VECTOR CALCULUS

Vector calculus is a field of mathematics concerned with multivariate real analysis of vectors in
two or more dimensions. It consists of set of problems solving techniques very useful for engineering
and physics.

SCALAR AND VECTOR POINT FUNCTIONS

Let F(t) = f1()i + f,(t)] + fz(t)k be a “Vector function’. Then for various values of t we get a
set of constant vectors.

Let ¢ = ¢(x,y,z) be a ‘Scalar function’. Then for various values of x, y, z we get a set of points
or scalars.

Vector operation V7 (del) is defined by the equation

This operator has a great role in vector calculus. Laplacian operator V2 is defined as follows
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Gradient

The vector function V¢ is defined as the gradient of the scalar function ¢ = ¢(x,y,z)

; 3., 0., 08¢
i.e.,grade = V‘”(a“af +a_zk) )

dp, ¢ . o3
grad(p=|7(p=(a—‘£l+a—‘;]+a—fk)

Geometrically, V¢ represents a normal at any point P to the surface ¢(x,y,z) = constant and
has a magnitude equal to the rate of change of ¢(x,y, z) along this normal. V¢ is a vector quantity.

Note:

1. The unit normal vector 7 along V¢ is given by n = % orf = l;—;l

2. The component of V¢ in the direction of a unit vector @ is V.7 and is called the directional
derivative of ¢ in the direction of a. Thus, the directional derivative is maximum in the direction V¢
and the magnitude of this maximum is equal to |V¢]|.

i.e, D.D=V@.7i Wheref = %




Problems
1. Find the unit normal vector to the surface x> + y3 + 3xyz = 3 at (1,2, —1).
Sol: Let p = x3 + y3 + 3xyz — 3

9 — 3x2 4 3y 3—<5=3y2+3xz — = 3xy

ax

(22400, %0
NOW,V<p—(axl+ay]+azk)

Vo = (3x2 + 3y2)i + (3y? + 3x2)j + Bxy)k

At (1,2,-1)
Vo =(3-6)i+(12-3)]+ (6)k
Vo = —3i+ 9] + 6k
7ol = {(=3)2 + (9)2 + (6)2 = V9 + 81 + 36
IVe| = V126
The unit normal vector , i = IZ_ZI = #\/%6'}

2. Find the unit normal vector to the surface x?y + y2z + z2x = 5 at (1, —1,2).
Sol: Letp = x2y + y?z+ z?x — 5

% _ =x2.1+2yz Z—f=y2+2.zx

ax

99
oy

2xy + z%.1
Now, V¢ = (g—fi+g—‘;’j+aa—fl€)

Vo = 2xy + z2)i + (x% + 2y2)j + (y? + 2zx)k

At (1,-1,2)
Vo =(—2+4)i+1-4dj+1A+4Dk
Vo =2i—3j+ 5k
Vol =(2)2+ (=3)2 + (5)2 = V4 + 9 + 25
IVe| = V38

. ~ Vo 2i-3j+5k
The unit normal vector , i = — =
Vel V38




3. Find the directional derivative of the function ¢ = xy? + yz® at (2,—1,1) along i + 2j + 3k

Sol: Given ¢ = xy? + yz3 Let @ =1+ 2j+3k

99 _ 1 2 99 _ 3 99 _ 2
ax—l.y ay—x.2y+1.z az—0+y.3z
9¢ _ 2 99 _ 3 29 _ 2

o =Y ay—ny+z az—3yz

_(20; 00, 20
NOW,V<p—(axl+ay]+aZk)

Vo = (y)i+ (2xy + z%)j + Byz?)k

At (2,-1,1)

Vo = (Di+ (=4 + 1Dj+ (-3)k
Vo =i—3j-3k

Also,d =i+ 2j+ 3k

ld| = V1% + 22 + 32

ldl =vV1+4+9
ld| = V14
A d _ i+2j+3k
T aE T Ve
D.D=Ve.7

D.D =(i1-3j- 31?).%
_O@+=3)@) + (=3)B)
V14
1-6-9
S V14
-14

D.D =—
V14

D.D =—V14

D.D

D.D




4. Find the directional derivative of the function f = 4xz3 — 3x2y?z at (2,—1,2) along
21 —3j + 6k
Sol: Given f = 4xz3 — 3x2y?z Let @ = 21— 3] + 6k

o _ 4,3 1 _3y2 O _ () _ 2,2 of _ 2 _ 2,22
ax_4Z'1 3y“z.2x ay—O 3x%z.2y aZ—4x.32 3x°yc.1
of _ 4,3 _ 2 of _ .2 of _ 2 .22
Py 4z° — 6xy“z 3y 6x“yz 5, = 12xz“ — 3x“y

_ (L 0 0
NOW,Vf—(axl+ay]+azk)

Vf = (4z° — 6xy?2)i + (—6x%y2)j + (12x2% — 3x%y))k
At (2,-1,2)
Vf=(32—24)i+ (48)j + (96 — 12)k

Vf = 8i + 48] + 84k

Also, @ = 2i — 3j + 6k

ld| = /22 + (—3)2 + 62

ld| =V4+9 + 36
d| = V49
ld| =7
. s _ 4 _ 2i-3j+6k
=G 7
D.D =Vf.n
~ (21 -3j+6k
D.D = (81 +48j + 84k).%
DD = (8)(2) + (48)(—3) + (84)(6)
' 7
16 — 144 + 504
D.D =
7
376
D.D =—
7

5. Find the directional derivative of ¢ = e?*cos(yz) at the origin in the direction of

the tangent to the curve x = asint, y = acost andz = at att = %.




Sol: Given ¢ = e**cos(yz)

o9

_ 2x 00 _  ox1_ o 00 _  oxy_ o
== cos(yz).2e 3y = ¢ [—sin(yz).z] S, =€ [—sin(yz).y]
% _ 2e?*cos(yz) % _ —e?*zsin(yz) 9 _ _g2x sin(yz)
ox y dy y 0z y y

_(%0; 00, 20
NOW,V<p—(axl+ay]+aZk)

Vo = [2e**cos(vz)]i + [—e? zsin(yz)]j + [—e**ysin(yz) 1k
At origini.e., (0,0,0)
Vo = (2)i+ (0)j + (0)k (since e® = cos(0) = 1,sin(0) = 0)
Vo =21

Consider, 7 = xi + yj + zk
# = (asint)i + (acost)j + (at) k

N

dr ~
Fri (acost)i + (—asint)j + (a) k

s
4

Att =

dr

Unit normal vector , i = -4

dt




a ~
— (i —j+2k)
ﬁ:‘/z
V2.a
- (i-j+V2k)
n=
2
D.D=Ve.n
D.D=2i.@
D.D =1

6. Find the directional derivative of ¢ = xy? + yz? at the point (2, —1,1) in the direction
normal to the surface xlogz —y? + 4 at the point (—1,2,1).
Sol: Given ¢ = xy? + yz3

9¢ _ 2 99 _ 3 9¢ _ 2
ax—l.y ay—x.2y+1.z az—0+y.3z
9 _ 2 99 _ 3 29 _ 2
9 =Y ay—ny+z az—3yz

— (99, 99, 9¢p
Now, Vp = (6xl+6y]+6zk)
Vo = (y2)i+ 2xy + z%)j + Byzd)k

At (2,-1,1)

Vo = (Di+ (=4 + 1Dj+ (=3)k

Also given = xlogz — y? + 4

oy o

azl.logz—o £=0—2y py x.;—O
% _ W _ _ W _x
ax lOgZ ady - Zy 9z z

(g W
NOW,V¢—(axl+ay1+azk)
) XN
VY = (logz)i + (—2y)j + (E) k

At (-1,2,1)

-1\ .
7 = (log)i + (=2.2)] + (T) k




Vi = (0)1 + (=4)] + (- Dk

VYl =y (=92 + (=1)?

7yl =17
S _0i—4j—k
TNV,
D.D =Ve.7
_vp Y
D.D=Vp.pn
PR (0 — 45 — k)
D.D = (i —3j 3k).—m
p.p<DO+EHEH +(E3HED
' V17
_0+12+3
VT
DD—1_5
V17

7. The directional derivative of ¢ = axy? + byz + cz?x3 at the point (—1,1,2) has maximum
magnitude of 32 units in the direction parallel to y — axis find a, b, c.

Sol: Given ¢ = axy? + byz + cz?x3

99 _ 2 2 2.2 99 _ 9 _ 3
6x—ay.1+0+cz.3x ay—ax.2y+bz.1+0 aZ—0+by.1+cx.Zz
% — qy? +3cz%x? 22 =2axy + bz a—(pzby+202x3

ox y ady y dz

— (99,99, 09p
NOW,V<p—(axl+ay]+azk)

Vo = (ay? + 3cz?x?)i + (2axy + bz)j + (by + 2czx®)k

At (-1,1,2)
Vo = (ay? + 3cz?x?)i + (axy + bz)j + (by + 2czx®)k
Vo = (a+12c)i + (=2a + 2b)j + (b — 4c)k
Since the D.D of ¢ has a maximum magnitude of 32units in the direction parallel to y — axis is

Vep.j =32

[(a+12c)i+ (—2a + 2b)j + (b — 4c)k].[02 + 1.7 + Ok] = 32
>a+4+12c=0 —2a+2b =32 b—4c=0

>a=-12c =>b—a=16 =>b=4c




=4c—(—12c) =16
= 16¢c =16
=>a=-12 =>c=1 =>b=14
a=-12, b=4, c=1

8. Find the angle between the surfaces or normal surfaces x + y% + z2 = 9 and
z=x%2+y%-3at(2,-12).

Sol: Given ¢ = x?2 + y2 + 22 -9 Yp=x2+y?—z-3
g—f=2x Z—Z:Zx
Z—szz %z

WKt Vgo_a"’i+a—"’j+a‘”k

Vo = (2x)1 + 2y)] + (22)k
At (2,-1,2)

Vo = (2.2)i+ (2.(-1)j + (2.2)k

Vo = 4i — 2j + 4k

V| = /4% + (—2)2 + 42 =36

Vol =6
Also Vy = all“+%j+awk
VY = (2x)i + 2y)j + (-1Dk
At (2,-1,2)
VY = (2.2)i + (2.(-1)j + (-Dk
vy =4i-2j-k

V| = 42 + (—2)2 + (—-1)2

7y = V21

Angle between surface,




cosf = ny.1n,

cosf = V_(p E
Vol |V
o5l = (41 — 2j + 4k) | (4i—2j-k)
6 V21

cost9=16+4_4= 16 cos&9=i
6v21 6v21 3v21

0 = cos™! (L>

3v21

9. Find the angle between the normal to the surface xy = z? at the point (4,1,2) &

(3,3,-3).
Sol: Given ¢ = xy — z2

9 _

I 1.y—-20
o0p _
Y
_ 00, 0. 00
Wkt, V(p—axl+ay]+azk

At (4,1,2)
Vo, = (Di+ @)f + (=2.2)k

Vo,=i+4j—4k

IVpq| = /12 + 42 + (—4)2

V4| = V33

Angle between surface,

8_: 1-0 EZO—ZZ
il 99 _ _
ay—x 5 = 2z

Vo = i+ (0] + (—22)k
At (3,3,-3)

Vo, = )i+ (3)j + (2.3)k

Ve, = 3i+ 3j + 6k
IVg,| = V3% +32+ 62 =54

IVe4| =3V6

cosf = ny.n,
_ Vo, Ve,
Vo1l Ve,
(i+4j—4k) (3i+3j+ 6k)
V33 3v6

cosO

cosf =




3+12-24 -9

cosf = =
3v33.6 3.3v22
S -9 = -1[=L
cose—m 10 = cos [m]

Divergence of a vector function
The divergence of a vector function F= fit+ fo] + fsk , where £, f,, f5 are functions of x, y, z.1t
is denoted by divF and is defined as

divF =V.F
s a, 0 _ 0. R R -
divF = (al+@] +£k>-(f1l+fzj +f3k)
. Of1 8fs Ofs
divF =V.F = ax+6y+ 3z

Clearly divF is a scalar guantity.

Physical interpretation of Divergence

Let us consider the motion of the fluid. Consider a small rectangular parallelepiped with edges
8y, 8y, 6, parallel to the axes in the mass of fluid.

Let V = Vi + V,j + V,k be the velocity of the fluid at (x, y, z).

y
C R
D 5
B Q
A P
> X

o
z

Amount of the fluid flowing in through the face ABCD per unit time
= Velocity X Area of the face = V, §ydz

Amount of the fluid flowing out through the face PQRS per unit time
vy
= [Vx + M é‘x] 6yéz
-~ The net decrease in the amount of fluid across these two faces is

aVy
= [Vx + x Sx] 6y6z — V,.8yéz

ov,

=[Vx+6x

Sx — Vx] Sysz = 2% 5x8ybz




Similarly, the decrease in amount of fluid due to flow along the y — axis = %y 6x8ydz

The decrease in amount of fluid due to flow along the z — axis = % 6x6ydz

Total decrease in amount of fluid inside the parallelepiped per unit time

z
ox T oy + e 6x8ybz

—[av"+% av,

. . . av, av. av,
Hence the ratio of loss of fluid per unit volume = a—; + a—yy a—ZZ

5}

= [:—xi+ayj+%l€].[vxi+vy“+vzk]

=V.V
= divV

Hence divV gives the rate of outflow per unit volume at a point of the fluid. If divV =0
everywhere in some region of space, then V is called Solenoidal Vector function and the fluids said
to be incompressible i.e., there is no gain or loss in the volume element.

Curl of a vector function

The curl of a vector function F = f,1 + f,] + f3k is denoted by curlF and is defined as curlF =
VXF

i j k

curlF = i i i

dx 0y 0z

i 2 f
— [0f3 Of2]. [0f3 Of1],, [0f2 Of1]+
C“”F_[ay az ' [ox az] e 6y]k

Clearly curlF is a vector guantity.

Physical interpretation of Curl

Consider a rigid body rotating about a fixed axis through origin. Let the uniform angular velocity
be W = wyi + w,j + wsk , wy, w,, ws are constants. The velocity V of any point P(x,y, z) on the
body is given by V = w X 7, where 7 is the position vector of P.

Letv7=w1i+wzj+W31Ac and?=xi+yj+zl?

Consider V = w X #

V= (Woz — w3y)i — W1z — wax)f + (Wyy — wyx)k
curlV = VXV

curlV =V X [(WZZ —wsY)i— (Wyz —wgx)j + (wyy — wzx)lAc]




1 i ] k 1
. 0 d 0
curlV = — — —
dx dy 0z

(Woz —w3y) (Wsx —wyz) (WY — wyx)
curlV = [wy = (=w1) Ji = [=wp = wolj + [ws — (-ws)]k
curlV = [2w; 11+ [2w,]f + [2ws]k
curlV = 2[w1i +wyf + W3E]

curlV = 2w

Thus the angular velocity of rotation at any point is equal to half of the curl of the velocity.

Note:
1. If divF = 0, then we say that F is Solenoidal vector.
2. If curlF =0, then we say that F is irrotational vector.
3. Irrotational vector field is called as conservative field or potential field.
4. When F is irrotational there always exist a scalar point function such that Ve = F , then
@ is called a scalar potential of vector F.

Problems

1. If F = xyzi + 3x2yj + (xz2 — y22)k , find the divF and curlF at (2,—1,1).
Sol: Given F = xyzi + 3x2yj + (xz% — y22)k

Wkt  divF =V.F

i = 0f  Ofs
dlvF—ax+ay P

divF = 2 (xyz) + o (3x2y) + = (2 —
ivF = o xXyz 3y x“y P (xz% —y*2)

divF = yz.1 4 3x2.1 + (x.2z — y2.1)
divF = yz + 3x2 + 2xz — y?
At (2,-1,1)
divE = (—=1)(1) + 3.(2)% 4+ 2(2)(1) — (-1)?
divF = —1+12+4—1

divF =14




Also, curlF =VXF

QO =~
v

gle=

ax oz
(xyz) (3x?y) (xz° —y?2)
curlF = [i (xz? — y?z) — 9 (3x2y)] {— [i (xz? —y?z) — 9 (xyz)|}
dy 0z dx 0z
+ [ 9 (3x2y) =2 ]12
oy XY 3y (xyz)
curlF = [(=2yz) = 0]i — [(z* = 0) = (x)]j + [(6xy) — (x2)]k
curlF = [-2yz]i — [2% — xy]j + [6xy — xz]k
At (2-1,1)
curlF = [-2(-1)(D]i - [12 = 2(-D]j + [6(2)(-1) — (2)(D]k
curlF = 2i — 3j — 14k
2. Find divF and curlF where F = grad(x3 + y3 + z3 — 3xyz).
Sol: Letp = x3 + y3 4+ 23 — 3xyz
F= grade
F= Vo

., dp Jde O0p .
F=—i4—f+—
ax Tyl T ok

F = (3x% — 3yz)i + (3y% — 3x2)j + (3z% — 3xy)k
Now, divF = V.F
divF =2 (3x% — 3yz)+i(3y2 — 3xz2) +2 (3z% — 3xy)
ox ay oz
divF = (6x — 0) + (6y — 0) + (6z — 0)

divF = 6x + 6y + 6z

curlF =VXF
i j k
T 4] 0 0
curlF = — — —
dx dy 0z

(3x2—3yz) (3y?—3xz) (3z%2-3xy)
lﬁ—[a(32 3xy) a(32 3 )]“ [6(32 3xy) 6(32 3 )]“
curlF = 3y z xy Ep y xz)|1 Ep z xy Fp x vz)|j
+[a(32 3x2) a(32 3 )]12
o y Xz 3y x vz

curlF = [(0 — 3x) — (0 — 3x)] — [(0 — 3y) — (0 — 3y)]j + [(0 — 32) — (0 — 32)]k

curlF = [-3x + 3x]i — [—3y + 3ylj + [-3z + 3z]k




curlF = 0f — 0j + 0k
curlF =0
3.1f F = V(xy3z?), find divF and curlF at (1,—1,1).

Sol: Let ¢ = xy3z2

ﬁzV(p
L, Odo, Odp, O0¢ .
F=—Ii4+—j+—k
ax oy T oz

F = (y322)i + (3xy222)j + (2xy32)k
Now, divF = V.F
divF = 3 (°22)+5(3xy222) +5 (2xy°2)
divF = (0) + (6xyz?) + (2xy?)

divF = 6xyz? + 2xy3

At (1,-1,1)
divF = 6(1)(~1)(1)2 + 2()(~1)3 = —6 — 2
divF = -8
Also, curlF =VXF
: j i
. 9 0 0
curtt = 0x dy 0z

(y322) (3xy?z%) (2xy3z)
curlF = [E)a_y (2xy3z) — % (3xyzzz)] - [% (2xy3z) — % (y3zz)]j
+ [% (3xy?2?) — aa_y (y3zz)] k
curlF = [(6xy?z?) — (6xy?z?)]i — [(2y32) — (2y°2)]j + [(3¥22%) — (3y22%)|k
curlF = 0f — 0j + Ok
curlF =0
4.1f F = Bx2y — 2)i + (x23 + y*)j — 2x32%k , find grad(divF) at (2,—1,0).
Sol: Given F = (3x%y — 2)i + (xz3 + y*)j — 2x322k
WKt, divF = V.F
divF =2 (3x%y - z)+%(xz3 +y4) +2 (=2x%22)

divF = (6xy) + (0 + 4y3) + (—4x32)




divF = 6xy + 4y3 —4x3z = ¢(Say)

g _ _ 2 A9 _ 2 99 _ 4.3
ax—6y 12x°z ay—6x+12y 5 = 4x

Now, grad(divﬁ ) = gradp
grad(divﬁ) =Vop

_0p,. 09, 097
_axl+6y]+az

grad(divF) = (6y — 12x22)i + (6x + 12y2)j + (—4x3)k
At (2,—1,0)
grad(divF) = (6(=1) — 0)i + (6(2) + 12(—1)2)j + (—4(2)>k
grad(divF) = 6i+ 24j — 32k
6. If F = x21 + xyj + xzk , find curl(curlF) .

Sol: Given F = x2i + xyj + xzk

R S
Fovxfami=|L 2 9
cur = cur = ax ay aZ

(x2) (xy) (x2)
. o 9 9 9 9 9 _
curlf = [~ (e2) 5 (xy)] P [5 (xz) — g(xz)] N [a ()~ 5, 6| F
curlF = [(0) — (0)]i — [(2) — ()]} + [(») — (0)]k
curlF = 0i — zj + yk
Now,

Curl(curlﬁ) = VX(curlﬁ')

i j k

S 0 0 0
curl(curlF) = = 30 3,
x y z

0 (-2 O

Y 9 T d 1. 10 IR
curl(eurtF) = |5 0) 5 (0|1~ |70~ O] +[5- 0 5 ©)]

curl(curlF) = [(1) — (=] = [(0) — (0)]f + [(0) — (0)]k
curl (curlf") =2i

xi+y]j

is both solenoidal and irrotational.
(x2+y2)

7. Show that F =

. R - _ X A y a
Sol: Given F = =" 1+ =55

WKkt, divF = V. F




divF = ((xzf_yZ))-l-a ((xziyz))

divF = (x2+y?)1-x2x | (x%+y?).1-y.2y

(x2+y?)? (x2+y?)?
. =2 xZ4y?-2x2+x2+y?-2y?
divF = ZyD)e
divF =0
« F is Solenoidal.
Now, curlF=VXF
B
d d d
curlF =  9x dy 0z
X
4 0

(x2+y?) (x2+y?)

curlF = [—(0)‘6—(@%@] a[ O -5 (Grr55)l
+alasm) - @(wiﬁ)] :

2
curlF = [(0)—(0)11—[(0)‘(0)”[( 2+y2) (x? iyyz)]

curlF = 0f — 0j + Ok

curlF =0
- F is irrotational.

8.P.TF = (y +2)i + (z + x)] + (x + y)k is irrotational. Also find a scalar point function
@ such that F = V.

Sol: Given F = (y + 2)i+ (z + x)j + (x + )k

curlF =VXF

i h k

. d d 0
curlF = — — —
dx dy 0z

+z) (z+x) (x+y)
L 9 [0 9 T 9 ;
curlF = @(x+y)—£(z+x)]1—[a(x+y)—&(y+z)]]+[&(z+x)—@(y+z)]

curlF = [(1) — (D] = [(1) — (D]} + [(D) - (D]k

Tofind @




Consider Vo = F

dp 3¢, 0p. R
2+ P =+ i+ 2+ 0] + (c + )k

dx dy 0z
g—f=y+z Z—Z=z+x Z—f=x+y
Integrating we get
p=w+2z)[1ldx =(z+x)[1dy p=x+y)[1dz
p=0+2x+f(y,2) @=E+tx)y+f(x2) p=@+y)z+f(x)
o =xy+xz+f(,2) o =yz+xy+f(x,2) o=xz+yz+f(x,y)

@ =xy+xz+yz,where f(y,z) =yz ,f(x,z) =xz, f(x,y) = xy

9.1f F = (axy + z3)i + 3x% — 2)j + (bxz? — y)k ; if F is irrotational find constants a
and b. Also find scalar function ¢ such that F= Vo.

Sol: Given F = (axy + z3)i + (3x% — 2)j + (bxz? — y)k

curlE =VXF

curlF =

Q =~
Q
N

ox ay
(axy +z3) (3x?2—12z) (bxz

N

—-y)
S 0 0 0 0
[ 2 _ o 2 _ L 2 _ o 3 o
curlF [ay (bxz* —y) 5 (3x z)] i [ax (bxz* —y) P (axy + z°)|j
0 0
— 2 _ _ 3
+ [ax (Bx* —2) 3y (axy + z )]

curlF = [(-1) — (D]t — [(bz?) — (3z®)]j + [(6x) — (ax)]kcurlF
= 0f — (bz? — 32%)j + (6x — ax)k

Since F is irrotational,

curlF =0

0f — (bz? — 3z%)j + (6x — ax)k = 01 — 0f + Ok
bz? —3z%2 =0 6x—ax =0
z2(b—3)=0 x(6—a)=0

b-3=0 6-a=0
b=3 a==6
Thus, F = (6xy + z3)i + (3x% — 2)j + (3xz% — y)k

Tofind @




Consider Vo = F

dp, dp,_ 09

&”@“ aZIE = (6xy + z%)i + (3x%? — 2)j + (3xz% — y)k
99 _ 3 00 _ a2 _ 99 _ 2 _
rl 6xy +z 3y 3x“—z red 3xzc -y
Integrating we get
=6y [xdx+2z3[1dx @p=3x*[1dy—z[1dy @=3x[z*dz—y[1dz
2 3
o =6y(S)+23x+f(.2) ¢ =3x%y —zy + f(x,2) ¢ =3x(3)-yz+ f(x)
@ =3x%y+23x + f(y,2) @ =3x%y—zy + f(x,2) o =xz3—yz+ f(x,y)

~ @ =3x%y+xz3 —yz ,where f(y,2) = —yz , f(x,2) = xz3, f(x,y) = 3x%y

VECTOR INTEGRATION

Line Integral
Consider a curve C in space which consists of infinitesimally small elements of length
dr. Then the line integral of a vector /T(x, v, z) along the curve C is defined to be the sum of the

scalar products of A ,d# and is represented by [ A.d#.

If F is the force acted upon by a particle in displacing it along the curve C then fC F.d7#

represents the total work done by a force , it also represents the circulation of F about C where F
represents the velocity of a fluid.

F is said to be irrotational if §. F.d# = 0.

Problems
1 IfF = (5xy — 6x2)i + (2y — 4x)j, evaluate [, F.d7 where C is the curve y = x* from
the point (1,1) to the point (2,8).

Sol: Given F = (5xy — 6x2)i + (2y — 4x)j
d7 = dxi + dyj + dzk

Consider, F.d7 = [(5xy — 6x2)i + (2y — 4x)f]. [dxt + dyj + dzk|

F.d7# = (5xy — 6x¥)dx + 2y — 4x)dy - (1)
INC:y=x3 Points: (1,1) (2,8)
dy = 3x2dx

()= F x* — 6x?)dx + (2x3 — 4x).3x%dx

dr = (5
F.d7 = (5x* — 6x% + 6x° — 12x3)dx




-

2
F.d7 = f(5x4 — 6x2 + 6x° — 12x3)dx
1

fﬁ di =5 il 6 < x:2+6 xe)™ 12 )
A= 3| 6| 4|
C x=1 x=1 x=1 X

=1
=°-1)-22-1D+(2°-1)-3(2*-1)
=31—14+63—45

fﬁ.d7=35
C

2. Evaluate |, F.d7 along the circle x2 + y2 = 4 , where F = 3xyi — yj + 2zk.
Sol: Given F = 3xyi — yj + 2zk
dr = dxi + dyj + dzk
Consider, F.d7 = [3xyt — yj + 2zk]. [dxi + dy] + dzk|
F.d? = Bxy)dx + (=y)dy + 22)dz - (1)
INC:x24+vy2=4 ,z=0

x2 4+ y? =22 (x% +y2 = 12)
Put x =rcosf ; y = rsinf ; z=0
x = 2cos0 ; y = 2sinf
dx = —2sinfdf ; dy = 2cos6d6 ;dz=0
0:6=0 to 6 =2m
Q)= F.d7 = (3. 2cos8. 2sin8)(—2sinfd6) + (—2sinb). (2cos6d8)

= (—24cosB0sin?*0 — 4sinbcosH)do
j F.df = f (—24sin%6cosO — 4sinbcosH)db
c 6=0

Jo Fodi= 24 T AP {f1pcorycoar = KT

n+1

f F.d#=—-8(0—0) —2(0 — 0) {sin2m = 0 = sin0}

fﬁ.d?=0.
C

3.If F = (3x% + 6y)i — (14yz)j + (20xz2)k, evaluate [ F.d# from the point (0,0,0) to




(1,1,1) along the curve givenby x = ¢, y = t?, z = t53.

