝑥

0

1 + ∫ (2𝑥 + 1 + 𝑥2 +
𝑥3

6
) 𝑑𝑥

𝑥

0

 

= 1 + 𝑥 + 𝑥2 +
𝑥3

6
+

𝑥4

24
 

𝑦4 = 𝑦0+ ∫ 𝑓(𝑥, 𝑦3)𝑑𝑥

𝑥

𝑥0

= 1 + ∫ 𝑥 + 𝑦3𝑑𝑥 

𝑥

0

 

= 1 + ∫ (1 + 2𝑥 + 𝑥2 +
𝑥3

6
+

𝑥4

24
) 𝑑𝑥

𝑥

0   Example :1= 1 + 𝑥 + 𝑥2 +
𝑥3

6
+

𝑥4

12
+

𝑥5

120
 

𝑦4 = 𝑦0+ ∫ 𝑓(𝑥, 𝑦3)𝑑𝑥

𝑥

𝑥0

= 1 + ∫ 𝑥 + 1 + 𝑥 + 𝑥2 +
𝑥3

6
+

𝑥4

12
+

𝑥5

120
 𝑑𝑥 

𝑥

0

 

= 1 + 𝑥 + 𝑥2 +
𝑥3

3
+

𝑥4

12
+

𝑥5

60
+

𝑥5

720
 

y(0.1)=1.1103 

--------------------------------------------------------------------------------------------- 

Example 2: 

Using picard’s process of successive approximation, to obtain correct to four decimal 

places, solution for the differential equation  
𝑑𝑦

𝑑𝑥
= 𝑥2 + 𝑦2 for x=0.4 given that y=0 

when x=0 

Solution: 
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𝑦1=𝑦0 + ∫ 𝑓(𝑥, 𝑦0)𝑑𝑥

𝑥

𝑥0

= 0 + ∫(𝑥2 + 𝑦0
2)𝑑𝑥

𝑥

0

= ∫(𝑥2)𝑑𝑥

𝑥

0

=
𝑥3

3
 

𝑦2 = 𝑦0 + ∫ 𝑓(𝑥, 𝑦1)𝑑𝑥

𝑥

𝑥0

= 0 + ∫(𝑥2 + [
𝑥3

3
]

2

)𝑑𝑥

𝑥

0

= ∫(𝑥2 +
𝑥6

9
)𝑑𝑥

𝑥

0

=
𝑥3

3
+

𝑥7

63
 

𝑦3 = 𝑦0 + ∫ 𝑓(𝑥, 𝑦2)𝑑𝑥

𝑥

𝑥0

= 0 + ∫ [𝑥2 +
𝑥6

9
+

𝑥14

3969
+

2𝑥10

189
] 𝑑𝑥

𝑥

0

 

=
𝑥3

3
+

𝑥7

63
+

𝑥15

59535
+

2𝑥11

2079
 

At x=0.4 

Y(0.4)=
0.43

3
+

0.47

63
+

0.415

59535
+

2(0.4)11

2079
= 0.0214 

--------------------------------------------------------------------------------------------- 

 

1.3 Taylor’s Series Method 

Let y=f(x) be a solution of the equation  

Expanding it by Taylor’s series about  x - x0  we get 

𝑓(𝑥) = 𝑦0 +
(𝑥 − 𝑥0)

1!
𝑦0

1 +
(𝑥 − 𝑥0)2

2!
𝑦0

2 +
(𝑥 − 𝑥0)3

3!
𝑦0

3 + ⋯. 

 𝑓(𝑥𝑛+1) = 𝑦𝑛 +
ℎ

1!
𝑦𝑛

1 +
ℎ2

2!
𝑦𝑛

2 +
ℎ3

3!
𝑦𝑛

3 +
ℎ4

4!
𝑦𝑛

4 + ⋯. 

 

Example-1 

Compute y at x=1.1 and 1.2 using Taylor’s series method to correct to 4 decimal places for 

 𝑦1 = 𝑥 + 𝑦, 𝑦(𝑜) = 0 

Solution: 

𝑦1 = 𝑥 + 𝑦    𝑦1(0) = 1 

Differentiate with respect to x we get 

 

𝑦2 = 1 + 𝑦1               𝑦2(0) = 2 

𝑦3 = 𝑦2   𝑦3 (0) = 2 
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𝑓(𝑥) = 𝑦0 +
(𝑥 − 𝑥0)

1!
𝑦1(0) +

(𝑥 − 𝑥0)2

2!
𝑦2(0) +

(𝑥 − 𝑥0)3

3!
𝑦3 (0) + ⋯. 

 

𝑦1 = 𝑓(𝑥1) = 𝑦0 +
ℎ

1!
𝑦0

1 +
ℎ2

2!
𝑦0

2 +
ℎ3

3!
𝑦0

3 +
ℎ4

4!
𝑦0

4 + ⋯.----------(2) 

From the Taylor’s series, we have h= 𝑥 − 𝑥0=1.1-1=0.1 

 

Substituting all these values in Eqn(2) we get 

𝑦1 = 𝑓(1.1) = 0 +
0.1

1!
(1) +

0.12

2!
2 +

0.13

3!
(2) + ⋯.. 

𝑦1 = 0.1103 

∴ y1  =y(1.1) = 0.1103 

𝑦2 = 𝑓(𝑥2) = 𝑦1 +
ℎ

1!
𝑦1

1 +
ℎ2

2!
𝑦1

2 +
ℎ3

3!
𝑦1

3 +
ℎ4

4!
𝑦1

4 + ⋯.- 

 

𝑦1
11=x1 + y1    y

1(1.1)= 1.1+ 0.1103 + 1.2103 

 

Differentiate with respect to x we get 

 

𝑦1
11=1 + 𝑦1

1             y11(1.1)= 1+ 1.2103 + 2.2103 

 

Y111= Y11         y111(0)=2.2103 

𝑦2 = 𝑓(1.2) = 0.1103 +
0.1

1!
1.2103 +

0.12

2!
2.2103 +

0.13

3!
2.2103 + ⋯.-=0.2427 

---------------------------------------------------------------------------------------------------------------- 

Example-2: 

Using the Taylor’s series method , find an approximate solution correct to four decimals at 

x=0.1 for the IVP
𝑑𝑦

𝑑𝑥
= 𝑥 − 𝑦2, 𝑦(0) = 1 

Solution: 

𝑦1  = 𝑥 − 𝑦2       𝑦1(0) = 0 − 12 = −1     

Differentiating w.r.to.x we get  
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𝑦2 = 1 − 2𝑦𝑦1     𝑦2(0) = 1 − 2 ∗ 1 ∗ −11 = −3 

𝑦3 = −(2𝑦𝑦2 + 2𝑦1
2)    𝑦3(0) = −(2 ∗ 1 ∗ −3 + 2 ∗ (−1)2 = −8 

𝑦4 = −2(𝑦𝑦3 + 3𝑦1𝑦2)     𝑦4(0) = −2(1 ∗ −8 + 3 ∗ −1 ∗ −3) = 34 

 

𝑓(𝑥) = 𝑦0 +
(𝑥 − 𝑥0)

1!
𝑦0

1 +
(𝑥 − 𝑥0)2

2!
𝑦0

2 +
(𝑥 − 𝑥0)3

3!
𝑦0

3 + ⋯. 

Where x=0.1 and 𝑥0 = 0 we get 

𝑦1 = 𝑓(0.1) = 1 +
0.1

1!
(−1) +

0.12

2!
(−3) +

0.13

3!
(−8) +

0.14

4!
(34) ….. 

 Y(0.1)=0.91379 

---------------------------------------------------------------------------------------------------------------- 

Example-3:  

Using the Taylor’s series method , find an approximate solution correct to four decimals at 

x=0.1 for the IVP
𝑑𝑦

𝑑𝑥
= 𝑥2𝑦 − 1, 𝑦(0) = 1 

Solution: 

𝑦1  = 𝑥2𝑦 − 1       𝑦1(0) = 0 − 1 = −1     

Differentiating w.r.to.x we get  

𝑦2 = 2𝑥𝑦 + 𝑥2𝑦1     𝑦2(0) = 2 ∗ 0 ∗ 1 + 0 = 0 

𝑦3 = 2𝑥𝑦1 + 2𝑦 + 2𝑥𝑦1 + 𝑥2𝑦2   add the same term we get 

 𝑦3 = 4𝑥𝑦1 + 2𝑦 + 𝑥2𝑦2  𝑦3(0) = 4 ∗ 0 ∗ −1 + 2 ∗ 1 + 0 = 2 

𝑦4 = 4𝑥𝑦2 + 4𝑦1 + 2𝑦1 + 𝑥2𝑦3 + 2𝑥𝑦2    

 𝑦4 = 6𝑥𝑦2 + 6𝑦1 + 𝑥2𝑦3 𝑦4(0) = 0 + 6(−1) + 0 = −6 

𝑓(𝑥) = 𝑦0 +
(𝑥 − 𝑥0)

1!
𝑦0

1 +
(𝑥 − 𝑥0)2

2!
𝑦0

2 +
(𝑥 − 𝑥0)3

3!
𝑦0

3 + ⋯. 

Where x=0.1 and 𝑥0 = 0 we get 

𝑦1 = 𝑓(0.1) = 1 +
0.1

1!
(−1) +

0.12

2!
(0) +

0.13

3!
(2) +

0.14

4!
(−6) + ⋯ 

 Y(0.1)=0.9003 

---------------------------------------------------------------------------------------------------------------- 
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Example-4: 

Using the Taylor’s series method , find an approximate solution correct to four decimals at 

x=0.1 for the IVP
𝑑𝑦

𝑑𝑥
= 2𝑦 + 3𝑒𝑥, 𝑦(0) = 0 

Solution: 

𝑦1  = 2𝑦 + 3𝑒𝑥       𝑦1(0) = 0 + 3𝑒0 = 3     

Differentiating w.r.to.x we get  

𝑦2 = 2𝑦1 + 3𝑒𝑥     𝑦2(0) = 2 ∗ 3 + 3𝑒0 = 9 

 

𝑦3 = 2𝑦2 + 3𝑒𝑥       𝑦3(0) = 2 ∗ 9 + 3𝑒0 = 21 

𝑦4 = 2𝑦3 + 3𝑒𝑥    𝑦4(0) = 2 ∗ 21 + 3𝑒0 = 45 

 

𝑓(𝑥) = 𝑦0 +
(𝑥 − 𝑥0)

1!
𝑦0

1 +
(𝑥 − 𝑥0)2

2!
𝑦0

2 +
(𝑥 − 𝑥0)3

3!
𝑦0

3 + ⋯. 

Where x=0.1 and 𝑥0 = 0 we get 

𝑦1 = 𝑓(0.1) = 0 +
0.1

1!
(3) +

0.12

2!
(9) +

0.13

3!
(21) +

0.14

4!
(45) + ⋯ 

 Y(0.1)=0.3487 

---------------------------------------------------------------------------------------------------------------- 

 

1.4  Modified Euler’s Method 

Consider the IVP  
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦), 𝑦(0) = 𝑦0 -----------------------(1) 

To determine the solution of this problem at 𝑥𝑛 = 𝑥0 + 𝑛ℎ bu using Euler’s method. 

𝑦𝑛
(𝐸)

= 𝑦𝑛−1 + ℎ𝑓(𝑥𝑛−1, 𝑦𝑛−1)---------------------------------------(2) 

The expression 2 gives an approximate value of y at 𝑥𝑛. . To improve the approximateion 

the following formula has been suggested 

𝑦𝑛 = 𝑦𝑛−1 +
ℎ

2
[𝑓(𝑥𝑛−1, 𝑦𝑛−1) + 𝑓(𝑥𝑛, 𝑦𝑛

(𝐸)
)]----------------------------(3) 

The method of computing 𝑦𝑛 using (3) is known as Modified Euler’s method. 
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The process of improving the approximation can be continued by obtaining replacing 

𝑦𝑛
(1)

, 𝑦𝑛
(2)

, 𝑦𝑛
(3)

 until the desired degree of accuracy is obtained. 

First approximation 

𝑦1
(𝐸)

= 𝑦0 + ℎ𝑓(𝑥0, 𝑦0) 

Second approximation 𝑦1
(1)

= 𝑦0 +
ℎ

2
[𝑓(𝑥0, 𝑦0) + 𝑓(𝑥1, 𝑦1

(𝐸)
)] 

Third approximation 𝑦1
(2)

= 𝑦0 +
ℎ

2
[𝑓(𝑥0, 𝑦0) + 𝑓(𝑥1, 𝑦1

(1)
)]  and so on 

Example :1 

Using the modified Euler’s method, solve the IVP 
𝑑𝑦

𝑑𝑥
=

1

𝑥+𝑦
, 𝑦(0) = 1 at points x=0.5 

and x=1 in steps of length h=0.5. Carry out two modifications at each step. 