Sol: Given F = (3x2 + 6y)i — (14yz)j + (20xz?)k
dr = dxi + dyj + dzk
Consider, F.d7 = [(3x? + 6y)i — (14y2)] + (20xz?)k]. [dxi + dyj + dzk]

-

F.d7 = (3x% + 6y)dx + (—14yz)dy + (20xz®)dz --- (1)
INnC:x=t : y =t? Doz =13
dx =dt ; dy = 2tdt : dz = 3t%dt

t:it=0 to t=1
()= F.d7 = (3t% + 6t2)dt — (14t2t3).2tdt + (20.t.t5)3¢2dt

F.d7 = (9t% — 28t6 + 60t%)dt

1
f F.d# f(9t2 — 28t6 4 60t°)dt

0
i g £31t=1 28t7t1 60t0t1
|7 - +60| 55
c

t=0
=3(1-0)—4(1-0)+6(1—0)
=3-4+6

fﬁ.d?=5
C

4.1f F = (x®)i + (xy)j, evaluate . F.d# from (0,0) to (1,1) along i) the line y = x
ii) the parabola y = v/x.

Sol: Given F = x21 + xyj
d7 = dxi + dyj + dzk

Consider, F.d7 = [(x2)i + (ey)fl. [dxt + dyj + dzk]

F.d# = (x®)dx + (xy)dy - (1)
i) Alongy=x Point: (0,0) to (1,1)
dy = dx

= (x®)dx + (x.x)dx




f? i = 2
. T—3
C

ii)Alongy =vx ;y?=x Point: (0,0) to (1,1)
2ydy = dx
()= F.d? = (y*)2ydy + (y2.y)dy

F.d? = (2y® + y3)dy

fﬁ d*—1+1

.T—3 4

Cc

fi«"’ &7 =
. 1‘—12

c

5. Find the total work done by a force F= 2xyi — 4zj + 5xk along the curve x = t2,
y=(2t+1) ,z = t3 fromthe pointt = 1 tot = 2.

Sol: Given F = 2xyi — 4zj + 5xk
d7 = dxt + dyf + dzk
Consider, F.d7 = [2xyt — 4zf + 5xk].[dxt + dyj + dzk]

F.d# = 2xydx — 4zdy + 5xdz - (1)
InC:x=t? y=2t+1 z=1t3
dx = 2tdt; dy = 2dt . dz = 3t%dt

t:t=1to t=2

(1)= F.d7 = (2t2(2t + 1))2tdt — 4(t3). 2dt + (5t2)3t2dt




F.d? = (8t* + 4t3 — 8¢3 + 15¢tY)dt
F.d# = (23t* — 4t3)dt

-

The work done by a force = [ F.d7

2
= f(231:4 —4t3)dt

t=1

ae—
™
U
=

2 2
=2 -4
=2

2@ -1 -2 -1)

— 23(31) —15 = 713-75
5 5

Work done , [, F.d7 = ? units

6. Find the total work done by a force F =3x2 + (2xz — y)j + zk when it moves
t2 3t

a particle from the pointt = 0and t = 2 alongthecurvex =t, y = T Z= 5

Sol: Given F = 3x2i 4 (2xz — y)j + zk
d7 = dxi + dyj + dzk
Consider, F.d7 = [3x%1 + (2xz — y)J + zk|.[dxt + dy] + dzk|

F.d# = 3x%dx + (2xz — y)dy + zdz - (1)
2 3
INnC:x=t ; y:% : Z:%
2 2
dx = dt ; dy:%dt:%dt : dZ=(3)idt=%dt

t:t=0 to t=2

N
[E——
N |+
QU
w
CO|H
w
|©
o | ~+
QU
~

_3[1:3]2 1[t4]2 +51[t6]2
3lt=0 8l4lz=0 64l6li=g

3 _m L a_ 51 56 _
= (2°—0)— = (2~ 0) + o= (2° ~ 0)




= _ﬁ S
=8 +384(64)

Work done, J, F.d7 = 16 units

Green’s Theorem
Let M(x,y) and N(x,y) be two functions defined in region 'R’ and the xy — Plane with simple

closed curve C has its boundary , then ¢, Mdx + Ndy = [f, [— - —] dydx

Note:
1. Area = [[, dydx = %fc (xdy — ydx)

Problems

1. Evaluate [ (xy — x*)dx + x*ydy where C is the closed curve bounded by y = 0,
x=1landy = x.

Sol: Green’s Theorem: gﬁ Mdx + Ndy = ff [a—N — —] dydx -- (1)

Given [. (xy — x*)dx + x*ydy

Here, M = xy — x? N = x2y

om_ on
ady - ox

In ‘R’
x:x=0tox=1
yiy=0toy=x

(1) = [, ey —x*)dx + x*ydy = fx1=0 f;C:O(ny — x)dydx

e O[Zx[ ] —x[y]f)‘]dx

= [ [x(x? = 0) — x(x — 0)]dx




f (xy — x?)dx + x?ydy = f (x3 —x?)dx
c

x=0

_1_1_3

T4 3 12
f(xy—xz)dx+x2ydy=_—1
2 12

2. Use Green’s theorem to evaluate fc (xZ + yz)dx + 3x2ydy where C is the circle

x% + y? = 4 traced in the positive sign.
Sol: Green’s Theorem: jic Mdx + Ndy = |, 2 [aN aM] dydx - (1)

ax  ay.

Given [. (x* +y*)dx + 3x*ydy

Thyi=4
(=20 2,0
HJ() 4
Here, M = x2 + y? N = 3x?
_
%’=2y Z—IZ=6xy
In ‘R
xix=—-2tox=2

y:y=—/4—x? toy=+4-—x?
(V)= [, (x* +y*)dx + 3x*ydy = f f _W(6xy 2y)dydx

4—x2

S L T i

y

x==2

8 [w——xzr—[—mr]—umr—[—w——xzr]] i

J(x + y?)dx + 3x%ydy = j [3x[(4 —x2) — (4 — xD)] — [(4 — x?) — (4 — x?)]]dx

x=—2
Jo (x* +y*)dx + 3x*ydy = 0.

3.Use Green’s theorem to find area between the parabola x? = 4y and y? = 4x.




Sol: Wkt Area = [f, dydx = %fc (xdy — ydx)

1
Thus, A= Efc (xdy — ydx)

A= %[IOA(xdy —ydx) + [, ,(xdy — ydx)] (1)
j; y: =4x & x* =4y
y* = 16x*
WA y* = 16(4y)
A 2 = dy y* = 64y
O y* — 64y = 0
y»® —64) =0
y=0 1y =64

y=0 & y=4

Along OA: Along AQO:
x* =4y y? = 4x
2 2
y=" x =7
=2 =
dy = ” d dx = ” dy
=X =7
dy = de dx = > dy
In ‘R’

xix=0tox=4yy=4toy=0
W =Aa=2[ (xZax—Zax)+ [0, (Ldy—y.2dy)]
A= (G- L -5 )@
=3[R () ax - L. () ]
4

0

1

- 2 gy _ 2

A_2*4 fxdx fydy
x=0 y=4

=3[l

[(4° —0) — (0 —4°)]

A=

8x3

1
A=—164 4
24[6 + 64]




128
24

A= ? Sq.Units

Stoke’s Theorem

If S is a surface bounded by a simple closed curve C and if Fis any continuously

differentiable vector function then

fﬁ.d?zffcurlf.ﬁds=ff(l7xf).ﬁds
C 3 3

Problems

1.Verify Stoke’s theorem for F = yi + zj + xk where S is the upper half of the sphere
x% +y?+z% = 1and C is its boundary.

Sol: By Stoke’s theorem,

$, F.dr = JIs curlF .fids , C isthe circle in the xy — plane whose centre is the origin and radius
equal to unity.

ie,x2+y2=1and z=0
dz=0
Putx =cos@y=sinf ;0<60<2n
LHS, §. F.d7 =¢. ydx + zdy + xdz
= [,;7 (sing)(—sin8d8) + (0) + (0)
_ 2T .2
— Jo_, Sin*6d6

2w (1- (:0529)
— Jpr a0

==3 92:0(1 — c0s20)d6

= -3 - [,

_ %{[271 -0] - % [sindm — sinO]}

S 1
%Fd?z —E(ZT[)

C

Now, curlF = VXF




A
— |9 a a

ox dy oz

y Z X
=[20-2@]i-[20 - 2] +[2@ - 2 0]k

=[0-1]i—[1-0]j+[0—1]k
curlF = —i—j—k
fids = dydzi + dxdzj + dxdyk
fids = 0.1+ 0.} + dxdyk (Sincez =0, dz = 0)
curlF.fids = (=i —j —k ). (0.1 + 0.} + dxdyk)
curlF.fids = —dxdy

RHS, [, curlF . A ds = JI; —dxdy

ffcurlﬁ.ﬁds= —ffdxdy
S S

JIs curlF .fids = -1 (Since JI; dxdy = Areaof circle,x* +y* =1 =m(1)* = n)
LHS = RHS

2. Evaluate §. (xydx + xy?dy) by Stoke’s theorem where C is the square in xy — plane with
vertices (1,0) (—1,0) (0,1) (0,-1).

Sol: Given §. (xydx + xy?dy)
jg F.d7 = jg(xydx + xy?dy)
c c

Here, F = xyi + xy?j + 0k

Now, curlF = VXF

i 7k
_|le 9o 9
T lox oy oz
xy xy®> 0
[ 0 0 n a 0 n a a ~
=[50 =2 eyt = [ @ = Z )| + [ 55 v = 55 ()| &

curlF = [0 — 0]t — [0 — 0]f + [y? — x]k
fids = dydzi + dxdzj + dxdyk

curlF.fids = (0.1 — 0. + [y? — x]k ). (dydzi + dxdzj + dxdyk)




curlF.fds = [y? — x|dxdy

Wkt , 4. F.dr = JIa curlF .fi ds

= [[, [y* — x]dxdy

y
. 3
A
/ AN
S 1)
\\ J/( ) R
\\/’f x:x = —1 to x =
(0, ~1) yv:y=—1 to y =
1 1
fﬁ.d?z f f[yz—x]dydx
C x=—1y=-1

= [ (B, - *D e

= f 30— (D] =21 - (-0 dx

Lo, 2
fﬁ F.dr = 3 [1-(-D]-[(1)? - (-1)?]
C

3. Evaluate §. (x* + y*)dx — 2xydy taken round the rectangle bounded by x = 0,x = a,
y = 0,y = b using Stoke’s theorem .

Sol: Given ¢ (x* + y*)dx — 2xydy




—Kf F.d# = —tf(xz + y?)dx — 2xydy
c c

Here, F = (x% + y2)i — 2xyj + 0k

Now, curlF = VXF

; ;R

_ 9 9 39
- dx ady 0z
(x2+y%) —-2xy 0

=[5 © =5 22| i = [ @ = (2 + y)]7 + [35 (-229) -
(2 +y)]|k
curlF = [0 — 0]i — [0 — 0] + [-2y — 2y]k
curlF = 0f — 0j — 4yk
fids = dydzi + dxdzj + dxdyk
curlF.fids = (0.1 — 0.f — 4yk ). (dydzi + dxdzj + dxdyk)
curlF.fds = —4ydxdy

Wkt , 4. F.d?zﬂk curlF .7 ds

= [f, —4ydxdy
X
0. b - LB In "R’
T T x:x =01t x=a
T0.00 = ez, OO x y:y — 0 tﬂ y — b
$. F.dr = —4fxa=0 :_Oy dy dx
_ a (v
_4fx—0{[7]0}dx




4. Using Stoke’s theorem to evaluate gﬁc F.d# where F = yi + zj + xk and C is the
boundary of the upper half of the sphere x2 + y2 + z2 = 1.

Sol: Given F = yi + zj + xk
C is the circle in the xy — plane whose centre is the origin and radius equal to unity.

ie,x2+y2=1and z=0

dz=0
Now, curlF = VXF
i j k
=2 9 9
dx 0Jdy 0z
y z X

= F®-z@|i- [ -s0]i+[£® -5 0]k
=[0-1]i—[1-0]j+[0—-1]k
curlF = —i—j—k
fids = dydzi + dxdzj + dxdyk
fids = 0.1+ 0.} + dxdyk (Since z =0, dz = 0)
curlF.fids = (—i—j =k ). (0.t + 0.7 + dxdyk)
curlF.fds = —dxdy

By Stoke’s theorem,

ff.d?z ff curlF .fids

[}
%)




$, F.dr=-m (Since JI; dxdy = Area of circle,x* +y? =1 =mn(1)* = n)

Problem on flux

xyi + yz?j + xzk and S is the rectangular parallelepiped bounded by x = 0,y = 0,z =

If F=2
x =2,y = 1,z = 3.Find the flux across S.

0,
Sol: HereF = 2xyi + yz%j + xzk

Now, divF = V.F
9., 0., 0~ . . ~
=[al+£] +£k].[2xyl+yzzj+xzk]
B =0 9 v+
divF = ——(2xy) +3 (vz*)+5- (xz)
divF =2y + 22 + x

Flux across S = [ F.Ads

By divergence theorem, [f F.ids= I, divF dv

3 1 2
jfﬁ.ﬁdsz f f f(2y+zz+x)dxdydz
s 220 y=0 x=0

= [ oo |@y 2 e+ [2] [ ay az
= o L4y + 222 + 2) dy dz
= L[] + ezt + D as
= [ {2+222 + 2}dz

= fio{Zz2 + 4}dz

313
. z
ffF.ﬁdS=2[—] + 4[z]3
3
S 0

=2(9-0)+4(3-0)

Hﬁ.ﬁds= 30
S




1 VECTOR SPACES AND SUBSPACES

What is a vector? Many are familiar with the concept of a vector as:
e Something which has magnitude and direction.
e an ordered pair or triple.
e a description for quantities such as Force, velocity and acceleration.

Such vectors belong to the foundation vector space - R™ - of all vector spaces. The
properties of general vector spaces are based on the properties of R™. It is therefore

helpful to consider briefly the nature of R".

1.1 The Vector Space R”

Definitions

e If n is a positive integer, then an ordered n-tuple is a sequence of n real
numbers (ai, as, ..., a,). The set of all ordered n-tuples is called n-space and

is denoted by R™.

When n = 1 each ordered n-tuple consists of one real number, and so R may be
viewed as the set of real numbers. Take n = 2 and one has the set of all 2-tuples
which are more commonly known as ordered pairs. This set has the geometrical
interpretation of describing all points and directed line segments in the Cartesian z—y
plane. The vector space R3, likewise is the set of ordered triples, which describe all
points and directed line segments in 3-D space.

In the study of 3-space, the symbol (aq,as,a3) has two different geometric in-
terpretations: it can be interpreted as a point, in which case a;, as and as are the
coordinates, or it can be interpreted as a vector, in which case aq, as and agz are

the components. It follows, therefore, that an ordered n-tuple (aq,as, ..., a,) can be



viewed as a “generalized point” or a “generalized vector” - the distinction is math-
ematically unimportant. Thus, we can describe the 5-tuple (1,2,3,4,5) either as a
point or a vector in R,

Definitions

e Two vectors u = (uy, us, ..., u,) and v = (vy,vq,...,v,) in R are called equal
if

Up = V1, U2 = V2,...,Un = Up
e The sum u + v is defined by

u+v = (u;+vy,us + Vo, ..., Uy + V)

e Let k be any scalar, then the scalar multiple £u is defined by

ku = (kuy, kua, . .., kuy,)

e These two operations of addition and scalar multiplication are called the stan-

dard operations on R".
e The zero vector in R” is denoted by 0 and is defined to be the vector
0=1(0,0,...,0)
e The negative (or additive inverse) of u is denoted by -u and is defined by
—u = (—uy, —Ugy ..., —Up)
e The difference of vectors in R" is defined by
v—u=v+(—u)

The most important arithmetic properties of addition and scalar multiplication
of vectors in R™ are listed in the following theorem. This theorem enabes us to

manipulate vectors in R” without expressing the vectors in terms of componenets.



Theorem 1.1. If u = (uy,ug,...,u,), v = (v1,02,...,0,), and w = (wy, ws, . .., wy,)

are vectors in R™ and k and | are scalars, then:
I.u+v=v+u
2. u+(v+w)=(u+v)+w
3 u+0=0+u=u
4. u+(—u)=0; thatis, u—u=0
5. k(lu) = (kl)u
6. k(u+v)=ku+ kv
7. (k+lu=ku+lu

8 lu=u

1.2 Generalized Vector Spaces

The time has now come to generalize the concept of a vector. In this section a set of
axioms are stated, which if satisfied by a class of objects, entitles those objects to be
called “vectors”. The axioms were chosen by abstracting the most important prop-
erties (theorem 1.1). of vectors in R"; as a consequence, vectors in R” automatically
satisfy these axioms. Thus, the new concept of a vector, includes many new kinds
of vector without excluding the “common vector”. The new types of vectors include,
among other things, various kinds of matrices and functions.
Definition

A wector space V over a field F is a nonempty set on which two operations are
defined - addition and scalar multiplication. Addition is a rule for associating with
each pair of objects u and v in V' an object u + v, and scalar multiplication is a rule

for associating with each scalar £ € F and each object u in V' an object ku such that



1. fu,veV,thenu+vevV.

2. fueVandk e€F, then kueV.
3. u+v=v+u

4. u+(v+w)=(u+v)+w

5. There is an object 0 in V, called a zero vector for V', such that u+0 = 0+u = u

foralluin V.

6. For each u in V, there is an object -u in V, called the additive inverse of u,

such that u+ (—u) = —u+u=0;
7. k(lu) = (kl)u
8. k(u+v)=ku+kv
9. (k+lu=*ku+lu
10. lu=u

Remark The elements of the underlying field ' are called scalars and the elements
of the vector space are called vectors. Note also that we often restrict our attention
to the case when F = R or C.
Examples of Vector Spaces

A wide variety of vector spaces are possible under the above definition as illus-
trated by the following examples. In each example we specify a nonempty set of
objects V. We must then define two operations - addition and scalar multiplication,
and as an exercise we will demonstrate that all the axioms are satisfied, hence entitling

V' with the specified operations, to be called a vector space.

1. The set of all n-tuples with entries in the field F, denoted F" (especially note
R"™ and C").



2. The set of all m x n matrices with entries from the field F, denoted M, (F).
3. The set of all real-valued functions defined on the real line (—oo, 00).
4. The set of polynomials with coefficients from the field F, denoted P(TF).

5. (Counter example) Let V = R? and define addition and scalar multiplication

oparations as follows: If u = (uy,u2) and v = (v, v2), then define
u+v = (u + v, us + v7)
and if £ is any real number, then define

ku = (kus,0).

1.2.1 Some Properties of Vectors

It is important to realise that the following results hold for all vector spaces. They

provide a useful set of vector properties.
Theorem 1.2. If u,v,w € V (a vector space) such that u+ w = v + w, then u = v.

Corollary 1.1. The zero vector and the additive inverse vector (for each vector) are

UNIQUE.

Theorem 1.3. Let V' be a vector space over the field ¥, u €V, and k € F. Then the

following statement are true:
(a) Ou=0
(b) kKO=0
(¢) (=F)u = —(ku) = k(-u)

(d) If ku=0, then k=0 or u=0.



1.2.2 Quiz

True or false?

(a) Every vector space contains a zero vector.

(b) A vector space may have more than one zero vector.
(c) In any vector space, au = bu implies a = b.
(

d) In any vector space, au = av implies u = v.

1.3 Subspaces

It is possible for one vector space to be contained within a larger vector space. This
section will look closely at this important concept.

Definitions

e A subset W of a vector space V is called a subspace of V if W is itself a vector

space under the addition and scalar multiplication defined on V.

In general, all ten vector space axioms must be verified to show that a set W with
addition and scalar multiplication forms a vector space. However, if W is part of a
larget set V' that is already known to be a vector space, then certain axioms need not
be verified for W because they are inherited from V. For example, there is no need
to check that u+ v = v + u (axiom 3) for W because this holds for all vectors in V'
and consequently holds for all vectors in W. Likewise, axioms 4, 7, 8, 9 and 10 are
inherited by W from V. Thus to show that W is a subspace of a vector space V' (and
hence that W is a vector space), only axioms 1, 2, 5 and 6 need to be verified. The
following theorem reduces this list even further by showing that even axioms 5 and 6

can be dispensed with.

Theorem 1.4. If W is a set of one or more vectors from a vector space V', then W

1s a subspace of V' if and only if the following conditions hold.

(a) If u and v are vectors in W, then u + v is in W.



(b) If k is any scalar and u is any vector in W, then ku is in W.

Proof. If W is a subspace of V, then all the vector space axioms are satisfied; in
particular, axioms 1 and 2 hold. These are precisely conditions (a) and (b).

Conversely, assume conditions (a) and (b) hold. Since these conditions are vector
space axioms 1 and 2, it only remains to be shown that W satisfies the remaining
eight axioms. Axioms 3, 4, 7, 8, 9 and 10 are automatically satisfied by the vectors
in W since they are satisfied by all vectors in V. Therefore, to complete the proof,
we need only verify that Axioms 5 and 6 are satisfied by vectors in W.

Let u be any vector in W. By condition (b), ku is in W for every scalar k. Setting
k =0, it follows from theorem 1.3 that Ou = 0 is in W, and setting k£ = —1, it follows
that (—1)u= —uisin W. O

Remarks
e Note that a consequence of (b) is that 0 is an element of W.

e A set W of one or more vectors from a vector space V is said to be closed
under addition if condition (a) in theorem 1.4 holds and closed under scalar
multiplication if condition (b) holds. Thus, theorem 1.4 states that W is a
subspace of V' if and only if W is closed under addition and closed under scalar

multiplication.
Examples of Subspaces

1. A plane through the origin of R?® forms a subspace of R3. This is evident
geometrically as follows: Let W be any plane through the origin and let u and
v be any vectors in W other than the zero vector. Then u 4 v must lie in W
because it is the diagonal of the parallelogram determined by u and v, and ku
must lie in W for any scalar k£ because ku lies on a line through u. Thus, W is

closed under addition and scalar multiplication, so it is a subspace of R3.



2. A line through the origin of R3 is also a subspace of R3. It is evident geomet-
rically that the sum of two vectors on this line also lies on the line and that a
scalar multiple of a vector on the line is on the line as well. Thus, W is closed

under addition and scalar multiplication, so it is a subspace of R3.

3. Let n be a positive integer, and let W consist of all functions expressible in the

form

p(z) = ap+ a1z + -+ aza”

where ay, ..., a, belong to some field F. Thus, W consists of the zero function
together with all polynomials in I of degree n or less. The set W is a subspace
of P(FF) (example 4 on page 5), and if F = R it is also a subspace of the vector

space of all real-valued functions (discussed in example 3 on page 5).

To see this, let p and q be the polynomials

p(z) = ap+ a1z + -+ aza”
and

q(z) = by + byx + -+ bya”

Then
(p+a)(z) =p(z) +q(z) = (a0 + bo) + (a1 + b1)x + - - - + (an + byp)2"

and
(kp)(x) = kp(z) = (kag) + (kar)x + - - - + (kay)x"

These functions have the form given above, so p + q and kp lie in W. This
vector space W is denoted P, (F).

4. The transpose AT of an m x n matrix A is the n x m matrix obtained from A
by interchanging rows and columns. A symmetric matriz is a square matrix A
such that AT = A. The set of all symmetric matrices in M, ., (F) is a subspace

of Myxn(IF).



5. The trace of an n x n matrix A, denoted tr(A), is the sum of the diagonal

entries of A. The set of n X n matrices having trace equal to zero is a subspace
of My,xn(TF).
1.3.1 Operations on Vector Spaces

Definitions
e The addition of two subsets U and V' of a vector space is defined by:

U+V={u+vjuelU,veV}

e The intersection N of two subsets U and V' of a vector space is defined by:

UNnV={wlweUandw €V}

e A vector space W is called the direct sum of U and V', denoted U &V, if U and
V are subspaces of W with UNV = {0} and U +V = W.

The following theorem shows how we can form a new subspace from other ones.

Theorem 1.5. Any intersection or sum of subspaces of a vector space V 1is also a

subspace of V.

1.3.2 Quiz

True or false?

(a) If V' is a vector space and W is a subset of V' that is also a vector space, then W
is a subspace of V.

(b) The empty set is a subspace of every vector space.

(c) If V' is a vector space other than the zero vector space, then V' contains a subspace
W such that W #£ V.

(d) The intersection of any two subsets of V' is a subspace of V.

(e) Any union of subspaces of a vector space V' is a subspace of V.
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1.4 Linear Combinations of Vectors and Systems of Linear

Equations

Have m linear equations in n variables:

a11x1 + appxe + - - + a1, = bl
a1 + Gooxo + -+ - + Qo = bo
Am1T1 + ApaXe + -+ ATy = bm

Write in matrix form: Az = b.

A = [a;;] is the m x n coefficient matrix.
T bl

T = : is the column vector of unknowns, and b = : is the column

Tn bm
vector of RHS.

Note: g5, bj eRor C.

1.4.1 Gaussian Elimination

To solve Az = b:
write augmented matriz: [A|b].
1. Find the left-most non-zero column, say column j.
2. Interchange top row with another row if necessary, so top element of column j is
non-zero. (The pivot.)
3. Subtract multiples of row 1 from all other rows so all entries in column j below
the top are then 0.
4. Cover top row; repeat 1 above on rest of rows.

Continue until all rows are covered, or until only 00...0 rows remain.

10



Result is a triangular system, easily solved by back substitution: solve the last

equation first, then 2nd last equation and so on.

1.4.2 Example

Use Gaussian elimination to solve:

T3 — T4 = 2
—91‘1 — 21’2 + 6$3 — 121’4 = -7
31’1 + X9 — 21‘3 + 41‘4 = 2

2$3 = 6

1.4.3 Definition (row echelon form)

A matrix is in row echelon form (r.e.f.) if each row after the first starts with more
zeros than the previous row (or else rows at bottom of matrix are all zeros).
The Gauss algorithm converts any matrix to one in row echelon form. The 2

matrices are equivalent, that is, they have the same solution set.

1.4.4 Elementary row operations

1. r; <> r; : swap rows ¢ and j.

2. r; — r; —crj @ replace row ¢ with

(row 7 minus ¢ times row j).

3.1, —ocr;

replace row ¢ with ¢ times row ¢, where ¢ # 0.

The Gauss algorithm uses only 1 and 2.

1.4.5 Possible solutions for Az =b

Consider the r.e.f. of [A[b]. Then we have three possibilities:

11



(1) Ezactly one solution; here the r.e.f. gives each variable a single value, so the
number of variables, n, equals the number of non-zero rows in the r.e.f.