Solution: 

𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦) =

1

𝑥+𝑦
  𝑥0 = 0 , 𝑦0 = 1 𝑡𝑎𝑘𝑖𝑛𝑔 ℎ = 0.5 

𝑦1
(𝐸)

= 𝑦0 + ℎ𝑓(𝑥0, 𝑦0) = 𝑦0 + ℎ
1

𝑥0+𝑦0
   = 1 +

0.5

0+1
= 1.5   

Second approximation 𝑦1
(1)

= 𝑦0 +
ℎ

2
[𝑓(𝑥0, 𝑦0) + 𝑓(𝑥1, 𝑦1

(𝐸)
)] 

= 𝑦0 +
ℎ

2
[

1

𝑥0 + 𝑦0
+

1

𝑥0 + 𝑦1
𝐸   ] = 1 +

0.5

2
[

1

0 + 1
+

1

0.5 + 1.5
= 1.375  ] 

Third approximation 𝑦1
(2)

= 𝑦0 +
ℎ

2
[𝑓(𝑥0, 𝑦0) + 𝑓(𝑥1, 𝑦1

(1)
)] 

= 𝑦0 +
ℎ

2
[

1

𝑥0 + 𝑦0
+

1

𝑥0 + 𝑦1
1  ] = 1 +

0.5

2
[

1

0 + 1
+

1

0.5 + 1.375
= 1.3833  ] 

 

Next, to compute the solution 𝑦2 = 𝑦(1)𝑎𝑛𝑑 𝑙𝑒𝑡 𝑢𝑠 𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟 𝑥0 = 0.5 , 𝑦0 = 1.3833 

 

𝑦1
(𝐸)

= 𝑦0 + ℎ𝑓(𝑥0, 𝑦0) = 𝑦0 + ℎ
1

𝑥0+𝑦0
   = 1.3833 +

0.5

0.5+1.3833
= 1.6488  

First modification 𝑦1
(1)

= 𝑦0 +
ℎ

2
[𝑓(𝑥0, 𝑦0) + 𝑓(𝑥1, 𝑦1

(𝐸)
)] 
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= 𝑦0 +
ℎ

2
[

1

𝑥0 + 𝑦0
+

1

𝑥0 + 𝑦1
𝐸   ] = 1.3833 +

0.5

2
[

1

0.5 + 1.3833
+

1

1 + 1.6488
] =

= 1.6104   

second modification 𝑦1
(2)

= 𝑦0 +
ℎ

2
[𝑓(𝑥0, 𝑦0) + 𝑓(𝑥1, 𝑦1

(1)
)] 

= 𝑦0 +
ℎ

2
[

1

𝑥0 + 𝑦0
+

1

𝑥0 + 𝑦1
1  ] = 1.3833 +

0.5

2
[

1

0.5 + 1.3833
+

1

1 + 1.6104
]

= 1.6118   

 

The required solution are y(0.5)=1.3833 and y(1)=1.6118 

---------------------------------------------------------------------------------------------------------------- 

 

Example: 2 

Using the modified Euler’s method, solve the IVP  
𝑑𝑦

𝑑𝑥
= 𝑥 + 𝑦2, 𝑦(0) = 1 at points x=0.1 

in steps of length h=0.1. Carry out two modifications. 

Solution: 

𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦) = 𝑥 + 𝑦2  𝑥0 = 0 , 𝑦0 = 1 𝑡𝑎𝑘𝑖𝑛𝑔 ℎ = 0.1 

𝑦1
(𝐸)

= 𝑦0 + ℎ𝑓(𝑥0, 𝑦0) = 𝑦0 + ℎ(𝑥0 + 𝑦0
2)   = 1 + 0.1 ∗ (0 + 1) = 1.1   

First modification 𝑦1
(1)

= 𝑦0 +
ℎ

2
[𝑓(𝑥0, 𝑦0) + 𝑓(𝑥1, 𝑦1

(𝐸)
)] 

= 𝑦0 +
ℎ

2
[𝑥0 + 𝑦0

2 + 𝑥0 + ((𝑦1
𝐸)2)] = 1 +

0.1

2
[0 + 1 + (0.1 + 1.12)] = 1.1155   

second modification 𝑦1
(2)

= 𝑦0 +
ℎ

2
[𝑓(𝑥0, 𝑦0) + 𝑓(𝑥1, 𝑦1

(1)
)] 

= 𝑦0 +
ℎ

2
[𝑥0 + 𝑦0

2 + 𝑥0 + ((𝑦1
1)2)] = 1 +

0.1

2
[0 + 1 + (0.1 + 1.11552)] = 1.1172  

 

Hence the required solution is y(01)=1.1172 

 

---------------------------------------------------------------------------------------------------------------- 
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Example :3 

Using the modified Euler’s method, solve the IVP  
𝑑𝑦

𝑑𝑥
= 1 + +

𝑦

𝑥
, 𝑦(1) = 2 at points x=0.1 in 

steps of length h=0.2. Carry out three  modifications. 

 

Solution: 

𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦) = 1 +

𝑦

𝑥
  𝑥0 = 1 , 𝑦0 = 2 𝑡𝑎𝑘𝑖𝑛𝑔 ℎ = 0.2 

 

𝑦1
(𝐸)

= 𝑦0 + ℎ𝑓(𝑥0, 𝑦0) = 𝑦0 + ℎ [1 +
𝑦0

𝑥0
]    = 2 + 0.2(1 +

2

1
) = 2.6  

First modification 𝑦1
(1)

= 𝑦0 +
ℎ

2
[𝑓(𝑥0, 𝑦0) + 𝑓(𝑥1, 𝑦1

(𝐸)
)] 

= 𝑦0 +
ℎ

2
[1 +

𝑦0

𝑥0
+ 1 +

𝑦1
(𝐸)

𝑥0
  ] = 2 +

0.2

2
[1 +

2

1
+ (1 +

2.6

1.2
)] = 2.6167    

second modification 𝑦1
(2)