(2) No solution; when one row of r.e.f. is (00 ... d) with d # 0. We can’t solve
O0xy + 0xy + -+ + 0x,, = d if d # 0; it says 0 = d. In this case the system is said to
be inconsistent.

(3) Infinitely many solutions; here the number of rows of the r.e.f. is less than
the number of variables.

Note that a homogeneous system has b = 0, i.e., all zero RHS. Then we always

have at least the trivial solution, z; =0, 1 <17 < n.

1.4.6 Examples

T+ T9 — r3 = 0
2(1]1—[E2 = 0

4131+LU2—2373 =0

$2—2£3+4I4 = 2
21’2—3$3+7£L’4 = 6

Ty — Ty = 2

1.4.7 Different right hand sides

To solve Ax = b;, for j =1,...,r, for r different sets of right hand sides b;:
Form a big augmented matrix [A|biby...b,] and find its r.e.f. [U[b}d),...b)]. So
U will be a r.e.f. corresponding to A. Then solve each of the systems Ux = b;,

7 =1,2,...,r, by back substitution.

12



1.4.8 Special case: finding A™! (if it exists)

If Aisnxn and it has an inverse, then solving Az = e; (where e; is the n x 1 column
with 1 in jth place and 0 elsewhere) gives jth column of A~1.

So we find r.e.f. of [Alejes .. .e,], i.e., determine the r.e.f. of [A|I] where [ isnxn
identity matrix.

Once we have found the r.e.f. of [A|I] to be [U|x], we then use row operations to
convert it to [I|D], so D = AL

If the last row of U is all zeros, A has no inverse.

Note that if A and I are square, AC' = I implies C A = [ and conversely.

If such a matrix C exists, it is unique. We write C = A~!, and we say A is

non-singular or invertible.

1.4.9 Example

1 -1 4
Does A = 1 0 —2 | have an inverse?
2 =2 10

If so, find it.

1.4.10 Linear combinations

Definitions

e A vector w is called a linear combination of the vectors vy, vs, ..., v, if it can

be expressed in the form

w = kv; + kyvy + - - + kv,

where k1, ko, ..., k, are scalars.

Example

13



1. Consider the vectors u = (1,2,—1) and v = (6,4,2) in R®. Show that w =
(9,2,7) is a linear combination of u and v and that w' = (4,—1,8) is not a

linear combination of u and v.

1.4.11 Spanning

If vi,Vva,..., Vv, are vectors in a vector space V', then generally some vectors in V' may
be linear combinations of vy, vs, ..., v, and others may not. The following theorem
shows that if a set W is constructed consisting of all those vectors that are expressible

as linear combinations of vi,va,...,v,, then W forms a subspace of V.
Theorem 1.6. If vi,Va, ..., Vv, are vectors in a vector space V, then:

(a) The set W of all linear combinations of vi,Va,...,Vy is a subspace of V.

(b) W is the smallest subspace of V' that contains vi,Va, ..., Vv, every other subspace

of V that contains vy,va, ..., Vv, must contain W

Proof. (a) To show that W is a subspace of V, it must be proven that it is closed
under addition and scalar multiplication. There is at least one vector in W,

namely, 0, since 0 = 0vy +0vy + - - - + Ov,. If u and v are vectors in W, then
u=cCVy+CVy+- 4+ CVyp

and

v=Fkvi+kyva+- -+ kv,
where ¢, ¢, ..., ¢ k1, ko, ..., k. are scalars. Therefore
u+v=_(c+k)vi+(co+ko)va+---4 (¢ + k)vye
and, for any scalar k,
ku = (kci)vy + (kea)ve + - - - + (ke ) vy

Thus, u + v and ku are linear combinations of vy, va, ..., v, and consequently

lie in W. Therefore, W is closed under addition and scalar multiplication.

14



(b) Each vector v; is a linear combination of vy, va, ..., v, since we can write
Vi:OV1+0V2+"'+1Vi+"'+OVr

Therefore, the subspace W contains each of the vectors vy, va, ..., v, Let W’
be any other subspace that contains vq,vsa,...,v.. Since W’ is closed under

addition and scalar multiplication, it must contain all linear combinations of

V1, Va,...,ve. Thus W’ contains each vector of W.
m
Definitions
o If S={vy,va,..., v, } is aset of vectors in a vector space V', then the subspace

W of V consisting of all linear combinations of the vectors in S is called the
space spanned by vqi,Va,..., Vv, and it is said that the vectors vi,va,..., v,
span W. To indicate that W is the space spanned by the vectors in the set

S = {vy,Va,..., Vv, } the below notation is used.
W = span(S) or W = span{vi,va,..., vy}

2

Examples The polynomials 1,x,x°,...,2" span the vector space P, defined previ-

ously since each polynomial p in P, can be written as
p=ay+ax+- -+ a,z"

which is a linear combination of 1, x, 22, ..., 2" This can be denoted by writing
P, = span{l,z,2* ... 2"}

Spanning sets are not unique. For example, any two noncolinear vectors that lie
in the z — y plane will span the x — y plane. Also, any nonzero vector on a line will

span the same line.
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Theorem 1.7. Let S = {vy,va,..., v} and 8" = {w1,Wa,..., Wi} be two sets of

vectors in a vector space V. Then
span(S) = span(S")

if and only if each vector in S is a linear combination of those in S’ and (conversely)

each vector in S" is a linear combination of those in S.

Proof. If each vector in S is a linear combination of those in S” then
span(S) C span(S")

and if each vector in S’ is a linear combination of those in S then
span(S") C span(S)

and therefore

span(S) = span(S").

If

Vi # 1wy + aaWa + - - + 4, Wy
for all possible aq, as, ..., a, then

vi € span(S) but v; & span(S’)
therefore

span(S) # span(S")

and vice versa. O
1.4.12 Quiz

True or false?

(a) 0 is a linear combination of any non-empty set of vectors.

(b) If S C V' (vector space V'), then span(S) equals the intersection of all subspaces
of V' that contain S.
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1.5 Linear Independence

In the previous section it was stated that a set of vectors S spans a given vector space
V' if every vector in V is expressible as a linear combination of the vectors in S. In
general, it is possible that there may be more than one way to express a vector in V
as a linear combination of vectors in a spanning set. This section will focus on the
conditions under which each vector in V' is expressible as a unique linear combination
of the spanning vectors. Spanning sets with this property play a fundamental role in
the study of vector spaces.

Definitions If S = {v;,v,...,v,.} is a nonempty set of vectors, then the vector
equation

]%'1V1+]€2V2+“'+/{7TV1-:0
has at least one solution, namely

ki =0,ke=0,...,k. =0

If this is the only solution, then S is called a linearly independent set. If there are
other solutions, then S is called a linearly dependent set.

Examples

1. If vi = (2,-1,0,3),v2 = (1,2,5,—1) and v3 = (7,—1,5,8), then the set of

vectors S = {v1,Va, vs} is linearly dependent, since 3vy + vo — vz = 0.
2. The polynomials
pi1=1—x p2=5+32—22% pg=1+3z—2a°
form a linearly dependent set in P, since 3p; — p2 + 2p3 =0

3. Consider the vectors i = (1,0,0),j = (0,1,0),k = (0,0,1) in R3. In terms of

components the vector equation

feri + koj + ksk = 0

17



becomes

k1(1,0,0) + k2(0,1,0) + k5(0,0,1) = (0,0,0)

or equivalently,

(kla k27 k3) = (07 Oa O)

Thus the set S = {i,j, k} is linearly independent. A similar argument can be

used to extend S to a linear independent set in R".

4. In Msy3(R), the set

1 -3 2 -3 7 4 -2 3 11
-4 0 5 6 -2 -7 -1 -3 2

is linearly dependent since

1 -3 2 -3 7 4 -2 3 11 000
+3 -2 =
-4 0 5 6 -2 —7 -1 -3 2 000

The following two theorems follow quite simply from the definition of linear inde-

pendence and linear dependence.
Theorem 1.8. A set S with two or more vectors is:

(a) Linearly dependent if and only if at least one of the vectors in S is expressible

as a linear combination of the other vectors in S.

(b) Linearly independent if and only if no vector in S is expressible as a linear

combination of the other vectors in S.
Example

1. Recall that the vectors

vy =(2,—-1,0,3), va = (1,2,5,—-1), vz = (7,—1,5,8)

18



were linear dependent because
3V1+V2 — V3 =0.
It is obvious from the equation that
-1 1

Vi = —Vgy + —Vg, Vg = —3V1 + ]_V3, V3 = 3V1 + ].V2

3 3

Theorem 1.9. (a) A finite set of vectors that contains the zero vector is linearly

dependent.

(b) A set with exactly two vectors is linearly independent if and only if neither vector

1s a scalar multiple of the other.
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2 BASIS AND DIMENSION

A line is thought of as 1-Dimensional, a plane 2-Dimensional, and surrounding space
as 3-Dimensional. This section will attempt to make this intuitive notion of dimension

precise and extend it to general vector spaces.

2.1 Coordinate systems of General Vector Spaces

A line is thought of as 1-Dimensional because every point on that line can be specified
by 1 coordinate. In the same way a plane is thought of as 2 Dimensional because
every point on that plane can be specified by 2 coordinates and so on. What defines
this coordinate system? The most common form of defining a coordinate system is
the use of coordinate axes. In the case of the plane the x and y axes are used most
frequently. But there is also a way of specifying the coordinate system with vectors.
This can be done by replacing each axis with a vector of length one that points in
the positive direction of the axis. In the case of the x — y plane the x and y-axes are
replaced by the well known unit vectors i and j respectively. Let O be the origin of
the system and P be any point in the plane. The point P can be specified by the

vector OP. Every vector, OP can be written as a linear combination of i and j:
OP = ai + bj

The coordinates of P, corresponding to this coordinate system, are (a,b).

Informally stated, vectors such as i and j that specify a coordinate system are
called “basis vectors” for that system. Although in the preceding discussion our
basis vectors were chosen to be of unit length and mutually perpendicular this is
not essential. As long as linear combinations of the vectors chosen are capable of
specifiying all points in the plane. In our example this only requires that the two
vectors are not colinear. Different basis vectors however do change the coordinates of

a point, as the following example demonstrates.
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Example Let S = {i,j}, U = {i,2j} and V = {i +j,j}. Let the sets S,U and V be
three sets of basis vectors. Let P be the point i + 2j. The coordinates of P relative
to each set of basis vectors is:
S — (1,2)
U—(1,1)
T — (1,1)
The following definition makes the preceding ideas more precise and enables the

extension of a coordinate system to general vector spaces.

Definition

e If V is any vector space and S = {vy,Va,...,Vy} is a set of vectors in V', then

S is called a basis for V' if the following two conditions hold:

(a) S is linearly independent

(b) S spans V

A basis is the vector space generalization of a coordinate system in 2-space and

3-space. The following theorem will aid in understanding how this is so.

Theorem 2.1. If S = {vy,Va,...,Vn} is a basis for a vector space V', then every
vector v in V' can be expressed in the form v = c¢;vy + cavg + -+ - + ¢,V in ezactly

one way.

Proof. Since S spans V, it follows from the definition of a spanning set that every
vector in V' is expressible as a linear combination of the vectors in S. To see that
there is only one way to express a vector as a linear combination of the vectors in .5,

suppose that some vector v can be written as
V =CVy+CVay+-:+C,Vpn

and also as

v=Fkvi+kyva+---+k,Vn
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Subtracting the second equation from the first gives
0=(c1 —k1)vi+ (cg —ka)va+ -+ -+ (ch — kn)Vn

Since the right side of this equation is a linear combination of vectors in S, the linear

independence of S implies that

(Cl—]{31):0,(62—]{32):0,...,(Cn—k’n)

That is
c1=ki,co=Fkoy....ch =k,
Thus the two expressions for v are the same. O
Definitions
o If S={vy1,va,..., vy} is a basis for a vector space V, and

V =1CVy+CVy + -+ CpVy

is the expression for a vector v in terms of the basis S, then the scalars
c1,Co, ..., Cy are called the coordinates of v relative to the basis S. The vector
(c1,¢9,...,¢,) in F™ constructed from these coordinates is called the coordi-

nate vector of v relative to S; it is denoted by
[V]s = (1,02, )

o If v = [v]g then S is called the standard basis.

Remark It should be noted that coordinate vectors depend not only on the basis S
but also on the order in which the basis vectors are written; a change in the order
of the basis vectors results in a corresponding change of order for the entries in the
coordinate vectors.

Examples
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1. In example 3 of Section 1.5 it was shown that if
i=(1,0,0), j=1(0,1,0), k=(0,0,1)

then S = {i,j,k} is a linearly independent set in R®. This set also spans R3

since any vector v = (a, b, c) can be written as
v = (a,b,c) = a(1,0,0) +b(0,1,0) +¢(0,1,1) = ai + bj + ck

Thus, S is a basis for R3. It is in fact a standard basis for R3. Looking at
the coefficients of i, j and k above, it follows that the coordinates of v relative

to the standard basis are a,b and ¢, so
[V]S = (CL, b, C)

and so we have

[V]s = v.

2.2 Dimension of General Vector Spaces
Definition

e A nonzero vector space V is called finite-dimensional if it contains a finite
set of vectors {vy,va,..., vy} that forms a basis. If no such set exists, V is
called infinite-dimensional. In addition, the zero vector space is regarded as

finite-dimensional.
Examples
e The vector spaces F" and P, are both finite-dimensional.

e The vector space of all real valued functions defined on (—o0,c0) is infinite-

dimensional.

Theorem 2.2. If V is a finite-dimensional vector space and {v1,Va,...,Vn} is any

basis, then:
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(a) Every set with more than n vectors is linearly dependent.
(b) No set with fewer than n vectors spans V.

Proof. (a) Let 8" = {wy,wa,..., W} be any set of m vectors in V', where m > n.
It remains to be shown that S’ is linearly dependent. Since S = {v1,va,...,Vy}

is a basis for V', each w; can be expressed as a linear combination of the vectors

in S, say:
Wi =Qai1V1 +a91Ve + -+ ay1Vn
Wo = Q12V1 + G99Ve + -+ + Gy2Vnp
Wm = Q1n V1 + Q2 V2 + -+ ApmVa
To show that S’ is linearly dependent, scalars ki, ko, . .., k, must be found, not

all zero, such that

]{71W1—|—]€2W2+"'+/€me:0

combining the above 2 systems of equations gives
(k1ai1 + kearo + - - + kmaim)va
+ (krag1 + kaaga + + -+ + kinGom) V2

+ (klanl + k2an2 +--+ kmanm>vn =0

Thus, from the linear independence of S, the problem of proving that S’ is a
linearly dependent set reduces to showing there are scalars ki, ks, ..., k,,, not

all zero, that satisfy
anky + argks + -+ - + aymky, =0

a/21k1 + Clggk’z + -+ agmkm =0
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anlkl + an2k2 +-+ anmkm =0

As the system is homogenous and there are more unknowns than equations
(m > n), we have an infinite number of solutions, or in other words there are

non trivial solutions such that kq, ks, ..., k,, are not all zero.

Let S" = {w1,Wa,..., W} be any set of m vectors in V', where m < n. It
remains to be shown that S’ does not span V. The proof is by contradiction:
assume S’ spans V. This leads to a contradiction of the linear dependence of

the basis S = {vq,Vva,..., v} of V.

If S” spans V', then every vector in V is a linear combination of the vectors in

S’. In particular, each basis vector vj is a linear combination of the vectors in

S, say
Vi = anwi + aaWz + -+ + apiWi
V2 = @12W1 + A22W2 + -+ - + Ap2Wm
Vi = A1, W1 + A2 W2 + -+ + QWi
To obtain the contradiction it will be shown that there exist scalars ki, ko, ..., k,

not all zero, such that
kivi+kova + -+ kyvn =0

Observe the similarity to the above two systems compared with those given in
the proof of (a). It can be seen that they are identical except that the w’s and
the v’s and the m’s and n’s have been interchanged. Thus the above system in
the same way again reduces to the problem of finding kq, ks, . .., k, not all zero,
that satisfy

aiky + appky + - - -+ aipk, =0

aglk’l + CLQQk’Q + -+ &ka’n =0
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amlkl + am2k2 + -+ amnkn =0

As the system is homogenous and there are more unknowns than equations
(n > m), we have an infinite number of solutions, or in other words there
exist non trivial solutions such that kq, ks, ..., k,, are not all zero. Hence the
contradiction.

O

The last theorem essentially states the following. Let S be a set with n vectors
which forms a basis for the vector space V. Let S’ be another set of vectors in V'
consisting of m vectors. If m is greater than n, S’ cannot form a basis for V' as the
vectors in S’ cannot be linearly independent. If m is less than n, S’ cannot form a
basis for V' because it does not span V. Thus, theorem 2.2 leads directly into one of

the most important theorems in linear algebra.

Theorem 2.3. All bases for a finite-dimenstional vector space have the same number

of vectors.

And thus the concept of dimension is almost complete. All that is needed is a
definition.

Definition

e The dimension of a finite-dimensional vector space V', denoted by dim(V), is
defined to be the number of vectors in a basis for V. In addition, the zero vector

space has dimension zero.
Examples

1. The dimensions of some common vector spaces are given below:
dim(F") =n
dim(P,) =n+1
dim(M,x,(F)) = mn
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2. Determine a basis (and hence dimension) for the solution space of the homoge-

nous system:

201 + 2x9 — a3 4+ x5 = 0
—r1 — Ty 4+ 223 — 3x4 + x5 = 0
Ty + x — 23 — x5 = 0
r3 + x4 + x5 = 0

2.3 Related Theorems

The remaining part of this section states theorems which illustrate the subtle relation-
ships among the concepts of spanning, linear independence, basis and dimension. In

many ways these theorems form the building blocks of other results in linear algebra.

Theorem 2.4. Plus/Minus Theorem. Let S be a nonempty set of vectors in a

vector space V.

(a) If S is a linearly independent set, and if v is a vector in V that is outside of
the span(S), then the set S U {v} that results by inserting v is still linearly

independent.

(b) If v is a vector in S that is expressible as a linear combination of other vectors
in S, and if S — {v} denotes the set obtained by removing v from S, then S

and S — {v} span the same space: that is,

span(S) = span(S — {v})

A proof will not be included, but the theorem can be visualised in R? as follows.

(a) Consider two linearly independent vectors in R3. These two vectors span a
plane. If you add a third vector to them that is not in the plane, then the three

vectors are still linearly independent and they span the entire domain of R3.
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(b) Consider three non-colinear vectors in a plane that form a set S. The set S
spans the plane. If any one of the vectors is removed from S to give S’ it is

clear that S’ still spans the plane. That is span(S) = span(S’).

Theorem 2.5. If V is an n-dimensional vector space and if S is a set in V with
exactly n vectors, then S is a basis for V if either S spans V' or S is linearly inde-

pendent.

Proof. Assume that S has exactly n vectors and spans V. To prove that S is a basis
it must be shown that S is a linearly independent set. But if this is not so, then
some vector v in S is a linear combination of the remaining vectors. If this vector is
removed from S, then it follows from the theorem 2.4(b) that the remaining set of
n-1 vectors still spans V. But this is impossible, since it follows from theorem 2.2(b),
that no set with fewer than n vectors can span an n-dimensional vector space. Thus,
S is linearly independent.

Assume S has exactly n vectors and is a linearly independent set. To prove that
S is a basis it must be shown that S spans V. But if this is not so, then there is some
vector v in V' that is not in span(S). If this vector is inserted in S, then it follows
from the theorem 2.4(a) that this set of n+1 vectors is still linearly independent. But
this is impossible because it follows from theorem 2.2(a) that no set with more than n

vectors in an n-dimensional vector space can be linearly independent. Thus S spans

V. m
Examples

e v; = (—3,8) and vy = (1,1) form a basis for R? because R? has dimension two

and v; and v are linearly independent.
Theorem 2.6. Let S be a finite set of vectors in a finite-dimensional vector space V.

(a) If S spans V' but is not a basis for V, then S can be reduced to a basis for V by

removing appropriate vectors from S.
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(b) If S is a linearly independent set that is not already a basis for V', then S can

be enlarged to a basis for V by inserting appropriate vectors into S.

Proof.  (a) The proof is constructive and is called the left to right algorithm.

Let v, be the first nonzero vector in the set S. Choose the next vector in
the list which is not a linear combination of v¢, and call it v¢,. Find the next
vector in the list which is not a linear combination of v., and v, and call it

Ves. Continue in such a way until the number of vectors chosen equals dim(V).

This proof is also constructive.

Let V be a vector space. Begin with uy, us,...,u, which form a linearly inde-
pendent family in V. Let vi,vsa,..., v, be a basis for V. Now it is necessary
and important that » < n. To extend the basis, simply apply the left to right
algorithm to the set (note that this set spans V' because it contains a basis
within it)

up,Usg,..., Uy, Vi, Vo, ..., Vy

This will select a basis for V' that commences with uy,us, ..., u,

]

Theorem 2.7. If W is a subspace of a finite-dimensional vector space V', then

dim(W) < dim(V'); moreover, if dim(W) = dim(V'), then W =V

Proof. Let S = {w1,Wa,...,Wn} be a basis for W. Either S is also a basis for V or it

is not. If it is, then dim(W) = dim(V') = m. If it is not, then by the previous theorem,

vectors can be added to the linearly independent set S to make it into a basis for V|

so dim(W) < dim(V). Thus, dim(W) < dim(V) in all cases. If dim(W) = dim(V),

then S is a set of m linearly independent vectors in the m-dimensional vector space

V: hence by theorem 2.5, S is a basis for V. Therefore W = V. n
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2.3.1 Quiz

True or false?

The zero vector space has no basis.

Every vector space that is spanned by a finite set has a basis.
Every vector space has a finite basis.

A vector space cannot have more than one basis.

If a vector space has a finite basis, then the number of vectors in every basis is

the same.

Suppose that V is a finite dimensional vector space, S; is a linear independent
subset of V', and Sy is a subset of V' that spans V. Then S; cannot contain

more vectors than Ss.

If S spans the vector space V, then every vector in V' can be written as a linear

combination of vectors in S in only one way.
Every subspace of a finite dimensional vector space is finite dimensional.

If V is an n dimensional vector space, then V has exactly one subspace with

dimension 0 and one with dimension n.

If V is an n dimensional vector space, and if S is a subset of V' with n vectors,

then S is linearly independent if and only if S spans V.
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3 INNER PRODUCT SPACES AND ORTHONOR-
MAL BASES

In many applications of vector spaces, we are concerned with the notion of measure-
ment. In this section we introduce the idea of length through the structure of inner
product spaces. We only consider F = R or C.

Definition

Let V' be a vector space over F. We define an inner product (,) on V' to be a function
that assigns a scalar (u,v) € F to every pair of ordered vectors u,v € V such that

the following properties hold for all u,v,w € V and « € F:
(a) (utv,w) = (u,w)+{v,w)

(b) (au,v) = a(u,v)

(¢) (u,v) = {v,u)
(d) (u,u) >0ifu##0.

mn

The main example is when V' = F". In this case we often use the notation

(u,v) = u- v which is determined by

n
u-v = E U;0;
i=1

where u = (uy, ug, ..., u,) and v = (vy,v9,...,0,).

Definitions

e A vector space V over F endowed with a specific inner product is called an
inner product space. If F = R then V is said to be a real inner product space,

whereas if F = C we call V' a complex inner product space.

e The norm (or length, or magnitude) of a vector u is given by ||u|| = \/(u, u).
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e Two vectors u, v in an inner product space are said to be orthogonal if (u, v) =

0.

e If u and v are orthogonal vectors and both u and v have a magnitude of one

(with respect to (,)), then u and v are said to be orthonormal.

e A set of vectors in an inner product space is called an orthogonal set if all
pairs of distinct vectors in the set are orthogonal. An orthogonal set in which

each vector has a magnitude of one is called an orthonormal set.

The following additional properties follow easily from the axioms:

Theorem 3.1. Let V' be an inner product space, x,y,z € V and c € F.
(a) (x,y +2) = (x,y) + (x,2).
(b) (x,cy) = e(x,y).
(c) (x,0) = (0,%) = 0.
(d) (x,x) =0 if and only if x = 0.
(e) If (x,y) = (x,2) for allx €V, then 'y = z.

Proof. (a) - (d) exercises
(e) By part (a) and (b), (x,y —z) = 0 for all x € V. Since this is true for all x,
it is true for x =y — z, thus (y —z,y — z) = 0. By (d) this implies that y =z. [
Now that the groundwork has been laid the following theorem can be stated. The
proof of this result is extremely important, since it makes use of an algorithm, or

method, for converting an arbitary basis into an orthonormal basis.

Theorem 3.2. Every non-zero finite dimensional inner product space V' has an or-

thonormal basis.

Proof. Let {uy,us,...,uy} be any basis for V. It suffices to show that V' has an
orthogonal basis, since the vectors in the orthogonal basis can be normalized to pro-
duce an orthonormal basis for V. The following sequence of steps will produce an

orthogonal basis {vy,Vva,..., vy} for V.
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Step 1 Let vi = u;.

Step 2 Obtain a vector vg that is orthogonal to vy by computing the component of

u, that is orthogonal to the space W; spanned by v;. This can be done using

Of course, if vo = 0, then vg is not a basis vector. But this cannot happen,

the formula:

since it would then follow from the preceding formula for vy that

o <<112,V1>) o <<112,V1>)
Uy =|-——"—"— | V1= ] W1
(vi,v1) (ug,uy)
which says that us is a multiple of uy, contradicting the linear independence of

the basis S = {uy,uz,...,up}.

Step 3 To construct a vector vs that is orthogonal to both vy and va, compute the

component of ug orthogonal to the space W5 spanned by v; and v, using the

As in step 2, the linear independence of {uy,us,...,u,} ensures that vs # 0.

formulas:

The remaining details are left as an exercise.

Step 4 To determine a vector v4 that is orthogonal to vy, vy and vs, compute the
component of uy orthogonal to the space W3 spanned by vy, vy and vz using

the formula
Va=uy — <<114>V1>) vy — (<U4,V2>> Vg — (<114,V3>) Vg
<V17 V1> <V27 V2> <V3a V3>
Continuing in this way, an orthogonal set of vectors, {vy,Vva, ..., vy}, will be obtained

after m steps. Since V' is an m-dimensional vector space and every orthogonal set is

linearly independent, the set {vq,va,..., vy} is an orthogonal basis for V. O
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This preceding step-by-step construction for converting an arbitary basis into an
orthogonal basis is called the Gram-Schmidt process.

Examples: THE GRAM-SCHMIDT PROCESS

1. Consider the vector space R with the Euclidean inner product. Apply the
Gram-Schmidt process to transform the basis vectorsu; = (1,1,1),uz = (0,1,1),uz =
(0,0,1) into an orthogonal basis {vy, va, v3}; then normalize the orthogonal ba-

sis vectors to obtain an orthonormal basis {q1, q2,qs}.