= 𝑦0 +
ℎ

2
[𝑓(𝑥0, 𝑦0) + 𝑓(𝑥1, 𝑦1

(1)
)] 

= 𝑦0 +
ℎ

2
[1 +

𝑦0

𝑥0
+ 1 +

𝑦1
(1)

𝑥0
  ] = 2 +

0.2

2
[1 +

2

1
+ (1 +

2.6167

1.2
)] = 2.6181 

Third modification 𝑦1
(3)

= 𝑦0 +
ℎ

2
[𝑓(𝑥0, 𝑦0) + 𝑓(𝑥1, 𝑦1

(2)
)] 

= 𝑦0 +
ℎ

2
[1 +

𝑦0

𝑥0
+ 1 +

𝑦1
(2)

𝑥0
  ] = 2 +

0.2

2
[1 +

2

1
+ (1 +

2.6181

1.2
)] = 2.61812 

Hence , the value of y at x=1.2 is 2.6182 

---------------------------------------------------------------------------------------------------------------- 

Example:4 

 Using Modified Euler’s method,  find y(0.1) given 2dy
x y

dx
   1& y when x = 0 by taking 

h =  0.05. Perform two iterations in each step. 

 

Solution: 

 
2( , ) ,f x y x y  ,00 x 0 1& 0.05,y h  Hence 110),( 00 yxf  

(0)
0 0 01 ( , ) 1 0.05 1 1.05y y hf x y       . Now 

(0) 2
1 1( , ) 0.05 1.05 1.0525f x y     

 (1) (0)
0 0 0 11 1

0.05
( , ) ( , ) 1 1 1.0525 1.0513

2 2

h
y y f x y f x y        

 
. 

   Now 
(1) 2

1 1( , ) 0.05 1.0513 1.0538f x y     
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 (2) (1)
0 0 0 11 1

0.05
( , ) ( , ) 1 1 1.0538 1.0513.

2 2

h
y y f x y f x y        

 
Hence 

1 (0.05) 1.0513y y   

Now 
2

1 1( , ) 0.05 1.0513 1.0538f x y     

(0)
1 1 12 ( , ) 1.0513 0.05 1.0538 1.1040y y hf x y       . Now 

(0) 2
2 2( , ) 0.1 1.1040 1.114f x y     

 (1) (0)
1 1 1 22 2

0.05
( , ) ( , ) 1.0513 1.0538 1.114 1.1055.

2 2

h
y y f x y f x y        

 
 

Now 
(1) 2

2 2( , ) 0.1 1.1055 1.1155f x y     

 (2) (1)
1 1 1 22 2

0.05
( , ) ( , ) 1.0513 1.0538 1.1155 1.1055.

2 2

h
y y f x y f x y        

 
 

Hence 2 (0.1) 1.1055.y y   

 

---------------------------------------------------------------------------------------------------------------- 

1.5  RUNGE- KUTTA  METHOD    

Consider the IVP  
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦), 𝑦(0) = 𝑦0 -----------------------(1) 

To determine the solution of this problem at 𝑥𝑛 = 𝑥0 + 𝑛ℎ by using this method, where h 

is step length 

According to the Euler’s method , the solution at 𝑥1 𝑖𝑠 𝑦0 + ℎ𝑓(𝑥0, 𝑦0)  .  

This can be rewritten as 𝑦1 = 𝑦0 + 𝐾  

where 

𝑘1 = ℎ𝑓(𝑥0, 𝑦0) 

𝑘2 = ℎ𝑓 (𝑥0 +
ℎ

2
, 𝑦0 +

𝑘1

2
) 

𝑘3 = ℎ𝑓 (𝑥0 +
ℎ

2
, 𝑦0 +

𝑘2

2
) 

𝑘4 = ℎ𝑓(𝑥0 + ℎ, 𝑦0 + 𝑘3) 

𝑦1 = 𝑦0 + 𝐾 = 𝑦0 +
𝑘1+2𝑘2+2𝑘3+𝑘4

6
  is an approximate solution for the equation 1 at x1   Is 

known as Runge-Kutta method of order four. 
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Example:1 

Using RK method of fourth order , to find y(0.2), given that 
𝑑𝑦

𝑑𝑥
=

𝑦−𝑥

𝑦+𝑥
 𝑎𝑛𝑑 𝑦(0) =

1 𝑡𝑎𝑘𝑒 ℎ = 0.2 

Solution 

𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦) =

𝑦−𝑥

𝑦+𝑥
 , 𝑥 0 = 0, 𝑦0 = 1 𝑎𝑛𝑑 ℎ = 0.2  then 𝑥1 =  𝑥0 + ℎ = 0.2 

𝑘1 = ℎ𝑓(𝑥0, 𝑦0) = ℎ
𝑦0−𝑥0

𝑦0+𝑥0
 =0.2(

1−0

1+0
) = 0.2  

𝑘2 = ℎ𝑓 (𝑥0 +
ℎ

2
, 𝑦0 +

𝑘1

2
) = ℎ (

𝑦0 +
𝑘1

2 − ( 𝑥0 +
ℎ
2)

𝑦0 +
𝑘1

2 + ( 𝑥0 +
ℎ
2)

) 

= 0.2 (
1.1−0.1

1.1+0.1
) = 0.16667 

𝑘3 = ℎ𝑓 (𝑥0 +
ℎ

2
, 𝑦0 +

𝑘2

2
) = ℎ (

𝑦0 +
𝑘2

2 − ( 𝑥0 +
ℎ
2)

𝑦0 +
𝑘2

2 + ( 𝑥0 +
ℎ
2)

) 

= 0.2 (
1+0.083335−0.1

1.1+0.11+0.083335+0.1
) =

0.196667

1.183335
= 0.166197 

 

𝑘4 = ℎ𝑓(𝑥0 + ℎ, 𝑦0 + 𝑘3) = ℎ (
𝑦0 + 𝑘3 − ( 𝑥0 + ℎ)

𝑦0 + 𝑘3 + ( 𝑥0 + ℎ)
) 

= 0.2 (
1.166197 − 0.2

1.166197 + 0.2
) =

0.1932394

1.366197
= 0.14144 

 