Step 1
V1:u1:(1,1,1)
Step 2
()
V2 = Uz — Vi
Vi -°Vy
-2 11
= (0,,)—=(1,,) = —,=, =
0.0 - 300 = (3 55)
Step 3
) ()
Vg = ug— Vi — Va2
Vi1-V1 Va2 - Va
1 1/3 /-2 11
= (0,0,1)—=(1,,1)— — [ —,=, =
(0,0,1) 3(”> 2/3(3’3’3)
_ (o 11
N 7272
Thus,

211 11
V1:(17171)7 Vo = _§7§7§ y, V3 = 07_575

form an orthogonal basis for R®. The norms of these vectors are

\/6 1
-3 _ VP -
all = V3. Ivall =, Ivall = 5

so an orthonormal basis for R? is

_Vl_( 1 1) _V2_(-21 1)
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V3 <0 1 1 >
qs = = sy T =y T <
[Vl V2 V2
The Gramm-Schmidt process with subsequent normalization not only converts an

arbitary basis {uy, ug, ..., u,} into an orthonormal basis {q1,qa, ..., qn}, but it does

it in such a way that for k£ > 2 the following relationships hold:
e {d1,92,...,qx} is an orthonormal basis for the space spanned by {uy, ..., ux}.
e qy is orthogonal to {u;,uz, ..., ux 1}.

The proofs are omitted but these facts should become evident after some thoughtful

examination of the proof of Theorem 3.1.

3.1 Quiz

True or false?

e An inner product is a scalar-valued function on the set of ordered pairs of

vectors.
e An inner product space must be over the field of real or complex numbers.
e An inner product is linear in both components.

e If x, y and z are vectors in an inner product space such that (z,y) = (z, z),

then y = 2.

e If (x,y) =0 for all x in an inner product space, then y = 0.
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4 LINEAR TRANSFORMATIONS AND MATRI-
CES

Definitions

e Let V,W be vector spaces over a field F. A function that maps V into W,
T:V — W, is called a linear transformation from V to W if for all vectors

uand vin V and all scalars c € F
(a) T(u+v)=T(u)+T(v)
(b) T(cu) = T'(u)

e In the special case where V' = W the linear transformation 7 : V' — V is called

a linear operator on V.

e Let A be an m x n matrix and let 7" : F* — F™ be the linear transformation
defined by T'(x) = Ax for all x € F". Then as a matter of notational convention

it is said that T is the linear transformation T4.
4.0.1 Basic Properties of Linear Transformations
Theorem 4.1. If T :V — W is a linear transformation, then:
(a) If T is linear, then T'(0) =0

(b) T is linear if and only if T(av + w) = aT'(v) + T(w) for all v,w in V and

acl.
(¢c) T(v—w)=T(v)—=T(w) for all v and w in V.

Part (a) of the above theorem states that a linear transformation maps 0 into 0.
This property is useful for identifying transformations that are not linear. Part (b)
is usually used to show that a transformation is linear.

Examples
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1. T4 is a linear transformation. Let A be an m x n matrix and let T : F* — F™
be the linear transformation defined by T4(x) = Ax for all x € F". Let u and
v € [F", then
T(Au+v)=AAu+v)

= \u + Av
= /\TA(U) + TA(V)

and thus T4 is a linear transformation.

2. If I is the n x n identity matrix, then for every vector x in F”
Ti(x) =Ix=x

so multiplication by I maps every vector in F" into itself. T7(x) is called the

identity operator on F".

3. Let A, B and X be n x n matrices. Then Y = AX — X B is also n X n.

Let V' = M,,«,(F) be the vector space of all n xn matrices. ThenY = AX - XB

defines a transformation 7" : V — V. The transformation is linear since

TOAX;+Xy) = AMX;+ X)) — (A X1+ Xo)B
= MX; +AX, - AX1b— XoB
= MAX;— XiB)+ AX, — XoB
= MN'(Xy) +T(Xy)
Theorem 4.2. IfT : F" — F™ is a linear transformation, then there exists an m X n
matriz A such that T = T4.

Example

1. Find the 2 x 2 matrix A such that T'= T4 has the property that

1 2
T = and T =
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4.1 Geometric Transformations in R?

This section consists of various different transformations of the form 74 that have a
geometrical interpretation. Such transformations form the building blocks for under-
standing linear transformations.

Examples of Geometric Transformations

e Operators on R? and R? that map each vector into its symmetric image about
some line or plane are called reflection operators. Such operators are of the
form T4 and are thus linear. There are three main reflections in R?. These are
summarised below. Considering the transformation from the coordinates (z,y)

to (wq,wsy) the properties of the operator are as follows.
1. Reflection about the y-axis: The equations for this transformation are
w = —x
w2 =Y
The standard matrix for the transformation is clearly

-1 0
01

A:

To demonstrate the reflection, consider the example below.

1
Let x =
2
—1
therefore T4 (x) = Ax =
2

2. Reflection about the x-axis: The equations for this transformation are
w = T
Wy = Y
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The standard matrix for the transformation is clearly

1 0
0 -1

A:

To demonstrate the reflection, consider the example below.

1
Let x =
2
1
therefore Ty (x) = Ax =
—2

3. Reflection about the line y = x: The equations for this transformation

are

The standard matrix for the transformation is clearly

A:
10

To demonstrate the reflection, consider the example below.

1
Let x =
2
2
therefore Ty (x) = Ax =
1

e Operators on R? and R? that map each vector into its orthogonal projection on a

line or plane through the origin are called orthogonal projection operators.
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Such operators are of the form T4 and are thus linear. There are two main
projections in R?. These are summarised below. Considering the transformation
from the coordinates (x,y) to (wi,ws) the properties of the operator are as

follows.

1. Orthogonal projection onto the z-axis: The equations for this trans-

formation are

The standard matrix for the transformation is clearly

0
0 0

A:

To demonstrate the projection, consider the example below.

1
Let x =
2
1
therefore Ty(x) = Ax =
0

2. Orthogonal projection on the y-axis: The equations for this transfor-

mation are

The standard matrix for the transformation is clearly

0
0 1

A:
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To demonstrate the projection, consider the example below.

1
Let x =
2
0
therefore Ty(x) = Ax =
2

e An operator that rotates each vector in R?, through a fixed angle 6 is called
a rotation operator on R2. Such operators are of the form 74 and are thus
linear. There is only one rotation in R?, due to the generality of the formula.
This rotation is summarised below. Considering the transformation from the

coordinates (z,y) to (wy,ws) the properties of the operator are as follows.

1. Rotation through an angle 0: The equations for this transformation

are

w; = xcosf —ysinf

we = xsinf + ycosb

The standard matrix for the transformation is clearly

cosf —sinf

sin 6 cos 6

To demonstrate the projection, consider the example below.

Let § = 30° and let x =

therefore Ty (x) = Ax =

N[ Nl&
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e If k is a nonnegative scalar, then the operator T'(x) = kx on R? and R? is
called a contraction with factor £ if 0 < k£ < 1, and a dilation with
factor k if £ > 1. Such operators are of the form T4 and are thus linear.
The contraction and the dilation operators are summarised below. Considering
the transformation from the coordinates (x,y) to (wy,ws) the properties of the

operator are as follows.

1. Contraction with factor k£ on R?, (0 < k < 1): The equations for this

transformation are.

w, = kx

wy = ky

The standard matrix for the transformation is clearly
A=
0 k

To demonstrate the contraction, consider the example below.

1
LetkziandletX:

therefore T4 (x) = Ax =

— ol

2. Dilation with factor k¥ on R?, (k > 1): The equations for this transfor-

mation are

The standard matrix for the transformation is clearly

s
|
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To demonstrate the dilation, consider the example below.

Let £ =2 and let x =

therefore Tx(x) = Ax =

4.2 Product of Linear Transformations
Definition

o IfT1:U —V and T, : V — W are linear transformations, the composite of

T, with T7 denoted by T, o T}, is the function defined by the formula
(T 0 Th)(u) = T5(T1(u))
where u is a vector in U.

Remark: Observe that this definition requires the domain of 75 (which is V') to
contain the range of T7; this is essential for the formula T5(7;(u)) to make sense.
The next result shows that the composition of two linear transformations is itself

a linear transformation.

Theorem 4.3. If T} : U — V and Ty : V. — W are linear transformations, then

(T o Ty) : U — W is also a linear transformation.

Proof. If u and v are vectors in U and s € F, then it follows from the definition of a

composite transformation and from the linearity of 7T} and 75 that
TyoTi(su+v) = Th(Ti(su+v))
= Ty(sTi(a) + T1(v))
— SB(Ti(W) + Ta(Ty(v))
= STQ @) T1<U) -+ TQ 0] Tl(V)

and thus the proof is complete. O
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Examples

1. Let A be an m x n matrix, and B be an n X p matrix, then AB is an m X p
matrix. Also Ty : F* — F™, and T : FP — F™ are both linear transformations.

Then

TA o TB = TA<TB (X))
= ABx
= (AB)x

= TAB(X)
where x € FP. And therefore Ty o Tg = Typ : FP — F™.

2. If V has a basis § = {v1,va} and T : V — V is a linear transformation given

by

T(vi) = 2vyi+3vs

T(Vz) = —7V1 + 8V2
To find 7' o T'(—vy + 3va) takes two steps as shown below.

T(—Vl + 3V2) = —T(Vl) + 3T(V2)
= —2V1 — 3V2 + 3(—7V1 + 8V2)

= —23V1 + 21V2
Hence

ToT(—vi+3ve) = T(—23vy+ 21vy)
= —23T(V1) + 21T(V2)
= —23(2V1 + 3V2> + 21(—7V1 + 8V2)

= —193vy1 + 99v4
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4.3 Kernel and Image
Definitions

e If T: V — W is a linear transformation, then the set of vectors in V' that T
maps into 0 is called the kernel of 7. It is denoted by ker(7"). In mathematical

notation:

ker(T)={veV|T(v)=0}

e If T:V — W is a linear transformation, then the set of all vectors in W that
are images under T of at least one vector in V' is called the Image (or range in

some texts) of T'; it is denoted by I'm(T'). In mathematical notation:

Im(T)={weW|w=T(v) for some v € V}

Examples

1. Let I : V — V be the identity operator. Since Iv = v for all vectors in V,
every vector in V' is the image of some vector (namely, itself); thus, Im(/) = V.

Since the only vector that I maps into 0 is 0, it follows that ker(I) = {0}.

2. Let T : R® — R? be the orthogonal projection on the z — y plane. The kernel
of T is the set of points that 7" maps into 0 = (0,0, 0); these are the points on
the z-axis. Since T maps every point in R? into the  — y plane, the image of
T must be some subset of this plane. But every point (xg,y0,0) in the z — y
plane is the image under T' of some point; in fact, it is the image of all points on
the vertical line that passes through (zo, yo,0). Thus I'm(7") is the entire z — y

plane.

3. Let T : R? — R? be the linear operator that rotates each vector in the z—y plane
through the angle 6. Since every vector in the x — y plane can be obtaine by
rotating some vector through the angle 6, one obtains Im(T) = R?. Moreover,

the only vector that rotates into 0 is 0, so ker(T) = {0}.
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4. Find the kernel and image of the linear transformation 7" : R® — R? given by

In all of the preceding examples, ker(T') and I'm(T) turned out to be subspaces.

This is no accident as the following theorem points out.
Theorem 4.4. If T :V — W s a linear transformation, then:

(a) The kernel of T is a subspace of V.

(b) The range of T is a subspace of W.

Proof.  (a) To show that ker(T) is a subspace, it must be shown that it contains at
least one vector and is closed under addition and scalar multiplication. By part
(a) of Theorem 4.1, the vector 0 is in ker(T), so this set contains at least one

vector. Let vi and vy be vectors in ker(T), and let k be any scalar. Then
T(vi+ve)=T(v1)+T(v2)=0+0=0
so that vy, and va is in ker(T). Also,
T(kvy) =kT(v1) =k0=0
so that kvy is in ker(T).

(b) Since T'(0) = 0, there is at least one vector in Im(T"). Let wy and wq be vectors
in the range of T', and let k£ be any scalar. To prove this part it must be shown
that wy + wo and kwy are in the range of T'; that is, vectors a and b must be

found in V' such that T'(a) = wy + wy and T'(b) = kw;.

Since wy and wg are in the range of T', there are vectors a; and as in V' such

that T'(a;) = wy and T'(ag) = wy. Let a = a; + az and b = ka;. Then
T(a)=T(a; +az) =T(a1) + T(az) = w1 + W2
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and

T(b) = T(kal) = kT(al) = le

which completes the proof.

]

Theorem 4.5. If T : U — V is a linear transformation and {uy,us, ..., uy} forms

a basis for U, then Im(T) = span(T(uy), T(uz),...,T(uy))

This theorem is best demonstrated by a simple example.
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Example
Let Abem xn and let T'=T4. Then Ty : F" — F™. Let {ej1,ea,...,e,} be the

standard basis for F”. Then by the previous theorem it can be stated

Im(Ta) = span(Ta(ei),Ta(ez),...,Ta(en))
= span(Aej, Aes, ..., Aey)
= span(coly(A), coly(A), ..., col,(A))

4.4 Rank and Nullity

Definitons If T': U — V is a linear transformation,

e the dimension of the image of T is called the rank of T and is denoted by
rank(7"),

e the dimension of the kernel is called the nullity of 7" and is denoted by nul-
lity (T).

Example

e Let U be a vector space of dimension n, with basis {u;,us,...,u,}, and let

T :U — U be a linear transformation defined by
T(ul) = U2, T(UQ) = ug, - ,T(un_l) = Up and T(un) =0
Find bases for ker(T) and Im(T) and determine rank(7") and nullity (7).

Theorem 4.6. If T : U — V is a linear transformation from an n-dimensional vector

space U to a vector space V', then
rank(T) + nullity(T) = dim(U) = n

Proof. The proof is divided up into two cases.
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Case 1 Let U be the zero vector space. Then due to theorem 4.1 it is known that

T(0) = 0. Therefore it can be stated that

Im(T) = {0} and ker(T) = {0}

therefore

rank(7")+nullity(7) =04 0 = 0 = dim(U)

Case 2 Let U be an n-dimensional vector space with the basis {u;,us,...,u,}. Then

the proof can be divided into three parts.

(a) Consider the case where ker(T) = {0}. Let u € ker(T). As u € U it can

be expressed as

u=2xuy + Tous + -+ TyUp (1)

As u € ker(T) it can be stated that
0=T(u) =21T(u1) + 2T (ug) + - - + 2,7 (un) (2)

Due to the fact that ker(7) = {0}, u = 0. Due to the linear indepen-
dence of uy,ug, ..., u, it follows from equation (1) that z1,xs,..., 2z, =
0. It then also follows from equation (2) that T'(u1),T(uz),...,T(uy)
are linearly independent. It is known from Theorem 4.5 that Im(T) =
span(T'(u1), T'(uz),...,T(un)). As T(uy),T(uz),...,T(uy,) are linearly
independent they form a basis for Im(T'). It can therefore be stated that

rank(7")+nullity(7) = n+ 0 = n = dim(U)

Consider the case where ker(T') = U. Theorem 4.5 states: Im(T) =
span(7'(uy), T(uz),...,T(u,)). However uj,ua,...,u, € ker(T). There-
fore T'(u1),T(uz),...,T(u,) = 0. So it can be stated that Im(T) =
span(0) = {0}. Therefore

rank(7")+nullity(7) = 0+ n = n = dim(U)
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(c¢) Consider the case where 1 < nullity(7") < n. Assume that the nullity(7) =
r, and let uy,uz,...,u, be a basis for the kernel. Since {uy,ua,...,u,}
form a linearly independent set, theorem 2.6(b) states that there are n —r
vectors, Upi1,Upia, ..., Uy, such that {ug, ..., U, Uri1,...,un} is a basis
for U. To complete the proof it shall be shown that the n — r vectors in
the set S = {T(up11),...,T(uy)} form a basis for the image of T'. It then
follows that

rank(T)4nullity(T) =n —r +r = n = dim(U)

First it shall be shown that S spans the image of T". If b is any vector in
Im(T), then b = T'(u) for some vector win U. Since {uy, ..., Up, Upy1,...,Up}

is a basis for U, the vector u can be written in the form
u=cu;+ -+ U+ Cyilpyy + -+ + Uy

since uy, . . ., u, lie in the kernel of T', it is clear that T'(uy),...,T(u,) = 0,
so that
b=T(u)=c1T(Ups1)+ -+ c,T(uy)

Thus, S spans the image of T'.

Finally, it shall be shown that S is a linearly independent set and conse-
quently forms a basis for I'm(T'). Suppose that some linear combination

of the vectors in S is zero; that is,
B T(Ugen) + -+ ka (1) = 0 3)

It must be shown that k,,; = --- =k, = 0. Since T is linear, equation (3)

can be rewritten as

T(kr+1ur+1 + .-+ knun> = O
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which says that k., iu,yq1 + -+ + k,uy, is in the kernel of T. This vec-

tor can therefore be written as a linear combination of the basis vectors

{uy,...,u.}, say

kr+1ur+1 + -+ knun = ]{51111 + -+ krur

Thus,

/{71111 + -+ krur - kr+1ur+1 - knun =0
Since {uy,...,uy,} is linearly independent, all of the k’s are zero; in par-
ticular k.1 = --- = k,, = 0, which completes the proof.

]

Examples Let T : R? — R? be the linear operator that rotates each vector in the
x — y plane through an angle of 8. It was shown previously that ker(T) = {0} and
Im(T) = R?. Thus,

rank(7)+nullity(7) =2+ 0 = 2 = dim(U)

which is consistent with the fact that the domain of T is two-dimensional.

4.5 Matrix of a Linear Transformation

In this section it shall be shown that if U and V' are finite-dimensional vector spaces,
then with a little ingenuity any linear transformation 7": U — V' can be regarded as
a matrix transformation. The basic idea is to work with coordinate matrices of the
vectors rather than with the vectors themselves.

Definition

e Suppose that U is an n-dimensional vector space and V' an m-dimensional vector
space. Let T': U — V be a linear transformation. Let 3 and ~ be bases for U

and V respectively, then for each x in U, the coordinate vector [x]g will be a
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vector in F", and the coordinate vector [T'(x)], will be a vector in F™. If there

exists an m X n matrix A, such that

AlXls = [T(x)],

(4)

then A is called the matrix of the transformation relative to bases (3

and v and it is written

A=[TT;

Theorem 4.7. Let § = {uj,ua,...,uy} and v = {v1,va,...,vim} be bases for the

vector spaces U and V respectively, and let x € U. If T : U — V is a linear

transformation then

(a) the matriz of the transformation relative to bases 5 and v always exists. That

s to say, there always exists a matric A = [T}g such that

Al = [T(x)),

(b) The matriz of the transformation relative to basis 3 and 7 has the form

[T = [[T(u)]y | [T(a2)ly | -+ | [T(un)],]
Proof. Let B = {uj,ua,...,u,} be a basis for the n-dimensional space U and let
v = {Vv1,Va2,...,Vm} be a basis for the m-dimensional space V. Then the matrix

[T]; = A must have the form

a1

21

Qm1

Q12

22

Am2

Q1n

A2p,

amn

such that (4) holds for all vectors x in U. In particular, this equation must hold for

the basis vectors uy, us, ..., uy; that is,

Alw]g = [T(w)]y, Aluz]s = [T(uz)]y, . .., Alun]s = [T(un)], (5)
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But

[u1]s =

SO

Alui]p =

Aluzlp =

Aluylg =

a1

a21

Qm1

al

a1

Qm1

a1

21

Qm1

) [U'Z]ﬁ =

a2

a22

Am2

a2

a2

Am2

Q12

Q22

Am2

93

A1n

A2n

amn

A1n

Aon

amn

Q1n

Q2n,

amn

Qm1

Q12

22

Am2

Q1n

A2p

a'mn




Substituting these results into equation (5) yields

a1 19 Q1n
ag1 a2z Q2n

=Ty, | | =)y, | | = [T(un)]y
Am1 Am2 Qmn

which shows that the successive columns of A are coordinate vectors of
T(uy), T(ug),...,T(uy)

with respect to the basis . Thus the matrix for 7" with respect to the bases 3 and

1s

[T = [T ()], [ [T(az)]y [ -+ [ [T(an)],]
Thus the proof is complete. O
Examples

1. Let T : F* — F™ be a linear transformation defined by 7'(X) = BX where B
is an m x n matrix. Let 8 = {Eq, Ea, ..., E,} be the standard basis for F* and
let v = {e1,es2,...,em} be the standard basis for F. Then it is known from

the previous theorem that [T7} is the following matrix

T8l = [[TB(E1)ly [ [Te(E2)]y | - [ [T5(En)],]

In general, for 1 < 5 < n it follows from the definition of the transformation

that
T(E;) = BE;j = col;j(B) = bijer + byjez + -+ + byjem
therefore -~ _
blj
bgj
Ts(Ep]y =] " | =col;(B)
bns




and thus it is clear that

[Ts]y =B

. Let U have the basis § = {u;,uz,us} and let V' have the basis v = {vq,va}.
Let T be the linear transformation defined by

T(ul) = 2V1 + Vo, T(llg) = Vi — Vo, T(U3) = 2V2

Then clearly

[T]gz 2 10
1 -1 2

. Let V.= Myys(R) and let T : V' — V be the linear transformation given by
T(X)=BX — XB where X € V and

B:
c d

Let 8 = {Eh1, F12, E91, E9s} be the standard basis for V' where

10 0 1 0 0 0
Ell = ) El2 = ) E21 = 3 E22 =
0 0 0 0 10 1
To find [T]g it is necessary to do the following calculations:
a b 1 0 1 0 a b
T<E11) == BEll — EllB == -
c d 00 00 c d
0 —b
= = 0E11 + —bE1s + cEa + 0Es)
c 0
a b 0 1 0 1 a b
T(FE12) = BE1y — F19B = —
c d 00 0 0 c d
—c a—d
= = —CE11 + (CL — d)E12 + OE21 + CE22
0 c
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a b 0 0 0 0 a b
T(Ey) = BEy — En B = -

c d 10 10 c d

b 0
= = bEH + OE12 + (d — CL)EQl + _bE22

d—a —b

a b 0 0 0 0 a b

T(EQQ) == BE22 — E22B = —

c d 0 1 0 1 c d

0 b
= = 0E11 + bE12 + —CE21 + OE22

—c 0

Therefore it follows that

The following theorem follows directly from the definition of the matrix of a linear

transformation.

Theorem 4.8. Let T : U — V be a linear transformation, and let 3 and v be bases
for U and V respectively. Then if u € U

Examples

1. Let U have the basis # = {uy,us,us} and let V' have the basis v = {vq,va}.

Let T be the linear transformation defined by
T(ul) = 2V1 + Vo, T(llg) = Vi — Vo, T(U3) = 2V2

Given that u = 3u; + —2uy + Tug

3
Col2 1o
g =1| -2 |, and [T]; =
1 -1 2
7
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Hence

2 10 ’ 4
[T(w)y = [T3[uls = -2 | =
1 -1 2 . 19

Hence T'(u) = 4vy + 19va.
Example

1. Let T : V — W be a linear transformation, and let 8 = {vy,va, vz} and v =
{w1, w2, w3} be bases for V' and W respectively. T is the linear transformation

given by

T(vi) = Wi+ W2+ —Wws
T(Vz) = 2W1 + —3W2

T(Vg) = 3W1 + —2W2 + —WwWg3

Find ker(T) and Im(T).

The following theorem gives a recipe for finding bases for ker(T") and the Im(T)

where possible.

Theorem 4.9. Let A be an m x n matriz such that A = [T]}, where T : V — W is a
linear transformation and 3 = {vy,Va,...,Vvn} and v = {wq1,Wa,..., W} are bases

for V- and W respectively. Let s = nullity(A) and r = rank(A). Then suppose that

xlj

ZL’Q]'

iL'nj

for 1 < j <'s, form a basis for N(A), while col. (A),col.,(A),..., col,(A) form a
basis for C(A) Then
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1. (a) the vectors uy,ua,...,us defined by
Uj = JleVl + xng2 + -+ ZL’njVn

will be a basis for the kernel of T

(b) the vectors T(Ve,), T(Vey), - -, T(Ve,) form a basis for the image of T.

2. If N(A) = {0}, then ker(T) = {0}
If C(A) = {0}, then Im(T) = {0}

3. Thus it follows that rank(T') = rank(A) and nullity(T') = nullity(A).
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Quiz: True or false?
Let U and V be vector spaces of dimension n and m respectively over a field F,
and let T' be a linear transformation from U to V. Let f = {uj,us,...,u,} be a

basis for U and let v = {vy,Vva,..., Vv, } be a basis for V. Let u € U.

(a) For any aq,...,a, €T,

T(Z a;) =Y aT(w).

i=1

(b) {T'(uy),...,T(u,)} is a basis for Im(7T").

(¢) If nullity(T) = 0 then m = n.

(d) rank(T) + nullity(T) =n

(e) If « is a basis for ker(T') and o C 3, then [\ « is a basis for Im(T').
(f) If U = F", then [u]z = u.

(8) [wils = e

(h) [u]g will be a column vector if and only if U = F".
(i) [u]s depends on the order of .

(j) If A= [T]}, then col;A = [T (w;)]p.

(k) If m =n and w; = v; for all i, then [T]} = 1.

(1) To get [T}, we need to calculate T'(u;) for each 7, and express the answer as a

linear combination of vectors from ~.
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4.6 T-invariant subspaces

Definition

Let T : V — V be a linear operator. A subspace W of V is called T-invariant if
T(w) € W,Yw € W.
Examples

The are many examples of T-invariant subspaces. Veriy that the following are all

T-invariant:

{0}

oV

ker(T)
o Im(T)

e F), which is the space spanned by linearly independent eigenvectors of T" corre-

sponding to eigenvalue \. (*)

e A T-cyclic subspace of V generated by v € V', given by span{v, T (v), T?(v),...}

4.7 Vector space of linear transformations

If f,g:V — W are functions and V', W are vector spaces over F we have seen that
we can define addition and scalar multiplication by (f + ¢)(v) = f(v) + g(v) and
(af)(v) =af(v) witha € Fand v e V.

Using the above definition, it is easily verified that if T}, 75 are linear transforma-
tions, then the linear combination a1} + 75 is also a linear transformation. In fact,
the set of all linear transformations from V to W is itself a vector space, denoted

((V,W). In the case V =W we often write {(V).
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In fact we have the relationships

M+ Ty = [T+ (T2,
W]} = a[T]}.

This is leading up to the notion of associating the vector space ¢(V, W) with
M« in the case V and W are of dimension n and m respectively. Before making

this identification we should investigate the concept of isomorphic vector spaces.

4.8 Isomorphisms and inverses of transformations

A linear transformation T : V' — W is said to be invertible if there exists a unique
transformation 77! : W — V such that To T~ ! = Ity and T ' o T = I,. We call
T—1 the inverse of T

We have the following facts regarding inverses:
e A function is invertible if and only if it is one-to-one and onto.
e T!is linear.

e T is invertible if and only if rank(7) = dim(V') = dim(W).

We say that V is isomorphic to W if there exists an invertible linear transfor-
mation T : V — W. We write V' = W to indicate that V is isomorphic to W. Such
a T is called an isomorphism.

The main result of this section is the following:

If V and W are finite dimensional vector spaces over the same field, then V=W
if and only if dim(V') = dim ().

Examples

(a) T : F? — Po(F) via T(a,b) = a + bx.
a+b b+c
c+d d

(b) T : P3(F) — My(F) via T(a + bx + ca® + dz®) =
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A corollary to our result is that for a vector space V' over F, V is isomorphic to
F™ if and only if dim(V') = n.