𝑦1 = 𝑦0 + 𝐾 = 𝑦0 +
𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4

6

= 1 +
0.2 + 2(0.16667) + 2(0.166197) + 0.14144

6
 

𝑦1=1.16786 
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Example :2 

Using RK method of fourth order , to find y(0.2), given that 
𝑑𝑦

𝑑𝑥
= 𝑥2 − 𝑦 𝑎𝑛𝑑 𝑦(0) =

1 𝑡𝑎𝑘𝑒 ℎ = 0.1 

Solution 

𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦) = 𝑥2 − 𝑦 , 𝑥 0 = 0, 𝑦0 = 1 𝑎𝑛𝑑 ℎ = 0.1  then 𝑥1 =  𝑥0 + ℎ = 0.1 

𝑘1 = ℎ𝑓(𝑥0, 𝑦0) = ℎ(𝑥0
2 − 𝑦0) = 0.1 ∗ (0 − 1) = −0.1  

𝑘2 = ℎ𝑓 (𝑥0 +
ℎ

2
, 𝑦0 +

𝑘1

2
) = ℎ ((𝑥0 +

ℎ

2
)

2

− (𝑦0 +
𝑘1

2
)) 

= 0.1 (0 +
0.1

2
)

2

− (1 +
−0.1

2
) = 0.1( (0.05)2 − 0.95) = −0.09475 

𝑘3 = ℎ𝑓 (𝑥0 +
ℎ

2
, 𝑦0 +

𝑘2

2
) = ℎ ((𝑥0 +

ℎ

2
)

2

− (𝑦0 +
𝑘2

2
)) 

= 0.1( (0.05)2 − (1 − 0.047375)) = −0.0950125 

𝑘4 = ℎ𝑓(𝑥0 + ℎ, 𝑦0 + 𝑘3) = ℎ ((𝑥0 + ℎ)2 − (𝑦0 + 𝑘3)) 

= 0.1( (0.05)2 − (1 − 0.0950125)) = −0.0895 

𝑦1 = 𝑦0 + 𝐾 = 𝑦0 +
𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4

6
= 1 +

−0.1 − 0.1895 − 0.190025 − 0.0895

6
= 0.90516 

---------------------------------------------------------------------------------------------------------------- 

Example  3: Use fourth  Runge –Kutta method to find at 1.0x  given that  xe
dx

dy
3

+2y, y(0) and h=0.1 

   >> By data,   f(x,y)=3 xe +2y, 0x =0, 0y =0,h=0.1 

         We shall compute     432,1 ,, kkkk  
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  )15.0,05.0()1.0(
2

,
2

3.0]023)[1.0()0,0()1.0()(

1
002

0

0,01

f
k

y
h

hxhfk

efyxhfk





 

     =(0.1)   3454.0)15.0(23 05.0 e   

 

 
  )1727.0,05.0()1.0(

2

2
,

2
003 f

k
y

h
xhfk 

 

     =(0.1)[3 1727.0(205.0 e ]=0.3499 

)3499.0,1.0()1.0(),( 3004 fkyhxhfk   

           =(0.1)   4015.0)3499.0(23 1.0 e  

3487.0)1.0(

4015.0)3499.0(2)3454.0(23.0[
6

1
0)1.0(.,.

)22(
6

1
)( 432100







y

yei

kkkkyhxy

 

Example  4: 

 Use fourth order Runge-kutta method to compute  y(1.1) given that 

          3

1

xy
dx

dy
 ,    11 y  

Solution 

>>By data 3

1

),( xyyxf   10 x  , 10 y  and we need to compute  y(1.1) implies 

1.01.10  hhx  

We shall compute 4321 ,,, kkkk  

1.0)1)(1()1.0()1,1()1.0()( 3

1

0,01 







 fyxhfk  

)05.1,05.1()1.0(
2

,
2

1
002 f

k
y

h
xhfk 








  
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= (0.1) 1067.0)05.1)(05.1[( ]3

1

  

 

1068.0])05335.91)05.1)[(1.0(

)05335.1,05.1()1.0(
2

,
2

3

1

2
003



 f
k

y
h

xhfk
 

)1068.1,1.1()1.0()3,( 004 fkyhxhfk 
 

      = (0.1) [  (1.1)(1.1068) 3

1

] =0.1138 

y(x 0 + h )=y 0 +
6

1
[0.1+2(0.1067)+2(0.1068)+0.1138] 

y(1.1)=1.1068 

---------------------------------------------------------------------------------------------------------------- 

Example  5: 

Using Runge Kutta method of fourth order solve xy
dx

dy
2  at 1.1x  

Given that   y=3  at x = 1 initially. 

Solution: 

>> We have 3,1,2 00  yxyx
dx

dy
      

1.01.1,2),( 0  hhxyxyxf  

𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦) = 2𝑥 − 𝑦 , 𝑥 0 = 1, 𝑦0 = 3 𝑎𝑛𝑑 ℎ = 0.1  then 𝑥1 =  𝑥0 + ℎ = 0.1 

𝑘1 = ℎ𝑓(𝑥0, 𝑦0) = ℎ(2𝑥0 − 𝑦0) = 0.1 ∗ (2 − 3) = −0.1  

𝑘2 = ℎ𝑓 (𝑥0 +
ℎ

2
, 𝑦0 +

𝑘1

2
) = 0.1ℎ𝑓(1.05,2.95) = 

= 0.1 (2 ∗ 1.05 − 2.95) = −0.085 

𝑘3 = ℎ𝑓 (𝑥0 +
ℎ

2
, 𝑦0 +

𝑘2

2
) = ℎ𝑓 (1.05,2.91425) 

= 0.1( 2 ∗ 1.05 − 2.91425) = −0.08575 

𝑘4 = ℎ𝑓(𝑥0 + ℎ, 𝑦0 + 𝑘3) = ℎ𝑓 (1.1,2.91425) 

= 0.1( 2 ∗ 1.1 − 2.91425) = −0.071425 
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𝑦1 = 𝑦0 + 𝐾 = 𝑦0 +
𝑘1 + 2𝑘2 + 2𝑘3 + 𝑘4

6
= 1 +

−0.1 − 0.085 − 0.08575 − 0.071425

6
= 2.9145 

--------------------------------------------------------------------------------------- 

 

 

1.6   Milne’s Method: 

 

The method in which the construction of yn involves the use of not only yn-1but also 

predecessors are called multi step methods. In multi step methods two formulas are used 

in conjunction with each other- one for predicting the value of yn and the other for 

correcting the predicted value of yn. 