This formalises our association of n dimensional vector spaces with F"™ as I hinted
at when we looked at standard bases.

Another consequence is that we can associate £(V, W) with M,, .

4.9 Change of Basis

A basis of a vector space is a set of vectors that specify the coordinate system. A
vector space may have an infinite number of bases but each basis contains the same
number of vectors. The number of vectors in the basis is called the dimension of the
vector space. The coordinate vector or coordinate matrix of a point changes with
any change in the basis used. If the basis for a vector space is changed from some
old bases [ to some new bases vy, how is the old coordinate vector [v]s of a vector
v related to the new coordinate vector [v],? The following theorem answers that

question.

Theorem 4.10. If the basis for a vector space is changed from some old basis =
{ui,uz,...,uy} to some new basis v = {v1,Va,...,vn}, then the old coordinate
vector [w|g is related to the new coordinate vector [w|, of the same vector w by the

equation

where the columns of P are the coordinate vectors of the old basis vectors relative to

the new basis; that is, the column vectors of P are

[111]7, [u2]% SR [un]v
P s called the change of basis matrix or the change of coordinate matrix.

Proof. Let V' be a vector space with a basis § = {uy,uz,...,u,} and a new basis
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v =A{v1,Va,...,vp}. Let w € V. Therefore w can be expressed as:

W = aiUuy + asug + - -+ + a,Up
Thus we have
[W]ﬂ = (ala ag, . .. 7an)
As 7y is also a basis of V' the elements of 3 can be expressed as follows

Uy = P11V +Pa1ve + - + PpiVn

Ug = P12V1 + PaoVae + + - + PpoVn

Un = Pin'V1 + PanV2 + -+ PnnVn

Combining this system of equations with the above expression for w gives
W = (p11a1 + P12a2 + - + P1aln) V1

+(pa1ar + paeas + - - - + Panay)vat

+(pn1a1 + Pn2a2 +---+ pnnan)vn+

and thus it can be seen that

P11a1 + P12G2 + - - - + P1ply

P21G1 + P22to + - - -+ Popy
[W]’Y = .

| Pn1a1 + Pn2G2 + -+ Prnnln

which can be written as

P11 P12 - Pin a1
D21 P22 - Don Q2
[W]v =
L Pn1t Pn2 - DPnn 1L (07% |
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from which it can be seen

where P’s columns are

Example
1. Consider the bases v = {vy,v2} and 8 = {u;,uz} for R? where
Vi = (170)a V2 = (07 1)7 m = (17 ]-)a Uz = (27 1)

(a) Find the transition matrix from 3 to . First the coordinate vectors of the

old basis vectors u; and us must be found relative to the new basis 5. By

inspection:
u; =Vvy + v
Ug = 2V1 + Vg
so that
1 2
[ua], = and [ug], =
1 1

Thus the transition matrix from 3 to ~

pP=
1 1

(b) Use the transition matrix to find [v], if

-3
5

[V]g =

It is known from the above change of basis theorem 4.10 that




As a check it should be possible to recover the vector v either from [v]z or

[v],. It is left for the student to show that —3u;+5ue = 7Tvi+2vy = (7,2).

4.10 Similar Matrices

The matrix of a linear operator T': V' — V depends on the basis selected for V. One
of the fundamental problems of linear algebra is to choose a basis for V' that makes
the matrix for 7" as simple as possible - diagonal or triangular, for example. This
section is devoted to the study of this problem

To demonstrate that certain bases produce a much simpler matrix of transforma-
tion than others, consider the following example.

Example

1. Standard bases do not necessarily produce the simplest matrices for linear op-

erators. For example, consider the linear operator T : R? — R? defined by

T I _ T+ X9
T —2x1 + 4z

and the standard basis 3 = {e;, ey} for R? where

By theorem 4.7, the matrix for T" with respect to this basis is the standard

matrix for T; that is,
(715 = [T(e1) | T(e2)]

From the definition of the linear transformation 7,

1 1
T(e1) = , T(e2) =
=) 4
SO
11
[T]5 =
—2 4
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In comparison, consider the basis 7 = {uy, us}, where

By theorem 4.7, the matrix for 7" with respect to the basis 7 is

[T} = [[T(an)l, [ [T(uz)ly

From the definiton of the linear transformation 7°,

2 3
T(ul) = = 2111, T(U2) = = 3112
2 6
Hence
2 0
[T(w1)], = , [T(e2)], =
0 3
So
VA 20
"l 3

This matrix is ’simpler’ in the sense that diagonal matrices enjoy special prop-

erties that more general matrices do not.

Much research has been devoted to determining the “simplest possible form” that
can be obtained for the matrix of a linear operator 7' : V' — V' by choosing the basis
appropriately. This problem can be attacked by first finding a matrix for T relative
to any basis, say a standard basis, where applicable, then changing the basis in a
manner that simplifies the matrix. Before pursuing this idea further, it is necessary
to grasp the theorem below. It gives a useful alternative viewpoint about change of

basis matrices; it shows that the transition matrix form a basis § to v can be regarded

as the matrix of transformation of the identity operator.

Theorem 4.11. If § and vy are bases for a finite-dimensional vector space V', and if

1:V — V s the identity operator, then [[]g 1s the transition matriz form [ to .
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Proof. Suppose that 8 = {uy,uz,...,uy} and v = {vy,va,..., vy} are bases for V.
Using the fact that I(x) = x for all x € V, it follows that

(1 = [(an)ly [ [I(uz)]y | [ (un)]]

= [[ud); [ [uz]y | [un],]
which is the change of basis matrix from [ to ~. O]

The ground work has been laid to consider the main problem in this section.
Problem: If § and v are two bases for a finite-dimensional vector space V', and if
T :V — V is a linear operator, what relationship, if any, exists between the matrices
[T]5 and [T]7?

The answer to this question can be obtained by considering the composition of
three linear operators. Consider a vector v € V. Let the vector v be mapped into
itself by the identity operator, then let v be mapped into T'(v) by T, then let T'(v)
be mapped into itself by the identity operator. All four vector spaces involved in the
composition are the same (namely V'); however, the bases for the spaces vary. Since
the starting vector is v and the final vector is T'(v), the composition is the same as
T'; that is,

T=1o0Tol

If the first and last vector spaces are assigned the basis v and the middle two spaces
are assigned the basis 3, then it follows from the previous statement T' =T oT o I,
that

[T]) = [IoTolI)! = [I][T151)°

But [/ ]g is the change of basis matrix from + to 3 and consequently [I]} is the change
of basis matrix from (3 to 5. Thus, let P = [I]%, then P~' = [I]}; and hence it can be
written that

[T]; = PTHT);P

This is all summarised in the following theorem.
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Theorem 4.12. Let T : V. — V' be a linear operator on a finite-dimensional vector

space V', and let 3 and v be bases for V.. Then

[T]; = PTHT];P (6)

Y

where P is the change of basis matrix from ~ to (3.

Remark: When applying theorem 4.12, it is easy to forget whether P is the change
of basis matrix from 3 to v or the change of basis matrix from v to 3. Just remember
that in order for [T]g to operate succesfully on a vector v, v must be in the basis
(. Therefore, due to P’s positioning in the formula, it must be the change of basis
matrix from v to (.

Example
1. Let T : R? — R2? be defined by

T T1 + X9
To —2331 + 4.732
Find the matrix of T’ with respect to the standard basis 3 = {ej, ez} for R?, then

use theorem 4.12 to find the matrix of 7" with respect to the basis 7 = {uy, us},

where _
1 1
u]. = s u2 e
1 2
It was shown earlier that _
11
[T)5 =
-2 4

To find [T]7 from (6), requires the change of basis matrix P, where
P =115 = [[u1]s | [uz]s]
By inspection

u; = eq1-+ey

Uz = eq+ 282



so that

1 1

(i = ;o u2p =
1 2

Thus the transition matrix from v to 3 is

It is clear that

2 -1 11 11 2 0
-1 1 -2 4 1 2 0 3

which agrees with the previous result.

The relationship in (6) is of such importance that there is some terminology as-
sociated with it.

Definition

o If A and B are square matrices, it is said that B is similar to A if there is an

invertible matrix P such that B = P~1AP.
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Laplace Transform

Introduction:

The main objective of this module is to learn new methods to solve differential equations, in
particular initial value problems. Essentially this is a technique which converts differential
equations to algebraic equations which are easier to solve and then interpret this solution as
the solution of the original differential equation.

Definition:
Laplace transform of a real function f(t) is defined as L{F (t)} = fooo e SLF(t)dt.

The resulting integral is a function of the variable s. To emphasize this very often we use the
notation L{F (t)} = f(s). Since st occur as an exponent in the definition of the Laplace
transform and t stands for time, we say that s is frequency. This is because physical quantities in
exponent should have to be dimensionless. In general when a function is multiplied by a standard
function and the product integrated over certain limits, one gets what is known as integral
transforms. Laplace transform is an example of this when the standard function is exponential
function. Fourier transform is another example you will study in this course. Integral transforms,
in general, have nice properties which are exploited to solve differential equations.

Basic property of Laplace transforms
1. One of the most important properties of Laplace transform is that it is a linear
transformation which means for two functions F and G and constants a and b
L{aF(t) £ bG(t)} = aL{F(t)} £ bL{G(t)}.

Some Standard results

F(t) L{F(t)} = f(s).
1 1
s
1
e s—a
sinat a
s? + a?
cosat S
s? + a?
sinhat a
2 — a?
coshat S
2 _ g2
n n! . .- .
t w7 Where n s positive integer
t" y(n+1)
o




Problems
1. Find the laplace transform of 9 + 3t* — 5e" + 5¢71%
Sol™ L{9 + 3t% — 5e?t + 2710} = L{1} + 3L{t?} — 5L{e?'} + 2L{e 1%}
=5+3(5) 529 +5(5m0)
s s3 s—2 s+ 10/

2. Find the laplace transform of 5° — 3cos2t + 4sinh3t.

Sol™ L{ 5*— 3cos2t + 4sinh3t} = L{5'} — 3L{cos2t} + 4L{sinh3t}
3 () ()
~ s—1log5 s2+4 s2—9)

3. Find the laplace transform of cosh®3t

Sol™ L{cosh?3t} = L{(e3t+e—3t)2}

2

_ ebt + et 42
B 4

_1{ 1 N 1 +2}
T 4ls—6 s+6 s

4. Find the laplace transform of cos4t cos2t

Sol™ L{cos4t cos2t} = L {% (cos(6t) + cos(Zt))}

= %L{(cos(6t) + cos(2t)}
1 s S

:4{52+36+52+4}

5. Find the laplace transform of sinét cos2t

Sol™ L{sin6t cos2t} = L {% (sin(8t) + sin(4t))}

= %L{(sin(8t) + sin(4t))}

_1{ 8 4 4 }
T 4ls?2+ 64 s2+16

6. Find the laplace transform of cos?(5t)

Sol™ L{cos*(5)} = L {% (1+ colet)}



1
= EL{(l + cos10t)}
_ 1{1 N S }
~4ls  s2+100
7. Find the laplace transform of sin®(3t)

Sol™ L{cos*(5)} = L {i (3sint — sin3t)}

1
= ZL{(3sint — sin3t)}

_1¢ 3 3 }
_Z{sz+1_sz+9
8. Find the laplace transform of sin3(3t)

Sol™ L{cos*(5t)} = L {% (3sint — sin3t)}

1
= ZL{(Ssint — sin3t)}

_ 1{ 3 3 }
_ S 4ls2+1 5249
9. Find the laplace transform of cost cos2t cos3t

Sol™ L{cost cos2t cos3t} = L {% [cos3t + cost]cosSt}
1
= EL{cosz3t + cos3t cost}
_1L{1+cos6t+1[ At + Zt]}
=5 5 5 [cos cos

1
= ZL{l + cos6t + cos4t + cos2t}

_ 1 [1 4 S + S 4 S ]
" 4ls s2+36 s2+16 s2+4
10.Find the laplace transform of sint sin2t sin3t

Sol": L{sint sin2t sin3t} = L {% [cost — cos3t]sin3t}
1
= EL{cost sin3t — cos3t sin3t}
1 (1 . ) sin6t
= EL {E [sin4t + sin2t] — }

1
= ZL{sin4t + sin2t — sin6t}




1 4 2 6

_4[52+16+52+4_sz+36]

Properties of Laplace transform
1. Shifting property: If L{F(t)} = f(s) then L{e*' F(t)} = f(s — a).

2. If L{F(O)} = f(s) then L{t"F(O)} = (—=1)"f"(s).

3. If LF(O)} = f(s) then L{Z2} = [ f(s) ds.

t

Problems
Find the Laplace transform of the following functions

1. L{e*'cos2t}

s
s?+4

s—4
(s—4)2+4 "

Sol": w.k.t L{cos2t) =

L{e*tcos2t) =

2. L{e %tcos?(50)}

Sol": w.k.t : L{cos*(5t)} = L{% (1+colet)}

= %L{(l + cos10t)}

_1{1+ S }
T 4ls  s2+100



1(¢( 1 s+ 2
L{e ?tcos®(5t)} = —{ + 5 }
4ls+2 (s+2)%+100

3. L{e°tsin6t cos2t}

Sol: w.k.t . L{sin6tcos2t} =L {% (sin(8t) + sin(4t))}

= %L{(sin(Bt) + sin(4t))}
1( 8 4

_4{512+64+852+16} .
L{e®sin6t cos2t} = —{ > + > }
4l(s—9)2+64  (s—9)7%+16

4. L{sinhat cosat}

Sol": L{sinhat cosat}=1L {(eat_:_at) cosat}

_ {(eatcosat — e‘atcosat> }
B 2

1
= EL{eatcosat — e~ %cosat}
1 s—a s+a

_2{(s—a)2+a2+(s+a)2+a2}

5. L{tcos2t}

S

L{tcos2t) = (—1) <(Sz +(2(i)4;25(25)>

—s?+ 4
L{tcos2t) = (1) ((Sz_l_—4)2>

L{tcos2t) = (—SZ —¢ >
— \(s2 + 4)2

Sol". w.k.t L{cos2t) =

6. L{te %tsin4t}

4
s2+16

Sol™: w.k.t L{sin4t) =




—4(2s)
(s2 + 16)2>
' 3 —8s
L{tsin4t) = (—1) (m)
8(s+2)
((s+2)%+ 4)2>

L{tsin4t) = (—1)(

L{te ?tsin4t} = (

7. L{tsin6t cos2t}

Sol". w.k.t : L{sin6t cos2t} =L {% (sin(8t) + sin(4t))}

= %L{(sin(8t) + sin(4t))}

_1{ 8 N 4 }
4(s2+64 s2+16

' 1 7s 5
L{tsin6t cos2t} = _E{(sz + 49)2 + (s + 25)2}

e—at+e—bt}
t

8. L{

0 . —at -bt)— 7s 5
SOI . w. k t . L{e + e } (Sz+49)2 + (52+25)2

e_at+e_bt _ (> 7S 5
L { t }_ fs (s2+49)2 + (s2+25)2 ds
= [log(s + a) — log(s + b)]s"

“tog(52)

cosat+cosbt
9 L{—t }

s
s?+a? = s2+b?

Sol™: w.k.t : L{cosat+ cosbht}=

e—at_l_e—bt [e%0) S S
e, +—_ds
t fs s?2+a? = s2+b?
2s

1 00 28
== + ds
2 fs s2+a?2 = s2+p2




-1 (52+a2)oo
_2 Og Sz+b2 S

_1| (32+b2)

=309 s2+qa?

10. L {sinkt}
t
Sol w.k.t : L{sinkt}= Sszz
sinkt)_ poo k
L{ t }_fs e 48

[0.e]
= k% [tan~1s],
=(tan"too — tan~1s)
=(§ — tan™1s)
= cot™ s
Periodic function

A function F(t) is said to be a periodic function of period “T” if F(t+T)=F(t)
Eg(i): “sin t” is a periodic function of period ‘2 =

Theorem

Statement: If F(t) is a periodic function of period T then, is defined as
T

1
L{F(t)} = m.f e~ st F(t)dt

0

Problems

1. A periodic function of period 27” is defined by

T
Esinwt 0<t<—

F(t) = -



Where E & w are constants then show that
Ew
L{F(t)} =

(s2+w?)(1 - e“ﬁ)

ol w.k.t L{F(O)}=—= [ e F(Dadt., -

N

T

fwe‘“ F(t)dt

- _@
1—e 0
(T 2n )
1 w w
= 2n5<fe‘5tF(t)dt+f e SLE(t)dt ;
1-e"w g %
\ w J
(1 2n )
1 w w
= PR f e‘“Esinwtdt+J e stodt p
1—e w 1 r
w y,
s
w
= ! E St sinwtdt
= S e %' sinw
1—e w 0
k )
E e—St w
= _ﬂ{52+w2( ssmwt—wcoswt)}
1—e 0
Ew _7s
= S 1+e w]
(1—6 W>(82+W2)
Ew TS
= [1+e_W]

<1 — (e 75115)2> (s2 +w?)



Ew

L{F(t)} = S
(s2+w?)(1—ew)

2. A periodic function of period 2a is defined by F(t) =
{ t 0<t<a
2a—t a< t<2a

tanh(Z
Then provethat L{F(t)} = ansz( ?)

Sol. w.k.t L{F(t)} =

T _
=), e SEE(t)dt., T =2a

T
=1 e—Zasf “SLE(t)dt
0

1 a 2a
= je‘StF(t)dt+j e™StF(t)dt
0 a
= —={l et tdt + [[" e (2a - t)dt}

1 e—st1 e—st 2a
T 1-e—2as [ -s ]0 + [e B -s

3 1 <1 + (e7%)2 — 29“‘5)

1 —e as
1+e‘asl



tanh (E)

2
L{F ()} = —Qz
Exercise
1. A periodic function of period a is defined by F(t) =
E 0<t<2
a % then find L{F ()}.
—E E <t<a

2. Find the laplace ransform of F(t) = E sin (’5) 0<t<w given that
F(t+w) = F(t).

Unit step function (or) Heaviside functions

The unit step function or Heaviside function U(t — a) is defined as

_ (0 t<a
U(t_a)_{l t>a’
- _ v _ (0 t<0
In particular, when a=0, U(t —a) = {1 1> 0
Properties
1 LU(t—a)} =%

N

2. WL{IF®OY=f(s)then L{F(t —a).U(t —a)} = e~ *f(s) = e ®L{F(t)}
Problems

| Find the Laplace transform of the following functions

1. [et~1 + sin(t — 1)]U(t-1)

Sol": LetF(t—1) = [e"! + sin(t — 1)]U(t-1)
Replace t by t+1



F(t) = [et + sin(t)]U(t)
L{F(©)} = L{[e* + sin(®]U(®)}
1
L{F(t)}zs—l-l_s2 +1
L{F(t — 1)} = e~5 L{F(£)}

1 1

2. [e7?'U(t—1)]

Sol™ Let F(t—1) = [e™?t]
Replace t by t+1
F(t) — [e—Zt(t+1)]

L{F(t)}=e2—

Ss+2

L{F(t—1DU({t—1D}=e S L{F(t)}

-2t — p—S e_z
L{e “tU(t—1)}=¢e (s m 2>

f1(®) 0<t<a
f2(t) t>a

then F(t) = f1(t) + [f2(0) = A(D]U(t — @)

Note 1:If F(t) = {

f1(t) 0<t<a
Note 2:1f F(t) =< f5(t) a<t<b
f3(t) t>b

then F(¢) = f1(®) + [f2(t) = AO]U(t — @) + [f3(8) = f(D]U(t — b)



Express the function in terms of unit step function and hence find its
Laplace Transform

0<t<2

t
1. = {tz t>2

Soln.  F(t)=t+(t>1). U(t — 2)
L{F()}= L{t}+ L{(t* -t) . U(t — 2)}

Consider,

L{(t? -t) . U(t — 2)}
Let, F(t-2)=t*-t

F(t)= (t+2)* - (t+2)

F(t)=t? +4+4t-t-2
F(t)=t? +3t+2

L{FO}==+5+-

We know that,

L{F(t-a). U(t — a)} = e~95.L{F(t)}
Put a=2,

L{F(t-2). . U(t — 2)} = e~ 25.L{F(1)}

L{F(t?-). . U(t — 2)} =e ™25, Sig n 32 n %

S

L{FO} =+ e . S+ +-

s3 = s2 S



cost O0<t<m
2. Express F (t) = {cos2t T< t>2nm
cos 3t t>2m

Terms of Heaviside function and hence find L {F (t)}.
Soln.
F(t) =cost+ (cos 2t —cost). U (t — ) + (cos 3t — cos 2t).U (t — 2m)

L{Ft)} = L{cos t} + L {(cos 2t —cost). U (t — m) + L {(cos 3t — cos 2t).U (t — 2m)}

S

L{F@®)} = (sZ+1)+ L {(cos 2t —cost). U (t — m) + L {(cos 3t — cos 2t).U (t — 2m)}
Consider,

L {(cos 2t — cost).U (t —m)}
Let,

F(t —m)=cos2t—cost
F(t) = cos 2(t—m) - cos (t —m)
F(t) = cos (2t — 2m) - cos (r — t)

F(t) = cos 2t + cos t

L{O}=—5—+—

(s2+4) (s%+1)
We know that,
L{F(t-a) . U(t —a)} = e “.L{F(t)}
Put a=r,

L{F(t—n) . U(t — n)} = e~™. L{F()}



L {(cos2t —cost).U (t —m)} = e ™. [(3214) + (SZSH)]

Consider,
L {(cos 3t — cos 2t).U (t — 2m)}

Let,
F(t — 2m) = cos 3t — cos 2t

F(t) = cos 3(t—2m) —cos 2 (t — 2m)
F(t) = cos (6 ™ +2t) - cos (4w + 2t)

F(t) = cos 3t - cos 2t

S

L{t)} = ——+

(s2+9) (s%2+4)

We know that,

L{F(t-a) . U(t — @)} = e~%.L{F(5)}

Put a= 2m,

L{F(t—2n) . U(t — 2)} = e~2". L{F(t)}

L {(cos3t — cos 20U (¢~ 2m)) = e, [ s + |

L{F()} = s +e‘2”5[ s n s ]_l_e—Zns [( s n s ]

(s2+1) (s2+4) (s%2+1) 52+9) (s2+4)

Inverse Laplace Transform




If L{F(t)} =f(s) then F(t) is called the inverse Laplace transform of f(s) and is
denoted by L71[f(s)].

Basic properties

L L) £ g =L f ()] £ L7 g(9)]
2. L7Ukf ()] =k L7Hf(9)]

Some Standard results

f(s) L7 f(s)] = F®).
1 1
S
1
s—a eat
a sinat
s2 + a?
S cosat
s2 +a?
a sinhat
SZ _ aZ
S coshat
SZ _ aZ
] n
& Wheren t
IS positive integer
y(n+1) th
Sn+1

Problems

Find the inverse Laplace transform of the following functions



-1 1 n 3 4]
) s+2 2545 3s5-2

o p -
s+ 2 2s+5 3s — 2

5 2
- 3 —t =t
et +-e 2 —-¢3
2
_1[ S+2 4S—1]
s2436  s2425

- bl bl
=L [52+36]+L 52+36+L s2 4+ 25 L

siné6t sinb5t
= cos6t + —— + 4cos5t —
3 3
-1 (S+2)3
. L s6 ]
s +8+65*+12s
= s

L [s® 8 6s? 12s
=1L _+S_6+_+

s6 s6 ' 56
t2 5 3 t4
=z+8§+6§+12Z

Inverse Laplace transform of f(s — a)
w.k.t if L{F(t)} = f(s)then, L{e®F(t)} = f(s — a)

If L7'[f(s] = F(t) then L™{f(s — @)} = e™ L [f(s]
Problems

1
s2+ 25

Find the inverse Laplace transform of the following functions



L [(5—13)4]
=e3t ! [
= [{]

L [(5—53_)2+9]

L™ [(5—53_)§+9]

=L [52+9]

=e3tcos3t

L_l [ s+1 ]
$2+425+5

=1 [l

0[]
s“+4

=e " lcos2t.

(5)4]

e
' s243s42

(s+2)(s+1)]

ol
(s+2) (s+1)
=—e 2t 4 —e¢7t,

[(s+2)(s+1)(s+3)]



1 1
2 -1 2

(s+1) (s+2) + (s+3)

1.9 1] ;-1 1 1.4[ 1
_zL [(5+1)] L [(s+2)]+2L [(s+3)
1 _ _ 1 _

=e t—e 2t+;e 3¢,

—7-1

-1 l 45+5
(s+1)2(s+2)

_ 1] 1 3 -3
=L [(s+1)2 + (s+1) + (s+2)

N O U D _1[ -3
=L [(s+1)2] L [(s+1)] + L [(s+2)
=te t43e7t — 7%,

-1 lZS2 +55—4]
s3+52-25

_ ;-1 [2s%+55-4
=L ls(52+s—2)

_ 12 -1 1
=& [s t (s+2) T (5—1)]
=2 —e %t 4 et

Inverse Laplace transform of logarithmic functions

Find the inverse Laplace transform of the following functions

L 17 fog (22)

Sol": Let L™ [log (25)|=F (8

S+



L{F(t)} = log C : Z)

= log(s + a) — log(s + b)

L{itF(©)} = (-1) [S Ta 5T b]

[ —]
s+b S+a

1
tF(t) = L1 [ +b 5+Cl]
tF(t) = e Pt — et

e~ bt _ p—at
F(t) =

t
- [log (EI_Z)] _ e—bt;e—at.
2. 17 [tog (53]

Sol": Let L [log (=) |=F (&)

L{F(©)} = log (S j 1)
=log(s) —log(s — 1)

1 1
L{tF(6)} = (-1) [g T m]

= [sifﬂ
(o) = 17 = -]

tF(t) =e' —1

P = t _

t

Lt [log (ﬁ)] - ett -




3. L tog ()]

Sol": Let L~ [log (=) |=F (&)

1—s?
L{F(t)} = log( )

52
= log(1 — s%) —log(s?)

1
LEF®} = (D |1—

1
(=25) + (25)]

[2S 2S
[s2  s2-—1
tF(t) = 2L71 [1 >

B s s2—-1

tF(t) = 2[1 — cosht]

2[1 — cosht]
F(t) = .
-1 [log (1—:2)] _ 2[1—cosht].
s t

Inverse Laplace transform of e 2S£ (s)

w.k.t if L{F(t)} = f(s)then, L{F(t —a).U(t —a)} = e~ %f(s)

If L7Yf(s] = F(t) then, L™Y{e"%f(s)} = F(t — a).U(t — a)

Find the inverse Laplace transform of the following functions

1 e—ZS]
1 L [52+1



1
Wkt L—l SZ +1 :Slnt
—25 7
11 el i sin(t —2)U(t —2)
_q [se 3s
2. L [sz+4]
S
w.k.t L1 =
[52 n 4] cos2t
o Se—3s
i cos2(=3)t U(t — 3).
3 _1 e—3s ]
(s+1)*4
3
(s+1)* 3!
- e~3s (t-3) (t — 3)3
G+ ° (Y

4s
4. L7t -
L [(s+1)(52+25+2)]

w.k.t L [(s n 1)(521+ 25 + 2)] =17 [(s + 1)((51+ 1%+ 1)]

=et 71 [Wi-l-l)]

N [(i) + (52_: 1)]

= et [1 — cost]



e—4-S

L (s +1)(s2 + 25+ 2) =e™ "M [1 - cos(t — DUt —4)

Convolution

The convolution of 2 functions F(t) & G(t) usually denoted by
F(t).G(t). and as defined in the form of an integral as follows.