Consider the IVP  
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥, 𝑦) − − − − − − − − − − − − − −(1) 

Let y0=y(x0),y1=y(x1),y2=y(x2) and y3=y(x3) be these known solutions.  

Suppose we wish to determine the solution of equation (1) at the point x4 = x3+h. 

Let us denote the required solution by y4=y(x4). 

First we predict the value of  y4=y(x4) by using Milne’s predictor formula: 

𝑦4
(𝑝)

= 𝑦0 +
4ℎ

3
(2𝑓1 − 𝑓2 + 2𝑓3)         ----(2) 

𝑤ℎ𝑖𝑐ℎ 𝑐𝑎𝑛 𝑏𝑒 𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑑 𝑤𝑖𝑡ℎ 𝑡ℎ𝑒 ℎ𝑒𝑙𝑝 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑝𝑒𝑐𝑖𝑖𝑒𝑑 𝑥0, 𝑥1, 𝑥2 , 𝑥3𝑎𝑛𝑑𝑦0, 𝑦1, 𝑦2, 𝑦3 

Next we correct the value of y4 by using the Milne’s corrector formula: 

𝑦4
(𝑐)

= 𝑦2 +
ℎ

3
(𝑓2 + 4𝑓3 + 𝑓4

(𝑝)
)--------------------(3) 

𝑤ℎ𝑒𝑟𝑒𝑓4
(𝑝)

= 𝑓(𝑥4, 𝑦4
(𝑝)

) 

𝐼𝑓 𝑤𝑒 𝑤𝑖𝑠ℎ 𝑡𝑜 ℎ𝑎𝑣𝑒 𝑚𝑜𝑟𝑒 𝑎𝑐𝑐𝑢𝑟𝑎𝑡𝑒 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 𝑓𝑜𝑟 𝑦 , 𝑤𝑒 𝑒𝑚𝑝𝑙𝑜𝑦 𝑡ℎ𝑒 𝑝𝑟𝑜𝑐𝑒𝑠𝑠 𝑟𝑒𝑝𝑒𝑎𝑡𝑒𝑑𝑙𝑦 
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Example :1 

Use Milne’s predictor –corrector method to find the value of y at x=0.8, given 
𝑑𝑦

𝑑𝑥
= 𝑥 −

𝑦2 

Where y(0)=0 , y(0.2)=0.02 , y(0.4)=0.0795 , y(0.6)=0.1762. Apply corrector formula 

twice. 

 

Solution: 

𝐻𝑒𝑟𝑒 𝑓(𝑥, 𝑦) = 𝑥 − 𝑦2, ℎ = 0.2 

X Y  𝑓(𝑥, 𝑦) = 𝑥 − 𝑦2 

x0=0 y0=0 𝑓0=0−02=0 

X1=0.2 y1=0.02 𝑓1=0.2−0.022=0.1996 

X2=0.4 y2=0.0795 𝑓2=0.4−0.07952=0.3937 

X3=0.6 y3=0.1762 𝑓3=0.6−0.17622=0.5689 

 

Now , Milne’s Predictor formula yields the predicted value of y4 as 

𝑦4
(𝑝)

= 𝑦0 +
4ℎ

3
(2𝑓1 − 𝑓2 + 2𝑓3) = 0 +

4 ∗ 0.2

3
(2(0.1996) − 0.3937 + 2(0.5689))

= 0.30488 

𝑓4
(𝑝)

= 𝑓(𝑥4, 𝑦4
(𝑝)

) =  𝑥4 − 𝑦4
(𝑝)2

= 0.8 − (0.30488)2 = 0.7070 

Now , the Milne’s corrector formula gives a corrected value of y4 as 

𝑦4
(𝑐)

= 𝑦2 +
ℎ

3
(𝑓2 + 4𝑓3 + 𝑓4

(𝑝)
) = 0.0795 +

0.2

3
(0.3937 + 4(0.5689) + 0.7070)

= 030459 

To apply corrector formula second time we must use corrector as predictor and substitute 

in 𝑓4
(𝑝)

 

𝑓4
(𝑝)

= 𝑓(𝑥4, 𝑦4
(𝑝)

) =  𝑥4 − 𝑦4
(𝑝)2

= 0.8 − (0.30459)2 = 0.70723 

𝑦4
(𝑐)

= 𝑦2 +
ℎ

3
(𝑓2 + 4𝑓3 + 𝑓4

(𝑝)
) = 0.0795 +

0.2

3
(0.3937 + 4(0.5689) + 0.70723)

= 03046 

This twice corrected value of y4 is the required value of y at x=0.8. 
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Example :2 

Use Milne’s predictor –corrector method Given the differential equation , given 5x
𝑑𝑦

𝑑𝑥
+

𝑦2 − 2 = 0 and the set of values of (x,y)given in the following table, find the value of y 

at x=4.5 using the Milne’s method 

Where y(4)=1 , y(4.1)=1.0049 , y(4.2)=1.0097 , y(4.3)=1.0143, y(4.4)=1.0187 . Apply 

corrector formula twice. 

 

Solution: 

𝐻𝑒𝑟𝑒 𝑓(𝑥, 𝑦) = − [
𝑦2 − 2

5𝑥
] = [

2 − 𝑦2

5𝑥
] 

X Y 
 𝑓(𝑥, 𝑦) = [

2 − 𝑦2

5𝑥
] 

x0=4 y0=1 𝑓
0=[

2−1.00972

5(4.2)
]=0.04669

 

X1=4.1 y1=1.0049 𝑓
1=[

2−1.00972

5(4.2)
]=0.04669

 

X2=4.2 y2=1.0097 
[
2 − 1.00972

5(4.2)
] = 0.04669 

X3=4.3 y3=1.0143 
[
2 − 1.00972

5(4.2)
] = 0.04517 

X4=4.4 Y4=1.0187 
[
2 − 1.00972

5(4.2)
] = 0.04374 

 

Now , Milne’s Predictor formula yields the predicted value of y4 as 

𝑦4
(𝑝)

= 𝑦0 +
4ℎ

3
(2𝑓1 − 𝑓2 + 2𝑓3)

= 1.0049 +
4 ∗ 0.1

3
(2(0.04669) − 0.04517 + 2(0.04374)) = 1.02299 

𝑓(X4, 𝑦4
(𝑝)

) = [
2 − 𝑦4

(𝑝)2

5𝑥
] = [

2 − 1.022992

5(4.5)
] = 0.042378 

Now , the Milne’s corrector formula gives a corrected value of y4 as 

𝑦4
(𝑐)

= 𝑦2 +
ℎ

3
(𝑓2 + 4𝑓3 + 𝑓4

(𝑝)
) = 1.0143 +

0.1

3
(0.04517 + 4(0.04374) + 0.042378)

= 1.02305 
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To apply corrector formula second time we must use corrector as predictor and substitute 

in 𝑓4
(𝑝)

 

𝑓4
(𝑝)

= 𝑓(𝑥4, 𝑦4
(𝑝)

) =  [
2 − 1.023052

5(4.5)
] = 0.042372 

𝑦4
(𝑐)

= 𝑦2 +
ℎ

3
(𝑓2 + 4𝑓3 + 𝑓4

(𝑝)
) = 1.0143 +

0.1

3
(0.04517 + 4(0.04374) + 0.042372)

= 1.02305 

This twice corrected value of y4 is the required value of y at x=4.5. 