FO.G() = [[_, FW).G(t — u)du

Convolutions theorem

If L2[f(s).9(s)] = F(t) and L[g(s)] = G(t) then,

L[f(s).9()] = f,_, F(W). G(t — u)du



Problems:

Using convolution theorem obtains the inverse Laplace transform of
the following functions.

L L [s(szl+a)]

Sol:Let  f(s)=+, g(s) =

1
s?+a?

Lfe)] =1=F@) ., L'g@e)] === =G()

a

WKT,

L[f(s).9()] = [,_, F(w). G(t — w)du

L'l[l 1 ] :ft 1 sina(t—u) du

s s2+a? u=0 a

_ 1 1 ot
L1 L(Sz+a2)] == J,_,sin(at — au)du
_1 [_ cos(at—au)]t

0

a —-a

= % [cos(at — aw)]}

= % [1- cos at]

2. L [(52+1a2)2]

1
s2+4qa?

Sol:  Let f(s)=—— g(s) =

s24+q2 '



L)) =2 =F0 . LgE] =25 =6()

a a

WKT,
Lf(s).9()] = [,_, F(w). G(t — w)du

L'l[ 1 1 ] =ft sinau sina(t—u) du
s2+a2? s24q? u=0 ¢ a

_ 1 1 0t .
L 1[ ]:; o Sinau sin(at — au)du

_— t —_ —_
= =55 Jy_ocosat cos(2au — at)du

1
=—— [—u cosat —
a

sin(Zau—at)]t
2a 0

= 27‘1[3 [sinat — at cosat]

Laplace transform of derivative

Note (i) L{y*(0)} = s L{y ()} — y(0)
(i) L{y (D)} = s? L{y(©)} = sy(0) — y*(0)
(i) L{y ™1 (0)} = s° L{y(©)} — s y(0) — sy*(0) — y**(0)

Problems

2
1. Solve by using Laplace transform method ZT}ZI + k?y = 0 given that
y(0) =2, y*(0) =0.

Sol": Given



yl1(t)+k?y =0

Ly (O} + k*L{y(©)} = 0
s*L{y(6)} — s y(0) — y*(0) + k*L{y(t)} = 0
s?L{y(t)} —2s — 0+ k*L{y(t)} =0
(s> + k%) L{y(t)} = 2s

2s

L{y(t)} = YD)

1 2s
ye) =L [(52 T kz)]
y(t) = 2coskt

2. Solve by using Laplace transform method

y @) + 2y () = 2y (1) + 2y(t) = 0
given that y(0) = y1(0) =0, y1(0) =6

Sol™: Given
yH () + 2y () = 2y (@) + 2y(t) = 0
L{y"" ()} + 2L{y" ()} = 2L{y" ()} + 2L{y(t) = 0
s*L{y(t)} — s* y(0) — sy*(0) — y**(0) + 2[s*L{y(t)} — s y(0) —
y'(0)] = 2[sL{y(t)} — y(0)] + 2L{y(t)} = 0O
(s3+2s2—s—-2)L{y(t)}—-6=0
(s3+2s2—s—-2)L{y(t)} =6

Ly®) = (s3+2s2—5-2)

y@) = L™ [(33 n 2326_ . 2)] ;

y(® = 17 [(53 + 252 — s —2)
Y e B B ]
v = [(s+1) G-1  +2)
y(t) = —3e t +et +2e7%




NUMERICAL METHODS-I

SOLUTION OF ALGEBRAIC & TRANSCENDENTAL EQUATIONS

An equation f (X) = Ois classified into 2 types

(1) Algebraic or Polynomial
(2) Transcendental
f(X)=agx" +ax" 4. oiova, X+a,, a9 #0is called algebraic o

polynomial function of degreen. A function which is sum, difference or product of 2
polynomials is called an algebraic function, otherwise, the function is called a transcendental

function. For example €%, log X, COS X etc are transcendental functions.

e 0] .
[ie. f(X) =Y a;x" is called a transcendental equation.
i=0

Eg. coshx +sinx, e* + x, 10 + log X etc]

Root of an equation: A number m (real or complex) is called a root (or a solution) of an

equation f(x) =0 if f (m)=0. Then we say that m satisfies the equation f (X) =0 or that
mis a zero of the function f (X). The process of finding roots of an equation f (x) =0 is

known as solving the equation f (x) =0.

Note: The repeated execution of the same process where at each step the result of the preceding
step is used is known as iteration process.

To find the roots of an equation f (X) =0 we start with a known approximate solution and

apply any of the following methods:
Regula — Falsi Method (Or Method of false position) :-

Here we choose two points Xg & Xqsuch that f(xy) & f(X;)are of opposite signs.i.e.the
graph of y = F(x) crosses the ¥ — axis between these points.

Therefore aroot lies betweenag &x. 4 ¥ Blm, flx]]

Mo equation of the line joining the

points Al xg, f(x0)] &5[x. F(x)]is
y-flm) _ x-x i

Jxml-Fix) mn-x

Inthis method we replace the curve 0

AB twy the line AR

and take the point of intersection of

the line (i.e. egn. {11 with the ¥ — axis Alxg, flxg )]

s ¥ = S ()

a5 an approx¥imation to the root.



c.puttingy = 0in (1), we get
—f(xg) _ X=Xg X1 — X

(o-T00) % 0 T -fig) O

X1 — Xp
f(x)—f(Xo)

If now f(Xxq) & f(X,)are of opposite signs, then the root lies between X & X,. So replacing

ie. X2 = Xo —

f(Xg)-—-- (2) which is an approximation to the root.

X, by X, in (2) we get the next approximation X3.lf f(X,)& f(X;)are of opposite signs,
then the root lies between X; & X, . Then get X3 by replacing Xgby X, in (2). Repeat the above

process till the root is found to the desired accuracy.

The iteration process based on (1) is known as the method of false position.

Examples: 1) Find the root of the equation x3 —2x—5= Oby the method of false position
correct to 3 decimal places.

Solution: Let f(x) = x3 —2x -5, then
f(2)=23-2x2-5=-1<0& f(3)=3%-2x3-5=16>0
- Aroot lies between 2 & 3. Let Xy =2 & X; =3, then

X1 — Xo 3-2 1
Xo = Xq — f(Xg)=2———x(-1)=2+-—=2.0588
2=%0 " T xg) 0O T ey TP T2

Now f(x,) = (2.0588)° — 2(2.0588) —5 = —0.3911 < 0
.. The root lies between 2.0588 & 3. .. We get

Xg =Xy ——L7X2 _f(y)=20588- 2988 (3919
F(x)— f (%) 16+ 0.3911
20588+ 29412 639112 20813
16.3911

Repeating this process the successive approximations are X, = 2.0896, x5 = 2.0927,
Xg = 2.0938, x; =2.0939, xg = 2.0943 etc.

Hence the root is 2.094 correct to 3 decimal places.

2) Find areal root of the equation x10g1g X =1.2 by regula - falsi method correct to 4 decimal

places. (VTU 2004)
Let f (X) =X Ioglo X —1.2, then



f(1)=1xlog.g1-1.2=-1.2<0, f(2) =2xlog,g2-1.2=-0.59794 <0

f(3) =3logp3-1.2=0.23136 >0

- Aroot lies between 2 & 3.Taking Xg = 2 & X; = 3in the regula - falsi method we get,

=5 )= ) =
=2.72102

Now f(X,)=2.72102xlogq2.72102 -1.2 =-0.01709 <0

x(-0.59794) =2 + x0.59794

2_
0.23136 — (—0.59794) 0.8293

i.e. root lies between 2.72102 & 3 .

S-272l02 (001709) = 2.72102 + 21020
0.23136 - (~0.01709) 0.24845

Repeating this process the successive approximations are X, = 2.74024, x5 = 2.74063,

x0.01709 = 2.74021

" Xg =2.72102 —

Xg = 2.74064.

Hence the root is 2.7406 correct to 4 decimal places.

3) Find the real root of the equation cos x = 3x —1, correct to 3 decimal places by the method
of False position. [VTU 2003]
Here f(X)=cosx—3x+1
- F(0)=2>0, f(1) =-1.4597 < 0 = Root lies between 0 & 1
Let Xg =0& X; =1
2 =% "% (X)S - );o(xo) Flx0) = O_%X 2=0+ 3.425;97 =078l

f(x,) = f(0.5781) =0.1032 > 0

Hence root lies between 0.5781 & 1

1-05781 x0.1032 = 0.5781+wx0.1032 = 0.6060
—1.4597 —0.1032 1.5629

f (x3) =0.0039 >0
.root lies between 0.6060 & 1

Xg =0.6060 ——~—00080 4 5039 = 0.6060 + 2S04
1.4636

—1.4597 —0.0039
f (x,) = 0.000363 > 0

- X3 =0.5781—

% 0.0039 = 0.607

Hence root lies between 0.607 & 1



1-0.607 % 0.000363 = 0.607 + 0393 x0.000363 = 0.6071
—1.4597 —0.000363 1.460063

Hence the root is 0.607 correct to 3 decimal places.

X5 = 0.607 —

4) Find the fourth root of 12 correct to 3 decimal places using the method of false position.

Answer: LetX = (12)% — x*-12=0. Take f(x)= x* —12, then

f(1)=1-12=-11<0,f(2)=2%-12=16-12=4>0

-.root lies between 1 & 2. TakingXg =1& x; =2, we get f(Xy) =—-11& f(x;) =4

Xy mxg - TX0  pyyo1o 27 ay—1e L ca1-17383
f(x)— f(X) 4—(-11) 15

Now f(X,)=(1.7333)* -12=-2.974<0
.. Root lies between 1.7333 & 2. Taking, we get

2711838 5974y =1.7333+ 22957 5 974 —1.8470
4—(~2.974) 6.974

Now f (x3) = (1.847)* —12 = -0.3623<0.

- X3 =1.7333—

.. Root lies between 1.8470 & 2.

_27LBA0 | 43623) =1.8470+ 22> 0.3623-1.8507
4—(~0.3623) 4.3623

Now f (x4) = (1.8597)* —12 = —0.0389 < 0.

- X, =1.8470 -

. Root lies between 1.8597& 2.

271897 | 0,0389) =1.8507 + 22403, 00380 = 1.8611
4—(~0.0389) 4.0389

f (X5) =—0.0028 < 0 =>root lies between 1.8611 & 2

- X5 =1.8597 —

4,0028

4 —(~0.0028)

% 0.0028 =1.8612

(12)% =1.861 correct to 3 decimal places.

Exercises:
I Find the real root of the following equations correct to 3 decimal places by the method of

false position.
A1) x3-3x+4=0 (Ans:—2.196)
(3) X3 +x-1=0 nearx =1 (Ans :0.682)

B(1) xe*—2=0 (Ans:0.853)

) x3—4x-9=0 (Ans:2.7065)
@) x® —x* —x3-1=0 (Ans:1.404)
(2) 2x—logx=6 (Ans:3.647)



(3) xe¥ —sinx=0 (Ans:—2.991)
Il Use the method of false position to find the fourth root of 32 correct to 3 decimal places.
(Ans: 2.378)

111 Find the root of the equation xe* = cos x using regula falsi method correct to 4 decimal
places. (Ans:0.5177)

3 Newton — Raphson method

Let X, be an approximation root of f(X) = 0.If x; = X, + h be the exact root, then f (x;) =0,
ie. f(x,+h)=0
Expanding f (X, + h) by using Taylor’s series we get,

2
f(Xo)+ hfl(xo)+h2—| f(X) +.en=0
Since his small, neglecting h’& higher powers of h, we get
f(x
f(xg)+hfl(x,)=0=h=— 1( o)
F2(%o)
f%o) oo _
SX =Xg+h=X, — 1 , which is a closer approximation to the root.
(%)
f(x
Similarly starting with Xy , a still better approximation X, is given by X, = X; — . 1(( 1))
X1
f(X,) L
In general X1 =Xy — fl( ), which is known as the Newton — Raphson formula Or
Xn

Newton’s iteration formula.

F=Jx
Geometrically
Let xbe the root of the equation F(x=0.

Let x, be a point near the roote. Then the

Equation of the tangent at A[x,, fix,)]is
1y _ ¥ Fi%)
Fim)= e

=)

ltouts® — axis Ge y=0)at

Jiz,)
- 7 = takex = x]

This is the first approximation to the rodt a. o /ﬂc /11 s

Repeating this process, we approach to the root . Hence this method consists in replacing the

=4

part of the curve between the point A & x — axis by means of the tangent to the curve at A.

Examples: 1) Find by Newton’s method, the real root of the equation 3X = COSX +1



[VTU
2003]

Answer: Here f(x)=3x—-cosx—1
S f(0)=-2<0& (1) =1.4597 > 0 = aroot lies between 0 & 1.
So take X, =0.5 [which is mid point of 0 & 1]

Now f1(x)=3+sin x

.. By Newton’s iteration formula we have,

_ f(x) .y Xy —COSXp —1 _ XpSin X, +COSXp +1
flx,) 3+sin X, 3+sin X,

Xn+1 = Xn

Putting n = 0, the first approximation Xy is given by

_ XgSin Xy +C0sX, +1  (0.5)sin(0.5) +cos(0.5) +1
3+sin X, 3+5sin(0.5)

X, = 0.6085

Putting n =1, the second approximation X, is given by

_ X% Sin X +cosx; +1  (0.6085)sin(0.6085) + cos(0.6085) +1

X2 . : =0.6071
3+sin X 3+5sin(0.6085)

Putting n = 2, the third approximation X3 is given by

Xq = X5 SIN X5 +COS X, +1 _ (0.6071)sin(0.6071) + cos(0.6071) +1 _ 06071

3+sin X, 3+5sin(0.6071)

Here X, = X3 = the root is 0.6071, correct to 4 decimal places.

2) Find the real root of xlog;q X =1.2 by using Newton — Raphson method, correct to five

decimal places.

Answer: Here f(x)=xloggx—-1.2

S f(1)=-12<0,f(2) =2log;g2-1.2 =-0.59794 < 0, f (3) = 3log;¢ 3—1.2 = 0.23136 > 0

So a root lies between 2 & 3, Let X, = 2.5 be the initial approximation to the root.
1 1 d 1
Now f=(x) =log.q x+ x.;loglo e=log.g x+logge [ &(Ioga X) = ;Ioga e]

=10919 X+0.43429  [.-logqge = 0.43429]
Hence Newton — Raphson formula gives-

3 f(x,) _ Xplogig X, —1.2  0.43429x, +1.2
Xn+1—xn_1——xn_ -
f1(xy) logqg X, +0.43429  logqg X, +0.43429




0.43429x, +1.2  0.43429x2.5+1.2

X| = = = 2.746506
log1g X, +0.43429  logqq 2.5+ 0.43429

0.43429x +1.2  0.43429 x 2.746506 +1.2

Xy = - = 2.740649
0940 X +0. 0910 2. +0.
log;q X; +0.43429  log,, 2.746506 + 0.43429

0.43429x, +1.2  0.43429x 2.740649 +1.2

X3 = = = 2.740646
logqg X, +0.43429  log,q 2.740649 + 0.43429

= X = 2.74065 is the required root correct to 5 decimal places.

3) Using N — R method, find a root of tan X =1.5X which is near X =1 correct to 3 decimal
places.
Answer: Here f(x)=tanx-1.5x = fl(x) =sec? x—1.5& take Xo =1(given)

Hence Newton — Raphson formula gives-

2
f(Xa) _ “ _ tan x, —1.5x, X, sec” x, —tanx,

Xn+1 =Xn =77, < n
f(x,) sec? X, —1.5 sec? X, —1.5

1.
. X, —=SIn 2X
_seczxn(xn—smxncosxn)_ N9 n

2 [1_ 1.5 ] 1—1.5005.2xn

sec” X, .
sec” X,

X, —0.5sin2x;  1-0.5sin 2

Xy = 5 = > =0.9702
1-1.5c0s” X, 1-1.5c0s“1
X, = 0.9702 —O.58If;(2x0.9702) _ 0.9672
1-1.5cos” 0.9702
Xg = 0.9672 —0.5sin(2x0.9672) _ 0.9574

1-1.5c0s20.9672

.. root of the equation is 0.967 correct to 3 decimal places.

Exercises:

I. Find by Newton’s method, a root of the following correct to 3 decimal places:
1) x3—3x+1=0 (Ans:0.347) ) x3 —2x—5=0 (Ans: 2.095)
3) x> —5x+3=0 (Ans:0.657)  (4)x° —6x+4=0 (Ans:0.732)

(5)3x> —9x? +8=0, lying between 1 & 2 (Ans :1.226)
I1. Find aroot of the following equations correct to 3 significant figure using Newton’s iterative



method:

W) x* —12x+7=0 (Ans:0.594) (2) x* —x—13=0 (Ans:1.967)
3) x4 + X2 —7x2 —x+5=0, lying between 2 & 3 (Ans : 2.061)

(4) x> —5x%2 +3=0 (Ans 0.822)

I11. Using N — R method find a root of the following equations correct to 3 decimal places.

1) xe¥=2=0 2) 3sinx—2x+5=0, near 3 3) xsin x+cosx =0 which is near
X=r

[Answers: 1) 0.853 2) 2.883 3) 2.798]
IV. Find by Newton’s method, the root of the equations:

1) cosx = xe* (VTU 2003) 2) log x—cosx =0 3)

10* +x—-4=0
4) x+logqg x=3.375
Answers: 1) 0.518 2)1.303 3)0.539  4)2.911

Useful Deductions (Recurrence formula)

. o1
(1) Iterative formula to find N IS Xn41 =X (2—Nxp)

1 N
(2) Iterative formula to find /N is Xp4q = E(xn +X—j
n

. . 1 . 1 1
(3) Iterative formula to find — is Xp41 = —(xn + J

JN 2 NX,

k-1

1 N
(4) Iterative formula to find KN is Xn41 = E((k -Dxp +—J
Xn

Proofs: 1) To find %

1 1
Letx=—.Then —— N =0. Take f(x)=1—N = fl(x):—i.
N X X x2
Then Newton Raphson formula gives

1
f(x Xy
Xna1 = Xp — 1( n) = Xy —— 1 :xn+£i—ijr2,=xn+xn—Nxﬁ:2xn—Nx§
f(xp) _ = Xn
Xi

Or
Xn+1 = X (2= Nxp)

2) To find VN



Letx\/— x—N 0

Take f(x)=x?—N,then f1(x)=2x
.. By Newton’s formula, we get

ot f(Xn) . _X%-N_ZX%-X%-FN_X%—N_]. « +N
n+l = fl(xn)_ 2x, 2Xp 2xp 20" x,
Or
1 N
Xpl = (Xn“‘_J
Xn
3)TofindL
JN
1 2 1
Let X=——,.. X" ——=0
JN N

Take f(x)=x? —%, then f1(x)=2x

Then Newton Raphson formula gives

2 1 2 2.1 2 1
ML T T T o T 2x Ty 20 T
f=(xp) n n n n

Or

X —1x+1
n+1 2 n an

4) To find ¥/N
Let X:W,.'.xk—N:O

Take f(x)=xX — N, then f1(x)=kxK?

Then by N — R formula we get,

k

f(Xp) XK N kK —xK +N N

Xn+1l = Xn =7 0= =Xy — nk_l =0 knl [(k Dxp + e J
f=(xn) kX kXn Xn

Or

1 N
Xn41 = E((k =Dxp + FJ
n

Problems: Evaluate the following correct to 4 decimal places by Newton’s iteration method

1
1) —
)31



The iteration formula to find% ISXp41 = Xn (2—Nxp) , here N =31, then we get
Xn+1 = Xn (2 —-31x,)

An approximate value of 3% 15 0.03, .. take x, =0.03, then we get,

X, = X (2—31x,) = 0.03(2 - 31x0.03) = 0.0321

Xo = X%1(2—31x;) =0.0321(2 - 31x0.0321) = 0.03226

X3 = X (2 —31x,) = 0.032257(2 — 31x 0.032257) = 0.03226

. 1
. Xp = X3 up to 4 decimal places, we have 3 0.0323

1

N : 1. 1 1

The iteration formula to find N IS X1 =§[xn +N_J’ here N =14.
X 1 Xp + 1
*An+l 2| N 14x,

) 1 1 1
An approximate value of —— ~ —=— == =0.25. .. take X, = 0.25, then we get

X1=1 Xo + 1 :1(0.25+ L j=0.26786
2 14x, ) 2 14x0.25

Xy = <[ xq 4+ =1(0.26786+;j=0.26726
2 14%, | 2 14x0.26786

X3=1 X2 +L :1 0.26726+; =0.26726
2 14x, ) 2 14x0.26726

. Xo = Xz up to 4 decimal places = 1 0.2673

Xn

J14
3) V28
The iteration formula to find VN isx,, 4 :%(xn +EJ, here N =28
Xn

 Xpag = %{xn + ?j , An approximate value 0f /28 ~ /25 =5, .. take x, =5, we get

n

.'.x1=1 x0+§ =£[5+§J=5.3, x2=l x1+§ =1(5.3+§j=5.29151
2 Xo ) 2 5 2 X1 ) 2 5.3

X3=1 X2 +§ =£(5.2915l+ 28 j=5.29150
2 Xp ) 2 5.29151

.. Xo = X3 up to 4 decimal places, we have V28 =5.2915




4) 324

1 N
Answer: The iteration formula to findWian+1—E{(k—l)Xn+ kl]’ here
Xn

N=24&k=3
1 24 . 3 3
S Xpat =§ 2Xp +t— 1, An approximate value of Y24 ~ 327 =3. .. take Xo =3.Then we
Xn
get,
x1:E 2Xg +E 1 2><3+ﬁ =2.88889
3 Xg 3 32

X9 1 2><2.88889+L2 =2.88451

3 (2.88889
X3 == 1 2><2.88451+L2 =2.88450

3 (2.8845))

Since X, = X3 up to 4 decimal places, we have 24 = 2.8845

_1
5) (30) °
i . . i 1 N
Answer: The iteration formula to find Nk isXpyq = (k —Dxp +— | here
n
N=30&k=-5
) 1 30 | Xp 5
. Xn+1——g(—6xn +EJ_?(6_30Xn)

1 _1
An approximate value of (30) 5> ~(32) 5= % =0.5. .. take x, =0.5. Then we get,

X, = X?O(G ~30¢8 )= %(6 ~30(0.5)° )= 050625

0.5065

_ 050625(s 3000506298 ) 0.50650, x5 - T(G_BO(O'SOGS)S): 0.50650

Xo =

_1
Since x, = X3z up to 4 decimal places, we have (30) ° =0.5065

Exercises:
1) Develop a recurrence formula for finding IN, using Newton’s — Raphson method and
hence
compute~/32 correct to 4 decimal places.
2) Find the cube root of 41, using N — R method.
3) Develop an algorithm using N — R method to find the fourth root of a positive number N and
hence find 432

4) Evaluate the following (correct to 3 decimal places) by using Newton’s — Raphson method.



1

i % i) % iii) (28) 4
Answers: 1) Xp41 = %(Xn +X£J , 5.6569 2) 3.4482 3) 2.3784
n
4) 1) 0.056 ii) 0.258 iii) 0.4347
Finite differences
1) Forward differences: Let Yq, Y1, Y2, eee..- Y, denote a set of values of y = f(X) at the
points Xg, Xy, X9 ,.eeeeeee Xp respectively. Then the difference y, —y,_1 is called forward

differences of Y and is denoted by Ay, _; .
SAYR 1 =Yn—Yn1 AYo=Y1 Yo, AY1=Y2 Y1 AV = Y3 =Yoo » Where
A is called forward difference operator and Ayg, AYy, AYs,........... are called 1% forward
differences. Similarly the differences of the 1% forward differences are denoted by
A yO,A2 yl,A2 Yo, e & similarly we can define el ,4rOI forward differences etc.
Thus A%Yo = Ay; —Ayg = Y2 — Y1 — (Y1 = Yo) = Y2 —2¥1 — Yo

APy =My =Ny =Y3-Y2 ~ (V2= Y1) = V3 -2Y2 V1

Similarly A2y, = Y4 —2Y3 — Vo, A2Ys =Y — 2y, — Y3 & soon

Now A’Yo = A%y; — A%Yg = Y3 =2y, + Y1 — (Y2 — 21 + Yo) = Y3 —3Y2 +3Y1 — Yo

SimilarIyA3y1 =Y, —3Y3+3Yo— Vg, A3y2 = Y5 —3Y, +3Y3 — Yo & soon.
In the similar manner we get, A4y0 =Y, —4y3+6Yy, —4y; + Vg,

AYo = Y5 —5Y,4 +10y3 —10y, +5y; — Yo,

A6y0 =Y —6Y5 +15y, —20y3 +15y, —6Y; + Yo & soon
Hence we can express any higher order differences in terms of the Y . Since the coefficient on
the right side are the binomial coefficients that can be obtained by “Pascal’s Triangle”

Which is as shown below



CD(J'I-IILOOI\J
[
o
(o))
o
[

n
n
n
n
n

n=7 1 7 21 35 35 21 7 1 soon

The forward differences are usually arranged in tabular column, called a Forward difference

table
Forward difference table:-
X y A A2 A3 A
Xo Yo
Ayg ,
X1 Y1 A™Yo 3
Ay, AYo
X2 Y2 A? 4
Ay, " Ao
3
X3 Y3 2 A"y,
Ay3 A Y2
X4 Ya
2. Backward differences: Let g, Y1, Y2 ,-ee .- Y, denote a set of values of Y = f(X) at the
poINts Xg, Xy, X9 ,eeevnees Xp respectively. Then the difference y, —Y,_1 is called Backward
differences of y and is denoted by Vy,
S VY1=Y1-Yo, VY2 = Y2 = Y1, VY3 =Y3 =Yoo VYR = Y0~ Y
whereV is called forward difference operator and VY, V¥n_1, V¥n_2,-eeeenn- are called

1% backward differences. Like forward differences we can also define higher order backward

differences.
Thus VY, = VY, =V¥1 = Yo = Y1 = (Y1~ Yo) = Y2 —2¥1 + Yo
VY3 =Vy3—Vy, =y3 Yo~ (Y2 = Y1) =Y3-2Yp + V1
Similarly V2y4 =Yy, —2Y3+ Y, soon.
Now V3y3 =V2y3—V?y, = y3 -2y, + Y1 — (Y2 —2Y1 + Yo) = Y3 —3Y2 + 31— Yo

V3y4 =Y, —3Y3+3Y, —Y;, &soon.



Backward difference table:-

X y \Y v2 v3 v4
Xp Yo
Vy; ,
X1 Y1 V7y, 3
Vy, V7ys A
X2 Y2 v2y, V7Ys
Vs V3y4
X3 Y3 2
VY, VY
X4 Ya

Symbolic relations: In addition to the operation A &V we now define one more operator
called Shift operator E as follows Ey, =y, .4 , then

E*Y, =EYr.1+ Yri2&soon. Ingeneral EMy, =y,

Relation between E & A:
We know that Ayg =Yy, — Yo =Eyg—Yo=(E-1)yg=>A=E-lor E=A+1- - (1)

Equation (1) = that the effect of the operator E on Y is the same as that of the operator
A+lonyy.

Now Ay =(E —1)?yo = (E* —2E +1)yg = E®yo —2Eyg + Yo = Y2 —2¥1 + Yo
Relation between V & E:

We know that Vy; =Yy — Yo = Y1 —E 1y =1—-E )y, = V=1-E s (2)
Relation between A, V & E:

VE=(1-EY)E=E-1=A=A=VE - 3)

Relation between A & V:

(AV)Yr =AVYr) =AY, —Yro1) =AYy =AY =AYy = (Y = Yro1) =AY, = VY =(A-V)y,

Examples:
1) The following Table gives a set of values of X and the corresponding values of y = f (X):

X 10 15 20 25 30 35
y=1(x) | 19.97 2151 22.47 23.52 24.65 25.89

Form the difference table and write down the values of Af (10), A? f (20), A f (20),

A*f (15), VF(20), V2 £ (30), V3 (25), and V* f (35)

The difference table is
X y Ay Azy A3y A4y Asy




10 19.97
1.54
15 21.51 —0.58
0.96 0.67
20 2247 0.09 —-0.68
1.05 -0.01 0.72
25 2352 0.08 0.04
1.13 0.03
30 24.65 0.11
1.24
35 25.89

-~ Af(10) = Ay =1.54, A% (10) = A’y, = —0.58, A%f(20)=A%y2=0.03,
A £ (15) = A*y; =0.04

Vv (20) = Vy, =0.96, V2 f (30) = V?y, =0.08, V3f (25) = V3y2 = 0.67,
V4 (35) = V*4ys =0.04

Interpolation
Introduction: Let Y = f(X) be a continuous function defined in some interval [Xg,Xp], then

we can find the functional values f (X) corresponding to given values of X say Xg,Xq,...--,Xp

asyn = F(X,).
Now for a given set of tabular values (Xg, Yg), (X1, ¥1)s-ee.-- - (Xp, Yy ) satisfying the relation

y = f(X) where the explicit nature of f(X) is not known, we can find a simpler function, say

#(X) such that f (X) & @(X) agree at the set of tabulated points and this process is called

‘interpolation’. The process of estimating the value of y for some value of X out side the
interval (Xg,Xp)is called extrapolation. If ¢(X)is a polynomial, then process is called

polynomial interpolation & #(X) is called the interpolating polynomial.

Interpolation with equal interval:

Newton’s interpolation formulae (Gregory — Newton):

Let (Xg,Yo), (X1, Y1)seee--- (X, Yn) be agiven set of (n+1) values of X & y where values

of X be equidistance.i.e. xj =xg +1ih,1=0,1,2, 3,........... n

PAYo , P(P-DA%o  P(P-D(P-24%  P(P=D(P=2)...co{p=N+DA"Yg

Yn(x) = Yo+ o1 3 n!



X— Xo
Where p =

This is called as Newton’s or Newton-Gregory forward difference

interpolation formula & is used to determine the interpolation near the beginning of a set of

tabular values &

PVYn p(p+1)V23y, . p(p+1)(p+2)V3y, e PP+ (p+n-1v"y,

Yn(x)=Yn + ol 3 !

X
Where p = . N This is called Newton’s or Newton-Gregory backward difference

interpolation formula & is used to interpolating near the end of the tabulated values.

Problems:

1) Find the interpolation Polynomial which takes the following values. y(0) =1, y(1) =0,
y(2) =1, & y(3)=10and hence find y(0.5), y(4) & y(5)

The difference table is

X y Ay Azy A3y
0 1
-1

1 0 2

1 6
2 1 8

9
3 10

Using forward formula we get;
X—Xg Xx-0
Here h=1, x5 =0 .. p= =——=X
0 P~ 1

Newton’s forward formula is

_pAyy . p(P-DA%yy  p(p-1)(p-2)A’yq
Yn(X)=yo + 1 + o + 3
N xx (=1) N X(X-1)x 2 N X(x-1D(x—-2)x6
1 2 6
2

=1

=1-x+x2 —x+x3-3x% +2x =x3 —2x% +1
Hence y(0.5) = (0.5)% —2(0.5)% +1=0.125-2x0.25+1=0.125-0.5+1=0.625
y(4) =43 -2x4% +1=64-32+1=33 & y(5)=5°—2x5° +1=125-50+1="76
Using backward formula we get;
X — X
h
Newton’s backward formula is
PV¥n , P(R+DVYn  P(P+D(P+2)V Yy
1 21 3

-3
Here hzl,xn=3. SLp= :XT:x—s

Yn(X)=yn +



(x-=3)x9 N (x=3)(x—2)x8 N (x=3)(x—=2)(x-1)x6
2 6
=10+9X—27+4X% — 20X+ 24+ X> —6x% +11X—6 = X° —2x° +1
Note: The above example shows that if a tabulated function is a polynomial, then forward &

backward
formula gives same results.

2) Given thatsin45° =0.7071 sin50° = 0.7660, sin55° = 0.8192, sin60° = 0.8660, find

=10+

sin48°.
Answer: The Given data can put in tabular form as —
X (in degrees) 45 50 55 60
f (x) =sinx 0.7071 0.7660 0.8192 0.8660
The difference Table is
X y Ay A2 y A3 y
45 0.7071
0.0589
50 0.7660 —0.0057
0.0532 —0.0007
55 0.8192 —0.0064
0.0468
60 0.8660

X—Xo 48-45_ 3 _
h 5 5

Here h=5, xg =45, x=48... p= 0.6

Consider forward difference formula,

PAYo , P(P-DA%Yo  p(P-D(p-2)A°yg
T 2 3

Yn(X)=yo +

=0.7071+ =0.7430848

0.6x0.0589  0.6(-0.4)x (-0.0057) 0.6(-0.4)(~14) x (-0.0007)
1 2 6

-.sin48° =0.7431, correct to 4 decimal places.
3) The following table gives the distances in miles of the visible horizon for the given heights
in feet above

the earth’s surface. Find y for X =218

X: 200 250 300 350 400
f(x): | 1504 | 1681 | 1842 | 199 21.27

Answer: The difference table is



X y Ay Azy A3y Aty

200 15.04
1.77

250 16.81 ~0.16
161 0.03

300 18.42 ~013 ~0.01
148 0.02

350 19.9 ~0.11
1.37

400 2127

Here h=5, xg = 200, x=218. . p= > %o _ 2187200 _18_ 4

h 50 50

Consider forward difference formula,

PAYo , P(P=DA%Yo  p(P-D(P-2)A%s  p(P-D(P-2)(P-3)A'yq

Yn(x)=Yo+—, o1 3 A

1504, 036X177  036(-064)x(-0.16) 0.6(-0.64)(-1.64)x0.03 0.6(-0.64)(-1.64)(~2.64) x (-0.0:
2 6 24

—15.697936921¢

-y =15.6979, correct to 4 decimal places

4) From the following table, estimate the number of students who obtained marks between 40
and 45:

Marks 30 -40 40 - 50 50 - 60 60 -70 70 -80
No. of students 31 42 51 35 31
Answer: The cumulative frequency table is
Marks less than : x 40 50 60 70 80
No. of students: y 31 73 124 159 190
Then the difference table is
X y Ay A2 y A3 y A4 y
40 31
42
50 73 9
51 -25
60 124 -16 37
35 12
70 259 -4
31
80 190

Here h=10, x, = 40, x =45 (i.e. we have to find y when x = 45)




p= X—Xo 45-40
Y h 10
Consider forward difference formula,

pAYo , P(P-DA%Yo . p(P-D(p-2)A%s _ p(P-D(P-2)(P-3)Ayg

0.5

Yn(x) = Yo+~ o 3 :
a1y O_iS a9, 05(05) o 0.5(—0.:)(—1.5) ‘(25 0.5(—0.5)(2;1.5)(—2.5) a7

=47.867187E
.. The number of student with marks less than 45 is 47.86 ~ 48

But the number of students with marks less than 40 is 31.

Hence the number of students getting marks between 4 & 45 =48 — 31=17.

5) In the table below, the values of y are consecutive terms of a series of which 23.6 is the 6t

term. Find the

first and tenth terms of the series.
X: 3 4 5 6 7 8 9
y: 4.8 8.4 14.5 236 | 36.2 | 52.8 73.9

Answer: The difference table is

X y Ay A2y A3y Aty
3 4.8
3.6
4 8.4 2.5
6.1 0.5
5 145 3.0 0
9.1 0.5
6 23.6 3.5 0
12.6 0.5
7 36.2 4.0 0
16.6 0.5
8 52.8 4.5
21.1
9 73.9
To find first term, consider Newton’s forward interpolation formula
Here h=1 x, =3, X=1=p= X hXo :¥:—2
2 3 4
Vo (X) = Yo + PAYo . P(P-DA%Yo  p(P-1)(P-2)A%yp , p(P-D(P-2)(P-3)A"yo
u 2! 3 4l
—48+ %36+ —(_2)2(_3) x2.5+ —(_2)(_63)(_4) x0.5+ (_2)(_:251_4)(_5) x0=31

.. The first term is 3.1



To find tenth term, consider Newton’s backward interpolation formula

X — X
Here h=1,x,=9, x=10=p= L

10-9

1

=1

PVYn , P(R+DV2yn  p(P+D(P+2VPy,  p(p+D(p+2)(P+3V*Y,

Yn(¥) =Yn + 2 3 4
_ 73.9+1><21.1+1X2 454+ X2%3 05, 1£2x3x4 100
.. The tenth term is 100.
6) Estimate the value of f(22) & f (42) from the following available data:
X 20 25 30 35 40 45
f(x) 354 332 291 260 231 204
Answer: The difference table is
X y Ay Azy Asy A4y Asy
20 354
-22
25 332 -19
-41 29
30 291 10 -37
-31 -8 45
35 260 2 8
-29 0
40 231 2
-27
45 204
To find f(22) use Forward formula
Here h=5, X, =20&Xx=22=> p = X_hxo - 22;20 - 0.4

Newton’s forward interpolation formula is

PAYo , P(P=DAYo  P(P-D(P-2A%, _ p(P-D(p-2)(P-3A'Y

In(¥)=Yo + 2 3 a
L P(P=D(p=2)(P=3)(p—4A°Y,
51
=354+ 0T4 x (—22) + w « (~19) + 22 (_OéG)(_l'G) x 294 04> (_0'6)2(;1'6)(_2'6) x (~37)
, 04x(-0.6)(-16)(-26)(-36) = _ac1 70464

120
- 1(22) =352 approximately.
To find f(42) use backward formula



X=Xy 42-45
h 5
Newton’s backward interpolation formula is

PVYn , P(R+DV2yn  p(P+D(P+2VPy,  p(p+D(p+2)(P+3V*Y,

—0.6

Here h=5, X, =45&x=42= p=

Yn(¥) =Yn+— 21 3 4
L P(P+D(p+2)(P+3)(P+HV°yy
51

2044 0.6 X (=27) + —-0.6%x(0.4) ‘4 -0.6%x(0.4)1.4) <0+ —-0.6x(0.4)(1.4)(2.4) 8

1 2 6 24

. 0.6x(0.4)(1.4)(2.4)(3.4) « 45— 218.66304
120
- 1(42) = 219 approximately.
Exercises:
1) Find the cubic polynomial which takes the following values:
X: 0 1 2 3
f(x): 1 2 1 10

Hence find f (4).
2) If f(1.15)=1.0723 f(1.20)=1.0954, f(1.25)=1.1180and  f(1.30) =1.1401 find

f(1.28)

3) The area A of a circle of diameter d is given for the following values:
d: 80 85 90 95 100
A: 5026 5674 6362 7088 7854

Calculate the area of a circle of diameter 105
4) Find the number of men getting wages between Rs. 10 and 15 from the following data:

Wages in Rs. : 0-10 10- 20 20 - 30 30 - 40
Frequency : 9 30 35 42

5) From the following data estimate the number of persons having incomes between 2000 and
2500

Income : Below 500 | 500 - 1000 | 1000 - 2000 | 2000 - 3000 | 3000 - 4000

No. of persons 6000 4250 3600 1500 650

6) In the following table, the values of y are consecutive terms of a series of which 12.5 is
the

Sth term. Find the first and tenth terms of the series.
X: 3 4 5 6 7 8 9




2.7

6.4

12.5

21.6

34.3

51.2

72.9

7) Find the cubic polynomial which takes the following values:

X

0

1

2

3

4

f(x) :

-5

-10

-9

4

35

8) Given logyo 654 = 2.8156, logyo 656 = 2.8169, log;o 658 = 2.8182, log;o 660 = 2.8195

logyo 662 = 2.821, find logyo 655

9) From the data given in the following table, find the number of workers whose hourly wage

is between Rs. 21 & Rs. 25.

Hourly wage (in Rs.): 0-10 11-20 21 -30 31-40 41 - 50
No. of workers: 45 115 210 115
10) Estimate the value of tan(0.12) & tan(0.27) from the table given below:
X! 0.10 0.15 0.20 0.25 0.30
y=tanx | 0.1003 0.1511 0.2027 0.2553 0.3093
Answer:1) 2x3 —7x% +6x+1 f(4) =41 2)1.1312  3) 8666 4) 24 5)
1169
6) 0.1&100 7) x3 —6x—5 8) 2.8162 9) 42  10) 0.1205 0.2767

Interpolation with unequally spaced points:

In the Newton’s interpolation we required the values of the independent variable to be
equally spaced.
.. Now we have to derive interpolation formula with unequally spaced values of the
argument.

Here we have Lagrange’s formula.

Lagrange’s interpolation formula:

Let y(x) be a continuous & differentiable (n +1) times in the interval (a,b) . Let(Xq, Yo) ,
(X1, Y1), - , (Xn»¥Yn), be the set of (n+1) points where the values of X need not

necessarily be equally spaced. Then

(X=X1)(X=X2).erueee. (X—=Xp)
(Xo =X1)(Xo = X2)-eev(Xg — Xp)

(X=Xg)(X=X2)werruueee (X—=X%p)
(X1 = Xo)(Xg = X2)-weee:(Xg = X))

f(x)=

0



(X=Xg)(X=X)ererenee (X—Xn-1)

(Xn = Xo)(Xn = X1) e (Xn = Xp 1)

X Yn 3)

This is called Lagrange’s interpolation formula.

Problems: 1) By using the Lagrange’s interpolation formula, find f (11) from the following

data

X

2

5

8

14

y=1(

94.8

87.9

81.3

68.7

Answer: Here xg =2, X1 =5, X =8, X3 =14, yp =94.8, y1 =87.9, yo =813, y3 =687,

and X

=11

Lagrange’s interpolation formula is

(X=X) (X=X ) (X — X3)

0

X

(X—Xo)(X—X2) (X —X3)

(X1 = Xo) (X — X2) (X1 —X3)

(X=X ) (X = X1 )(X—Xp)

XYy

(X3 —Xo)(X3 —X1)(X3 = X2)

f(x)=
(Xo = X1)(Xo = X2)(Xo — X3)
(X=Xo) (X=X )(X = X3)
(X2 —Xo) (X2 —X)(X2 —X3)
fy - 1-901-801-14
(2-5)(2-8)(2-14)
| 11-291-5)01-8)
(14-2)(14-5)(14-8)
__6x3x(=9 y N 9% 3x(-3)
(-3)(-6)(-12) 3x(=3)(-9)

19, 11-2)A1-8)11-14)

5-2)(5-8)(5-14)

7.9+—9X6X(_3) X

6x 3% (—6)

81.3+

xXY3

Jg, 11-2)(11-5)(11-14)

(8-2)(8-5)(8-14)

Ix6x3
12x9%x6

x68.7=74.925

2) Certain corresponding values of X & log;g x are: (300, 2.4771) , (304, 2.4829) (305,
2.4843) and

(307, 2.4871) . Find log;g 301by using the Lagrange’s interpolation formula

Answer: Here x, =300, X; =304, Xo =305, x3 =307, y, =2.4771, y; = 2.4829,

Yo = 24843 y, = 2.4871,

and x =301

Lagrange’s interpolation formula is

(X=X%1) (X = X2)(X = X3)
(Xo = X%1)(Xo = X2)(Xo — X3)

f(x)=

0

(X—Xo)(X—X2) (X — X3)

(X1 = Xo) (X — X2) (X1 —X3)

XYy

x81.3



(X=Xo) (X =% )(X = X3)
(X2 = Xo) (X2 = X1)(X2 — X3)

(X =Xo) (X=X ) (X = %7)

(X3 —Xg)(X3 —X1) (X3 — X2)

10919 301=

(301-300)(301-304)(301-307) _
(305—300)(305— 304)(305— 307)

2.4843+

(301-304)(301-305)(301-307) , ..
(300—304)(300—305)(300—307)

xXY3

2.4829

, (301-300)(301-305)(301-307)
(304—300)(304— 305)(304—307)

(301-300)(301— 304)(301— 305)

(307 -300)(307 — 304) (307 — 305)

- —Ej; E:g E:?; X 24771+ —i Z((__‘;))((:g x 2.4829+ —15XX(1_3)((__26)) x 24843+ 29 X7(;2)X(_4)
=2.4786
3) Given the values
X 5 7 11 13 17
f(x) 150 392 1452 2366 5202

Estimate f(9) using Lagrange’s interpolation formula

x2.4871

x2.4871

Answer: Here Xy =5, X1 =7, X =11, x3 =13, X4 =17 y, =150, y; =392, y, =1452,

y3 = 2366, Y4 =5202

and X=9

Lagrange’s interpolation formula is

(X=X ) (X = X2 ) (X = X3)(X — Xz)

(X = Xo) (X = X2) (X = X3) (X — X4)

f(x)=

(X=X ) (X = X1 )(X = X3) (X = X4)
(X2 = Xg)(X2 — %) (X2 —X3)(X2 —X4)

(X=X ) (X=X ) (X = x2) (X = X3)

(X0 —X1)(Xo —X2)(Xg —X3)(Xo — X4)

0

(X1 — X ) (X1 —X2)(Xg — X3) (X1 — X4)

(X =X ) (X =X ) (X = x2) (X — X4)

(X3 =X ) (X3 — %) (X3 — X2)(X3 — X4)

(X4 —Xo)(Xg = X1)(Xg = X2)(Xq — X3)

_(0-70-190-13@-17) ..,

- f(9) =
(5-7)(5-1)(5-13)(5-17)

(9-5)0-71O-1390-17) e,

(11-5)(11-7)(11-13)(11-17)

(9-5)(9—7)(9-11)(9-13)

(17-5)(17-7)17-11)(L7-13)

XYaq

L 0-50-1)9-13@-17) 4,

(7-5)(7 —11)(7-13)(7-17)
(9-5O-NO-190-17) ..

(13-5)(13-7)(13-11)(13-17)

x 5202

xY1

xY3



_ 2X(DEDEB) oo, AX(DEAED) o AX2AAED)

 (-)(-6)(-8)(-12) 2x (-4)(-6)(-10) 6x 4% (-2)(-6)
4% 2(-2)(-8) 4x2(=2)(4) .,
P axoea(d) 238 T ooxexa <220

=809.99999978~ 810

4) Using Lagrange’s interpolation formula, find Y when X =10from the following table:

X 5 6 9 11

y 12 13 14 16

Answer: Herex, =5, X1 =6, X =9, x3 =11, y, =12, y; =13, y, =14, y3 =16, and

x=10
Lagrange’s interpolation formula is
F(x) = (X=x)(x=X2)(X=X3) Yo + (X=X)(X—X2)(X=X3) vt
(Xo =X1)(Xo = X2)(Xo = X3) (X1 = Xo) (X —X2) (X — X3)
N (O IR G S 1 L B
(X2 =Xo) (X2 —x1) (X2 — X3) (X3 = Xo) (X3 =X ) (X3 = X2)
- F(1L0) = (10-6)(10-9)(10-11) <124 (10-5)(10-9)(10-11) <13

(5-6)(5-9)(5-11) (6—5)(6-9)(6—11)

, 10-5@0-6)@0-1) .,
(9-5)(9-6)(9-11)

(10-5)10-6)10-9) .,
(11-5)(11-6)(11-9)

_ 4x1(-1) «12+ 5x1(-1) «13+ 5x4(-1) 14+ 5><4><l><
(-D(-4)(-6) 1x (=3)(-5) 4x3x(-2) 6x5x2

=14.66666~14.67

16

Exercises:

1) Using Lagrange’s interpolation formula, find f (5) from the following data

X 1 3 4 6

f(x) 3 9 30 132

156

2) Use Lagrange’s interpolation formula to find f (4).Given

X 0 2 3 6
f(x) -4 2 14 158




) If y@) =-3, y(3) =9, y(4) =30, y(6) =132, find the Lagrange’s interpolation Polynomial
that takes the

same values as Y at the given points.
4) Given u, =707, U =819, u3 =866 & ug =966, find U4 using Lagrange’s interpolation

formula.

5) Using Lagrange’s interpolation formula Find f (6) . Given

X 3 7 9 10
f (x) 168 120 72 63

Answers: 1) 73.1 2) 40 3) x3 —3x% +5x—6 4) 906 5) 147

Newton’s General Interpolation Formula (Divided — difference)

The Lagrange’s interpolation formula, derived earlier has the disadvantage that if another
interpolation point were added, then we have to change the Lagrange’s interpolation formula
completely. Therefore we seek an interpolation polynomial which has the property that a
polynomial of higher degree may be derived from it by simply adding new terms. Newton’s

general interpolation formula is one such formula for which we need divided differences.

Let (Xg, Yo)s (Xg, Y1) seeveeees (X, Yp) be the given (n+1) points. Then the divided
differences of orders 1, 2,............ , N are defined as
— X1, X2 ]=[Xq, X
[xg, 5] = LYo [Xo’xl’XZ]:[ X2l = [%o, ]
1~ Xo X2 = Xo
X1, X9, Xa]=[Xq, X1,
[Xo,Xl,Xz,X3]=[ 1:X0. X317 X0, %9 2], ......
X3 = Xp
X1, X9 e Xn 1= [Xq s X1 yevenne X
.................. 5 [X0|X1$X21"""'1 Xn]:[ L 2 n] [ 0 L L 1]
Xn — Xg

Note: [Xg,X1]= 17Y% _Yo= i =[X1,%o]

1= X0 Xg—Xg
Newton’s divided-difference interpolation formula

From the definition of divided differences we have
Y—Yo

0
Y =Yo +(X—Xo)[Xo, Xg ]+ (X=X )(X = X1) [Xg, X1, X2 ]+ (X = X ) (X — X1 ) (X — X2 ) [Xg , X1, X2, X3]

[x,x0]= =>Y=Yo+(X=Xg)[X, Xo]-———— (1) Continuing in this way we get



This is called Newton’s general interpolation formula with divided differences, the last

term is called the remainder term after (n+1) terms.
Problems: 1) Determine f (x) as a polynomial in X for the following data, using Newton’s

divided difference Formula

f(x) 1245 33 5 9 1335

Answer: The divided differences table is

X y 1% divided | 2" divided | 3" divided | 4™ divided
differences differences differences | differences
-4 1245
-404
-1 33 94
-28 -14
0 5 10 3
2 13
2 9 88
442
5 1335

Newton’s divided differences interpolation formula is

Y = Yo +(X=Xo)[Xo, Xa]+ (X = X0 ) (X = X ) [Xo, X1, X2 ]+ (X = X ) (X = X ) (X = X2) [Xo X1, X2, X5]
+(X=Xo ) (X=X )(X = X2)(X = X3)[Xo, X1, X2, X3, X4 ]

Here [Xq,X1] =—404, [Xq, X1, X2]=94, [Xg, X1, X2, X3] =14, [Xg, X1, X2, X3, X4] =3,

oo F(X) =12454 (X +4) x (—404) + (X + 4) (X +1) x 94 + (X + 4) (X + 1) (X — 0) x (—14) + (x + 4)(x + D) (X) (x — 2) x.

—1245— 404X —1616+94x2 + 470X +376—14x° — 70x% —56x +3x* +9x3 —18x2 — 24x

:3x4 —5x3 +6x2 —14x+5

2) Using Newton’s divided difference formula, find f(8) & f (15) from the following data:

X! 4 5 7 10 11 13




f(x): 48 100 294 900 1210 | 2028

The divided difference table is

X y 1% divided | 2" divided | 3" divided | 4™ divided
differences differences differences | differences
4 48
52
5 100 15
97 1
7 294 21 0
202 1
10 900 27 0
310 1
11 1210 33
409
13 2028

Newton’s divided differences interpolation formula is

Y = Yo +(X=Xo)[Xo, X ]+ (X = X0 ) (X = X1 ) [Xg, Xg, X2 I+ (X = Xo ) (X = X ) (X — X2 ) [Xq, X1, X2, X3]
+(X=Xo ) (X =X ) (X = X2 ) (X = X3)[Xo, X1, X2, X3, X4 ]-

Here [Xq,X1]1=52, [Xg,X1,X2]1=15, [Xq, X1, X2,X3] =1, [Xg, X1, X2, X3,X4] =0,

LX) =48+ (x—4)x52+ (Xx—4)(Xx=5)x15+ (X—4)(X=5)(x—=7)x1+ (Xx—=4)(Xx=5)(x=7)(x—10)x 0

— f(8) =48+ (8—4)x52+(8—4)(8—5)x15+(8—4)(8-5)(8—7)x1+(8—4)(8-5)(8—7)(8-10)x0

=48+ 4x52+4x3x15+4x3x1x1+0=448 &

f (15) = 48+ (15— 4) x52+ (15— 4)(15—5) x15+ (15— 4)(15—-5)(15— 7) x 1+ (15— 4)(15-5)(15— 7)(15—-10) ;
=48+11x52+11x10x15+11x10x8x1+0=3150

3) Given that f(0) =8, f(1) =68, & f(5) =123. Construct a divided difference table. Using

the table determine the value of f(2).

Answer: The divided difference table is

X y 1%t divided | 2" divided
differences differences
0 8
60
1 68 -9.25
13.75
5 123

Newton’s divided differences interpolation formula is

Y= Yo +(X=Xo)[Xo, X1 ]+ (X=X ) (X = %1 ) [Xo0, X1, X2]



Here [Xg,%1]1=60, [Xq,X1,X2]=-9.25,
S (X)) =8+ (x—-0)x60+ (x—0)(x—1)x(-9.25)
= f(2)=8+(2-0)x60+(2-0)(2-1)x(-9.25) =8+ 2x60+ 2x1x(-9.25) =109.50
Exercises: 1) Using Newton’s formula for divided differences find an interpolating

polynomial for the following data:
X: 0.0 0.5 1.0 2.0
f(x): 0.00 0.57 1.46 5.05

Hence find f(0.3) & f (1.6).

2) Given the data:
X: 5 7 11 13 17
f(x): 150 392 1452 2366 5202

Find f(9) using the Newton’s divided difference formula.
3) For the data given in the following table, find the polynomial approximation of f (x) using

Newton’s divided difference formula:
X: 2 4 5 6 8 10
f(x): 10 96 196 350 868 1746

4) Given uyg = 24.37, Upy =49.28, uyg =162.86 & Uz, =240.5, find u,g by using the
Newton’s

divided difference formula.
5) Given logyp 300 = 2.4771, log;o 304 = 2.4829, logyo 305 = 2.4843 &log; g 307 = 2.4871,
find

by divided difference formula the value of log;q 306.