1.7  Adams- Bashforth Method: 

The predictor and corrector formulas for this method is follows 

𝑦4
(𝑝)

= 𝑦3 +
ℎ

24
(55𝑓3 − 59𝑓2 + 37𝑓1 − 9𝑓0)  ------------(1) 

𝑦4
(𝑐)

= 𝑦3 +
ℎ

24
(𝑓1 − 5𝑓2 + 19𝑓3 + 9𝑓4

(𝑝)
) − − − − − −(2) 

𝑤ℎ𝑒𝑟𝑒𝑓4
(𝑝)

= 𝑓(𝑥4, 𝑦4
(𝑝)

) 

Example :1 

Using the Adams- Bashforth Method, solve the differential equation 
𝑑𝑦

𝑑𝑥
= 𝑥 − 𝑦2 at 

x=0.8 , given that y(0)=0,  y(0.2)=0.02 , y(0.4)=0.0795 , y(0.6)=0.1762. 

Solution: 

  𝐻𝑒𝑟𝑒 𝑓(𝑥, 𝑦) = 𝑥 − 𝑦2, ℎ = 0.2 

 

X Y  𝑓(𝑥, 𝑦) = 𝑥 − 𝑦2 

x0=0 y0=0 𝑓0=0−1=−1 

X1=0.2 y1=0.02 𝑓1=0.2 − 0.022 = 0.1996 

X2=0.4 y2=0.0795 𝑓2=0.4 − 0.07952

= 0.39368 

X3=0.6 y3=0.1762 𝑓3=0.6 − 0.17622

= 0.56895 

 

𝑦4
(𝑝)

= 𝑦3 +
ℎ

24
(55𝑓3 − 59𝑓2 + 37𝑓1 − 9𝑓0) 

= 0.1762 +
0.2

24
(55 ∗ 0.56895 − 59 ∗ 0.39368 + 37 ∗ 0.1996 − 9 ∗ 0) = 0.30495  -----

-------(1) 
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𝑤ℎ𝑒𝑟𝑒𝑓4
(𝑝)

= 𝑓(𝑥4, 𝑦4
(𝑝)

) =  𝑥4 − 𝑦4
(𝑝)2

= 0.8− 0.304952 = 0.70701 

 

𝑦4
(𝑐)

= 𝑦3 +
ℎ

24
(𝑓1 − 5𝑓2 + 19𝑓3 + 9𝑓4

(𝑝)
) − − − − − −(2) 

=0.1762+
0.2

24
(0.1996− 5 ∗ 0.39368+ 19 ∗ 0.56895+ 9 ∗ 070701) = 0.30457 

To get a correction of this solution 𝑦4
(𝑝)

= 0.30457 

𝑓4
(𝑝)

= 𝑓(𝑥4, 𝑦4
(𝑝)

) =  𝑥4 − 𝑦4
(𝑝)2

= 0.8− 0.304572 = 0.70724 

𝑦4
(𝑐)

= 0.1762+
0.2

24
(0.1996− 5 ∗ 0.39368+ 19 ∗ 0.56895+ 9 ∗ 070724) = 0.30459 

The required solution as y(0.8)=0.3046 correct to 4 decimal places. 

------------------------------------------------------------------------------------- 

Example :2 

Using the Adams- Bashforth Method, solve the differential equation 
𝑑𝑦

𝑑𝑥
= 𝑥2(1+ 𝑦) x at 

1.4 . Carry out two corrections for the solution. 

 , given that y(1)=1,  y(1.1)=1.233 , y(1.2)=1.548 , y(1.3)=1.979. 

Solution: 

  𝐻𝑒𝑟𝑒 𝑓(𝑥, 𝑦) = 𝑥2(1+ 𝑦) , ℎ = 0.1 

 

X Y  𝑓(𝑥, 𝑦) = 𝑥2(1+ 𝑦)  

x0=1 y0=1 𝑓
0=12(1+1) =2 

X1=1.1 y1=1.233 𝑓1 = 2.702 

X2=1.2 y2=1.548 𝑓2 = 3.669 

X3=1.3 y3=1.979 𝑓3 = 5.035 

 

 

𝑦4
(𝑝)

= 𝑦3 +
ℎ

24
(55𝑓3 − 59𝑓2 + 37𝑓1 − 9𝑓0) 

= 1.979+
0.1

24
(55 ∗ 5.035− 59 ∗ 3.669+ 37 ∗ 2.702− 9 ∗ 2) = 2.572  ------------(1) 

𝑓4
(𝑝)

= 𝑓(𝑥4, 𝑦4
(𝑝)

) =  𝑥4
2(1+ 𝑦4

(𝑝)
) = 1.42(1+ 2.572) = 7.001 
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𝑦4
(𝑐)

= 𝑦3 +
ℎ

24
(𝑓1 − 5𝑓2 + 19𝑓3 + 9𝑓4

(𝑝)
) − − − − − −(2) 

= 1.979+
0.1

24
(2.702− 5 ∗ 3.669+ 19 ∗ 5.035+ 9 ∗ 7.001) = 2.575 

To get a correction of this solution 𝑦4
(𝑝)

= 2.575 

𝑓4
(𝑝)

= 𝑓(𝑥4, 𝑦4
(𝑝)

) =  𝑥4
2(1+ 𝑦4

(𝑝)
) = 1.42(1+ 2.575) = 7.007 

 

𝑦4
(𝑐)

= 0.1762+
0.1

24
((2.702− 5 ∗ 3.669+ 19 ∗ 5.035+ 9 ∗ 7.007) = 2.5752) is the 

required solution as y(1.4)=2.5752 correct to 4 decimal places. 

---------------------------------------------------------------------------------------------- 

Example :3 

Using the Adams- Bashforth Method, solve the differential equation 
𝑑𝑦

𝑑𝑥
+

𝑦

𝑥
=

1

𝑥2
   at 

x=1.4 . Carry out two corrections for the solution. 

 , given that y(1)=1,  y(1.1)=0.996, y(1.2)=0.986 , y(1.3)=0.972 

Solution: 

  𝐻𝑒𝑟𝑒 𝑓(𝑥, 𝑦) = 𝑥2(1+ 𝑦) , ℎ = 0.1 

X Y  𝑓(𝑥, 𝑦) = −
𝑦

𝑥
+

1

𝑥2
  

x0=1 y0=1 𝑓0=0 

X1=1.1 y1=0.996 𝑓1 = −0.079 

X2=1.2 y2=0.986 𝑓2 = −0.12722 

X3=1.3 y3=0.972 𝑓3 = −0.15598 

 

 

𝑦4
(𝑝)

= 𝑦3 +
ℎ

24
(55𝑓3 − 59𝑓2 + 37𝑓1 − 9𝑓0) − − − − − (1) 

= 0.972+
0.1

24
(55 ∗ −0.15598− 59 ∗ −0.12722+ 37 ∗ −0.079− 9 ∗ 0) = 0.95535   

𝑓4
(𝑝)

= 𝑓(𝑥4, 𝑦4
(𝑝)

) =  −
𝑦4

(𝑝)

𝑥4
+

1

𝑥42
= −

0.95535

1.4
+

1

1.42
= −0.1722 
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𝑦4
(𝑐)

= 𝑦3 +
ℎ

24
(𝑓1 − 5𝑓2 + 19𝑓3 + 9𝑓4

(𝑝)
) − − − − − −(2) 

= 0.972+
0.1

24
(−0.079− 5 ∗ −0.12722+ 19 ∗ −0.15598+ 9 ∗ −0.1722) = 0.95552 

To get a correction of this solution let  𝑦4
(𝑝)

= 0.95552 

𝑓4
(𝑝)

= 𝑓(𝑥4, 𝑦4
(𝑝)

) =  −
𝑦4

(𝑝)

𝑥4
+

1

𝑥42
= −

0.95552

1.4
+

1

1.42
= −0.17231 

 

𝑦4
(𝑐)

= 0.972+
0.1

24
(−0.079− 5 ∗ −0.12722+ 19 ∗ −0.15598+ 9 ∗ −0.17231) = 0.95551 

 is the required solution as y(1.4)= 0.95551correct to 4 decimal places. 

1.8 Course Outcomes: On completion of this course, students are able to: 

1. Use appropriate single step and multi-step numerical methods to solve first  

order ordinary differential equations arising in flow data design problems 

 

 

1.9 Exercises  
1) Evaluate )1.0(y correct to 6 places of decimals by Taylor’s series method if )(xy satisfies     

,1'  xyy  .1)0( y  [Ans: 
2 3 4 5 6

( ) 1
2 3 8 15 48

x x x x x
y x x         & y(0.1) = 

1.1053] 

2)  Solve ,' 2 xyy  1)0( y using Taylor’s series method & compute )2.0(&)1.0( yy  

    [Ans: 2 3 4 53 4 17 31
( ) 1

2 3 12 20
y x x x x x x       and y(0.1) = 1.1165, y(0.2) = 1.2734] 

3)  Use Taylor’s series method to find y at the point ,2.0&1.0  xx given that 

,22 yx
dx

dy
 1)0( y  

  

4) Given 
xy

xy

dx

dy




 with boundary condition y = 1 when x = 0, find approximately y for x = 

0.1 by Modified Euler’s method  [Ans: 1.0928] 

5) Given that 1&2  yyx
dx

dy
at .0x Find a approximate value of y at x = 0.5 by 

Modified     Euler’s method. [Ans: 2.2352] 

6) Solve the differential equation ,2xy
dx

dy
 2y at ,0x by Modified Euler’s method & 

obtain y at x = 0.2 in two stages of 0.1 each. [Ans: 1.9227] 
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7) Using Runge – Kutta method of order 4, compute )4.0(&)2.0( yy from ,10 22 yx
dx

dy
  

,1)0( y taking h = 0.1 [Ans: 1.0207, 1.0438] 

8) Use Runge – Kutta fourth order method to find y when x = 1.2 in steps of 0.1 given that 

5.1)1(&22  yyx
dx

dy
[Ans: 2.5005] 

9) Using Runge-Kutta method of order 4, compute y(0.2) for the equation, 
2

' ,
x

y y
y

  y(0) 

= 1.0      (Take h = 0.2) [Ans: 1.18323] 

 

10) Using Runge – Kutta method of order 4, find y(0.2) for the equation ,
xy

xy

dx

dy






.1)0( y      Take h = 0.2. [Ans: 1.1678 ] 

 

11) If ye
dx

dy x  2 , y(0) = 2, y(0.1) = 2.010, y(0.2) = 2.04 and y(0.3) = 2.09 find y(0.4) 

correct to four decimal places. By using Milne’s predictor-corrector method. (Use corrector 

formula twice).  [Ans: 2.1621 & 2.2546] 

12) Given .21.1)3.0(,12.1)2.0(,06.1)1.0(,1)0(&)1(2 22  yyyyyx
dx

dy
 Evaluate 

)4.0(y by Milne’s predictor – corrector method.[Ans: 1.2797] 

13) Given &1)0(,21  yyxy the starting values ,82127.0)2.0(,90516.0)1.0(  yy  

74918.0)3.0( y . Evaluate )4.0(y using Adams – Bash forth method. [Ans: 0.6897] 

14) Using Adams – Bash forth method, evaluate ),4.1(y if y satisfies ,1)1(&
1

2
 y

xx

y

dx

dy
 

.972.0)3.1(,986.0)2.1(,996.0)1.1(  yyy [Ans: 0.949] 

 

1.10 Further Reading  

1. http://nptel.ac.in/courses.php?disciplineID=111 

2. http://wwww.khanacademy.org/ 

3. http://www.class-central.com/subject/math 

 