6) Given f(0)=-18, f(1)=0, f(3)=0, f(5)=-248 (6)=0, f(9) =13104 find f(x).
7) Applying the method of divided differences for interpolation, find the value of y when
X =5,

given X 4.50 4.55 4.70 4.90 5.15
y- 1345 1470 2010 3815 10965

8) If y() =-3, y(3)=9, y(4) =30, & y(6) =132 find the interpolating polynomial that takes

these values.



Answers: 1) 0.2834x3 +0.2149x% +0.9617x. f(0.3) =0.3155& f (1.6) =3.2497 2) 810
3) 2x3-3x% +5x—4  4) 141938  5) 24857  6)
x° —9x% +18x3 —x2 +9x 18
7) 5745 8) x> —3x% +5x—6
Inverse interpolation:
The process of estimating the value of X for a value of y is called the inverse interpolation.
Just on interchanging X & Y in the Lagrange’s formula or Newton’s general formula we

obtain Inverse interpolation formula as:

1) x= (V=YD = Y2) . (Y—Yn) ‘xg + (Y= Yo)(Y = ¥2)errrne (Y—=Yn) X
(Yo = Y1) (Yo = Y2)--(Yo = ¥Yn) (Y1 = Yo)(Y1 = Y2) (Y1 = ¥Yn)
(Y= Y0)(Y = Y1) evvvree. (Y=Yn-1)

(Yn = ¥o)(Yn = Y1)--(Yn = Yn-1)

2)
X=X + (Y= Yo)[Yo, Y11+ (Y= Yo)(Y = YD) [Yo, Y1, Y21+ (Y = Yo )(Y = Y)Y = ¥2)[Yo: Y1, Y2, ¥3]

Forrerrens e + (Y=Y )Y =YDV = Y2)eeee (Y= YLV, Yo Yiseeees Y]
Problems: 1) Given
X: 2 5 9 11
y: 10 12 15 19

Find X corresponding to y =16
Answer: Here y, =10, y; =12, y5 =15, y3 =19, X, =2, X =5, X2 =9, x3 =11, y =16.
The inverse interpolation formula is

_ -y)ly-ya)ly-ys) . (Y=Yo)(y-y2)(y-v3) ¥+ (Y= Yo)(Y = Y1)y~ ¥3)
Yo = ¥1)Yo = ¥2)(Yo = ¥3)  ° (Y1 Yo)(¥1—Y2)(¥1 - ¥3) (Y2 = Yo)(y2 = y1)(Y2 — ¥3)

(Y= Yo)(Y = Y1)y - ¥2)
(Y3 = Yo)(Y3 = Y1)(Y3 —Y2)

X X

_(16-12)(16-15(6-19) , (16-10)16-15)16-19) . (16-10)(16-12)16-19)
 (10-12)(10-15)(10-19) (12-10)(12-15)(12-19) (15-10)(15-12)(15-19)

N (16-10)(16-12)(16-15) y
(19-10)(19-12)(19-15)
_4x1x(=3) <2 6x1(-3) <54 6x4(-3) <94 6x4x1
(-2)(-5)(-9) 2(-3)(-7) 5x3(-4) Ix7x4

x11=9.971428577~9.97143




2)If yp =4, y3=12, y4 =19, &y, =7find x.

Answer: Here yo =4, ¥y =12, yo =19, x; =1, X =3, X =4, & y=7.X="

The inverse interpolation formula is

Y-O=¥2) o, YY) | Yy

_ (112719 (1-40-19) . (-47-12)
(4-12)(4-19) ~ (12-4)(12-19) ~  (19-4)(19-12)

_(D(E1D) o 83x(H12) o 3x(D) | 41 g57142855~1.8571

(-8)(~15) 8x(=7) 15x 7

Vo —¥D)Wo - ¥2) °  (Yi-Yo)¥i-Y3) * (¥2-Yo)¥2-y1)

3) Apply Lagrange’s formula to find a root of the equation f (x) =0, given that f (30) = 30,

f(34)=-13 (38)=3, f(42)=18.

Answer: Here y, =-30, Y1 =-13, ¥y =3, y3 =18, x, =30, X =34, X, =38, x3=42&

y=0.x=?
The inverse interpolation formula is

O-VDO-¥DO-¥8) . (Y =Yo)y-y2)y-Ya)
Yo = ¥1)Yo = ¥2)(Yo = ¥3)  ° (Y1 Yo)(¥Y1— Y2)(¥1 - ¥3)

(Y =Yo)(Y—yD)(Y—V¥2)
(Y3 = Yo)(y3 = Y1)(y3—Y2)
__ (0+413(0-3)(0-18) . (0+30)(0-3)(0-18)
~ (-30+13)(-30-3)(-30-18) (-13+30)(-13—3)(-13-18)
(0+30)(0+13(0-3) _,,
(18+30)(18+13)(18—23)

13x(-3)(-18) o), 30x(-3)(-18) ,, 30x13-18) ...

" (“17)(-33)(-48) 17x (~16)(-3)) 33x16x (—15)

30x13(-3)
48x31x15

x42 =37.23.

(Y= Y¥o)(y = y1)(y - ¥3)

(Y2 = Yo)(y2 = Y1) (Y2 — ¥3)

, (0430)(0+13)(0-18) .o
(3+30)(3+13)(3-18)

Exercises: 1) Apply Lagrange’s method to find the value of X when f(x) =15 from the

given data:

X: 5 6 9 11
f(x): 12 13 14 16

2) Obtain the value of t when A=85from the following table using Lagrange’s method:

X X



t 2 9) 8 14

A 94.8 87.9 81.3 68.7
3) The following table given a set of values of x &y

X 1.2 2.1 2.8 4.1 4.9 6.2

y 4.2 6.8 9.8 13.4 15.5 19.6

Find the value of X correspondingto y =12

4) The following table gives the values of f(6) for certain values of 0.Find 6 when
f (0) = 0.3887

0 21° 23° 25°

f(0) 0.3706 0.4068 0.4433

5) Solve the equation f(x) =0given

X 0 0.1 0.2 0.3 04

f(x) 1 0.80484 0.61873 0.44082 0.27032
Answers: 1) 11.5  2) 6.5928 3) 3.55 4) 22° 5) 0.5671
Numerical Integration
Here for a given set of data (Xq, Yg), (X, Y1),--eee-- - (X, Yp) of afunctiony = f(x) itis
b b
required to obtain a formula to compute the value of 1 = [ f(x) dx or I =y dx
a a
Let [a,b] be divided inton equal subintervals such that a = X5 < X; < Xp <.......... <Xp =
b Xn
Then clearly x,, = X, +nh. Then integral becomes | = | f(x) dx= [ f(x) dx
a Xo
By considering Newton’s forward difference formula
VA2 _ A3
F(X) = yo + PAYo  P(P-DA%Yo  P(P-D(P-2)AYo
il 2! 3
Tl payo |, p(p-DA%yo . p(p-1)(p-2)A%Y
| = I Yo + + + F e e dx
il 2! 3
X0
Since x =Xy + ph,we havedx =hdp, thenif x=%, = p=0&if x=x, = p=n.
n VA2 _ A3
o hj{yo + pAY, + p(p ;)A Yo | p(p 1)(2 2)A"Yo F s e } dp
0

2 3 2 4 3 2
=h [yop+p7Ayo+%(%—%Jﬁyo+1(p——3L+ZLJA3yO+ ............ }



n 1 2 1 2,3
=nh + =AYy, +—n(2N—3)A°Y, + —N(N—2)“ A7y + cevvrerrr . | =mmmmmmmm 1
{YO 2yo 12( )YO 24( )" A%Yo } 1)

This formula which gives the value of I is known as the quadrature formula. By putting
n=1,n=2n=3, ... we get different integration formulas.
1) Simpson’s Rule: By putting n =2 in Equation (1) we get,
X2
[ydx =2h {yo +§Ay0 +%2(4—3)A2y0} = Zh{yo +AY, +%A2y0}

Xo

1 h
= 2h‘:yo +Y1—Yo +E(Y2 -2y + yO):l :E[yo +4y1 +Y7]

X4 Xn
Similarly [ ydx= g[yz +4y3+Yy,] &soon finally [ ydx= g[yn_z +4Yn_1+Ynl

X2 Xp-2

..By adding we get

This is called Simpson’s 1/3 — rule or Simpson’s rule.
Note: This rule is application only when n is an even number.

2) Simpson’s Three- eight Rule: By putting n =3in Equation (1) we get,

X3
Jde=3h[yo + 2y, + 22y, +lA3yo}
. 2 4 8

3h
= E[yo +3y1 +3ys + Y3

Xg h
Similarly we get [ydx= %[yg) +3y4 +3yg + y6] , & soon. Finally we get
X3

Xn 3h :
[ydx= E[y”_s +3Yn_2 +3Yn_1 + Yn |, By adding we get,

Xn-3

Xn 3h
Jydx=""[(o +Yn) +3(y1+ Y2 + Ya + Y + Y7 + ot Ynoz + Y1) + 23+ Yo e+ Yn_3)]

Xo
This is called as Simpson’s (3/8)th rule & is applicable only when n is a multiple of 3.
Weddle’s Rule: By putting =6 in Equation (1) we get Weddle’s formula as

Xn 3h
Jydx=510V0 + Yn) +5(y1 + Vs ++ Yng + Yn1) + (Y2 + Y4 + o+ Yns + Yn-2)
Xo
+2(Yg+ VY12 + o+ Yn_g) +6(Yy3 + Yg +..o. + yn_3)]
This is called as Weddle’s rule & is generally used when the interval [x,, X, ] is divided into

6 or 12 equal parts.
Weddle’s rule for n = 6 is given by



Xg

3h .
Ide=E[(yo +Yp) +5(Y1+ Y5) + (Y2 + Y4) +6Y3] & for n=12is given by

Xo
X12 3h
Ide=E[(yo +Y6) +5(y1+ Y5 + Y7 + Y11) + (Y2 + Ya + Vg + Y20) + 26 +6(¥3 + Yo)]
Xo
1
. : . dx ... .
Problems: 1) By using Simpson’s 1/3 rule, evaluatej L dividing the interval [0, 1]
1+x
0
into six equal

parts. Hence find an approximate value of 7 .

»  Here the interval [0, 1] is to be divided into 6 equal parts. Hence n = 6.
b-a 1-0 1
- h = — = —
n 6 6
. 1
& y= . Hence the functional values at Xg =0,X; = =, X2 = —,......... , Xg = lare shown
1+x2 6
below

X: X0=0 X1=1/6 X2 =1/3 X3:1/2 X4 =2/3

. X5 =5/6 X6 =1
f(X) | yg=1| y; =0.97297| y, =0.9| y3 =038

Y4 =0.69231 y5 =0.59016| yg =0.5

The Simpson’s 1/3 rule is

1
dx h
[==5 =2 (Vo + Y6) + 4(y1 + Y3 + 5) +2(y2 + Ya))]
ol+x 3
= 1/?6[(1+ 0.5) + 4(0.97297+ 0.8 + 0.59016) + 2(0.9 + 0.69231) ] = 0.785397

1
. . dx
The exact value of the integral is _[

1
5 = [tan_1 x] = tan_ll—tan_lo -z
51+ 0

Hence % —0.785397= 7 = 0.785397x 4 = 3.141588

wl2
2) Evaluate chosé’d@ by dividing the interval into eight equal parts.
0

7l12-0 =«

> Heren=8 = h=

A 16 f (6) =+/cosé ... the table of functional values is
given by

g: 0 7116 718 37/16 7l 572116 | 3x/8

17116 | /2




y= | 1 |0.9903 [ 0.9612 | 0.9118 | 0.8409 | 0.7454 | 0.6186 | 0.4417 | O
f(6):

The Simpson’s 1/3 rule is

wl2
[Ne0s840 = T(yo + Y8) + 401 + Y3 + Ys +¥7) + 2(y2 + Ya + Vo))
0

_x/ 16[(1+ 0) + 4(0.9903+ 0.9118+0.7454+ 0.4417) + 2(0.9612+ 0.8409+ 0.6186)

—1.19155

1
2
3) By using Simpson’s 1/3 rule, evaluateJ.e_X dx, takingh =0.1
0

2
> Here f(x) = e * . Hence the functional values are-

x: (0] 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

f(x) | 1| 0.990 | 0.960 | 0.913 | 0.852 | 0.778 | 0.697 | 0.612 | 0.527 | 0.444 | 0.367
1 8 9 1 8 7 6 3 9 9

The Simpson’s 1/3 rule is
J-e (yo +Y10) +4(y1 + Y3 + Y5+ Y7 + Yo) + 2(Y2 + Ya + Y6 + Y5)]

_ %[(1+ 0.3679) + 4(0.9901+ 0.9139+0.7788+0.6126+ 0.4449)

+2(0.9608+0.8521+0.6977+0.5273) } =0.74683

4) A solid of revolution is formed by rotating about the x — axis the area between the x —axis,
the linesx =0

and x = 1, and a curve through the points with the following coordinates.
X: 0.00 0.25 0.50 0.75 1.00
y: 1.0000 0.9896 0.9589 0.9089 0.8415

Using the Simpson’s rule, find the volume of the solid formed.

1
» The required volume is given by V = 7Z'j y2dx
0

First we have to find the values of Y = y2 for the specified values of x which is as shown

below-




X: 0.00 0.25 0.50 0.75 1.00
Y = y2 : 1.0000 0.9793 0.9195 0.8261 0.7081
The Simpson’s 1/3 rule is

V= ﬁxg[(vo +Y4) +4(Y +Y3) + 2Y5 |

_ 7x0.25

[(1+0.7087) + 4(0.9793+0.8261) + 2x 0.9195| = 2.8192

1
dx . . . .
5) Evaluate J.n by applying the Simpson’s 3/8 rule with seven ordinates. Hence, deduce
+
0

the

value of log2.

> Note that taking seven ordinates is equivalent to dividing the interval into six equal parts.

1-0 1 1 }
n=6=>h= 5 = 5 & f(x)= 1 the functional values are as shown below-

X: X0=0 X1=1/6 X2 =1/3 X3=1/2 X4=2/3 X5=5/6

i Xg =1
f(X) | yo=1| y; =0.8571] y, =0.75| y3 =0.6667| y, =0.6

Y5 = 0.5455 Y6 = 0.5

Now Simpson’s 3/8 rule is

ldx

3h
=— +VY6)+3(Y1+ Y2 +VYa+Y5)+2
J1x" 8 [(Yo + Y6) +3(y1+ Y2 + Ya +¥s5) +2y3]

 3x1/6

[(1+0.5)+3(0.8571+ 0.75+ 0.6 + 0.5455) + 2 x 0.6667] = 0.6932

1
1

By direct integration we get _fﬁ =log(l+ x)| _=log2—logl=1log2

01+x 0
- log2 =0.6932

nl2 .
6) By using Simpson’s 3/8 rule, evaluate j es"9qp
0

> Letn=6,then h= % f(0) = S0 - the functional values are-

0: 0 /12 /6 /4 /3 5rn/12 /2
f(0) = eSino . | 1 1.2954 1.6487 2.0281 2.3774 2.6272 2.7183
Now Simpson’s 3/8 rule is




mi2 sin 6 3h
| 000 =""[(Yo +Y6) +3(y1 + Y2 + V4 + ¥5) + 2Y3]
0

3

7) By using Simpson’s 3/8 rule with h = 0.2 find the approximate area under the curve

2

X< =1

y=— between the
X< +1

ordinates X =1& x =2.8. Compare the result with the exact result.

= %[(u 2.7183) +3(1.2954+1.6487+ 2.3774+ 2.6272) + 2x 2.0281] = 3.1043

» Here required area under the curve is A= 2jsz—dx Sof(x)—x2 1.Thefunctional
1 x? +1 x2 +1
values are
X: 1 1.2 1.4 1.6 1.8 20 |22 2.4 2.6 2.8
f(x): |0 0.1803 | 0.3243 | 0.4382 | 0.5283 | 0.6 | 0.6575 | 0.7041 | 0.7423 | 0.7738

Now Simpson’s 3/8 rule is

28,2 1 3h
E[(Yo +Y9) +3(Y1 + Yo + Y4 + Y5 + Y7 + Yg) + 2(¥3 + V6)]
1 X +1
3X 0215 1 0.7738+3(0.1803+ 0.3243+ 0.5283+ 0.6 + 0.7041+ 0.7423) + 2(0.4382-+ 0.6575)]
=0.9152
28,2 _ 28,2 28
1 2 1 12.8
Exact value is A= j j Xy = | (1— 5 jdx: [X—Ztan 1x]
1 X +1 1 1 X +1 1
=2.8-2tan"! 2.8—(1—2tan_11)= 0.9152
8) Given
X 4.0 4.2 4.4 4.6 4.8 5.0 5.2

logx: | 1.3863 |1.4351 |1.4816 | 1.5261 | 1.5286 | 1.6094 | 1.6487

5.2
Evaluate Ilog X dX, by using the Weddle’s rule.
4

» Heren=6 & h=0.2. So we can use Weddle’s rule-




5.2
: 3h
Theruleis [logxdx= 10 [(Vo + Y6) +5(y1 +Y5) + (Y2 + Y4) +6Ys3]
4

_3x0-21) 3863+1.6487) +5(1.4351+1.6094) + (L4816+1.5286) + 6x 1.5261]

=1.8255

/2
9) Evaluate j \/1— 0.162sin 0 do by using Weddle’s rule with 7 ordinates.
0

» Here 7 ordinates meansn =6 & so h = % & here f(0) = \/1—0.1625in2 0 . So the

functional values are —

0 0 n/12 /6 nl4 n/3 5r/12 nl2
f) |1 0.9946 0.9795 0.9586 0.9373 0.9213 0.9154
The Weddle’s rule is
nl2
(I) V1-0.1625in? 6d6 = %[(yo +¥6)+5(y1 +Y5) + (2 +Y4) +6Y3]
- 12’;’1"'2 [(1+0.9154) + 5(0.9946+ 0.9213) + (0.9795+0.9373) + 6 x 0.9586]

=1.5052
10) By using the Weddle’s rule find the total arc length (perimeter) of the ellipse
X2 + y2 /14=1

» The parametric equation of the ellipse is X =c0s0 & y = 2sin0

T2 Gx )2 dy 2
The length of the curve is given by L =4 j (—j +(—j do
o VLldo de

Here %:—sine&% =2c0sS0 =

2 2
[%j +(ﬂj = \/(—sine)z +(2c0s0)? = Vsin? 0+ 4cos? 0
do do
—1+3c0s” 0

/2
Hence L =4 j V1+3cos? 0 do
0



Now dividing the interval into 6 equal parts we get h = % & T(0) =V1+3cos? 0 . So the

functional values are —

0 0 /12 /6 /4 /3 5rn/12 /2

f(0) 2 1.9491 | 1.8028 1.5811 1.3229 1.0959 1

Hence by Weddle’s rule we get,

wl2
12h
L=4 J 1+3cos® 6d@ =10 [(Yo + Ye) +5(y1 + Y5) + (V2 + y4) + 6y3]
0

- %[(2 +1) +5(1.9491+1.0959) + (1.8028+1.3229) + 6 x1.5811]=9.6878

Exercises:
5
1. By using the Simpson’s 1/3 rule, evaluate f f (x)dx, given
1
X 1 2 3 4 5
f(x) 13 50 70 80 100
1
1. Evaluate _[ 5 by using Simpson’s 1/3 rule taking six equal strips, & hence deduce an
01+X
approximate value of log 2.
5
2. Evaluate '[4X 5 by using the Simpson’s 1/3 rule with the aid of 11 ordinates. Hence find
0

log 5.
4. A rocket is launched from the ground. Its acceleration f is registered during the first 80

seconds and is tabulated below. Using the Simpson’s rule, find the velocity of the rocket
at

t= 80 seconds.

t (sec) 0 10 20 30 40 50 60 70 80

f(cm/sec?) |30 |31.63 |33.34 |35.47 37.75 | 40.33 | 43.25 | 46.69 | 50.67

1 2
5. Use Simpson’s rule with h = 0.125 to show that je gdx =0.85581

0
6
6. Evaluate I > by using the Simpson’s 3/8 rule.
ol+X

0.3
7. Using Simpson’s 3/8 rule evaluate j V1-8x3dx , taking 7 ordinates.
0



1

8. Evaluate |
ol+x

5 dX by using the Simpson’s 3/8 rule, dividing the interval into 3 equal

parts.

Hence find an approximate value of log~/2 .
/2
9. Evaluate [+/sinx dxusing the Simpson’s 3/8 rule, with 3 subintervals of(0,7/2].
0
3

10. Evaluate |
0 (l+ X)

5 by using Simpson’s 3/8 rule with six subintervals of [0, 3].

by using the Weddle’s rule with h = 0.5. Compare the

6
11. Evaluate the integral [ ——
ol+x

result
with the actual value.
1
12. Evaluate |
ol+x
approximate
value of m.

5 by using Weddle’s rule with seven ordinates. Hence find an

1.4
13. By using Weddle’s rule evaluate J (sinx —logx +e*)dx. Divide the interval into 12
0.2
equal
parts.
14. Using Weddle’s rule, find the area under the curve y = f(x) between the ordinates x = 0

& x = 6, the function f (x) being described by the following table:

X 0 1 2 3 4 5 6
f(x) 0 2 2.5 2.3 2 1.7 15
1.6
15. By using Weddle’s rule, evaluate jxcoscehx dx, dividing the interval into 12 equal
0.4
parts.
Answers: 1) 257.6667 2) 0.34661, 0.69

KA



Numerical Methods-I11

Lesson Structure

Numerical solution of ordinary differential equations of first order and first degree:

1.1 Introduction
1.2 Picard’s Method of successive approximation:
1.3 Taylor’s Series Method
1.4 Modified Euler’s Method
1.5 Runge - Kutta Method
1.6 Milne’s Method
1.7 Course Outcome
1.8 Exercise

1.9 Further Reading

1.1 Introduction

A numerical method can be used to get an accurate approximate solution to a differential
equation. There are many programs and packages available for solving these differential equations.
With today's computer, an accurate solution can be obtained rapidly. In this chapter we focus on
basic numerical methods for solving initial value problems.

Analytical methods, when available, generally enable to find the value of y for all values of
X.  Numerical methods, on the other hand, lead to the values of y corresponding only to some
finite set of values of x. That is the solution is obtained as a table of values, rather than as
continuous function. Moreover, analytical solution, if it can be found, is exact, whereas a
numerical solution inevitably involves an error which should be small but may, if it is not
controlled, swamp the true solution. Therefore, we must be concerned with two aspects of
numerical solutions of ODEs: both the method itself and its accuracy.

The most general form of an ODE of first order and first degree is given by

dy
25 = f o yIwhere y(xo) = yo
Let x by an independent variable and y be dependent variable.

Let us consider the differential equation Z—z = f(x,y)where y(x,) = yo---—---- 1)

If particular values are given to the constants, then the resulting solution is called a
particular solution.



To obtain a particular solution from the general solution (1), we must be given
initial conditions so that the constants can be determined. If all the initial conditions are
specified at the same value of x then the problem is termed as initial value problem. If the
conditions are specified at more than one value of x, then the problem is termed as
boundary value problem.

Though there are many analytical methods for finding the solution of the equation of
the form (1), there exist large number of ODE’s whose solution cannot be obtained by the
known analytical methods. In such cases, we use numerical methods to get an approximate
solution of a given differential equation under the prescribed conditions

Consider the first order differential equation Z—z =f(x,y)

Let y(Xo), Y(X1), Y(X2), Y(X3)..... Y(Xm) be the solution values at the points Xo, X1, X2, X3, Xm
We wish to find the approximate values Yo, Y1, oo , Ym to these solution
values.

Let the initial condition be y(Xo ) = yo . Let the exact solution y(x) of the given differential
equation be represented by a continuous curve. Divide the interval (Xo,Xm))on which the
solution is derived into a finite number of equispaced subintervals.

e . .
AT roximate solution
/ks%

Exact solution

For each xi , the approximate values of the dependent variable y(x) are calculated using a
suitable recursive formula. These values are yo, Y1, ...... , Ym

and these are shown by points. Computation of these approximate values is known as
Numerical solution of the Differential equation.

The general form of first order differential equation, in implicit form, is
F(x,y,Y) _ 0 and in the explicit form is ﬂ _ f(xy) . An Initial Value Problem (IVP)
dx

consists of a differential equation and a condition which the solution much satisfies (or
several conditions referring to the same value of x if the differential equation is of higher
order).



Z_i’ = f(x,y)where y(xy) = yg------- (1)

Assuming f to be such that the problem has a unique solution in some interval
containing Xo, we shall discuss the methods for computing numerical values

of the solution. These methods are step-by-step methods. That is, we start =
from y,and proceed stepwise. In the first step, we compute an approximate value
y1 of the solution y of (1) at X = X1 = Xo + h. In the second step we compute an
approximate value y» of the solution y at x = x2 = Xo + 2h, etc. Here h is fixed
number for example 0.1or 0.5 depends on the requirement of the problem. In
each step the computations are done by the same formula.

The following methods are used to solve the IVP (1).

Picard’s Method

Taylor’s Series Method

Euler and Modified Euler Method
Runge — Kutta Method

Milne’s Method

6. Adams — Bashforth Method

akhwnpE

1.2 Picard’s Method of successive approximation:

Consider a differential equation Z—Z = f(x) with the initial condition y(xo)=Yo. The

formula to find the successive approximation by picard’s is given by

X
YVi=Yo+ Jf(XJ’o)dX

Xo

X
Y2=Yo+ Jf(x,yl)dx
Xo

X
Y2=Yo+ ff(x.}’z)dx

Xo
And so on

Example 1:

Using picard’s process of successive approximation, obtain a solution upto the fifth
approximation of the equation Z—z = x + y such that y=1 when x=0 and hence find

y(0.1).

Solution:y; -y, + f;; flx,y0)dx =1+ foxf(x, 1)dx
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x x2
=1+f0(x+1)dx=1+7+x

X
Y2=Yo+ ff(x')ﬁ)dx =1 +fx + y1dx
0

Xo
X xz X
=1+f(x+1+7+x> 1+f<2x+1+ )d
0 0

3

=x+1+x*+—
6

X
Y3 = Yo+ ff(x:)ﬁ)dx: 1+fx+y2dx
0

X0
x

X
X3
=1+](x+x+1+x+ > 1+f<2x+1+x2+z>dx
0

0

4

- 2 %% %t
=1+x+x?+ =+

X
Y4 = Yo+ ff(x,yg,)dxz 1+fx+y3dx
0

X0

x5

3
=1+ (120 + 22 45+ D) dx sampes= 1+ x + 22 + S+ 2 4 X

x %3 4 5
Ya yo+jf(x,y3)dx +]X+ trk Tt
0

Xo

x5

=1+x+x2+= +12+ +;0

y(0.1)=1.1103

Example 2:

Using picard’s process of successive approximation, to obtain correct to four decimal
places, solution for the differential equation Z—z = x2 + y? for x=0.4 given that y=0
when x=0

Solution:
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x
3

Y1=Yo + ff(x Yo)dx =0+ f(x + yo2)dx = f(xz)dx = x3

Xo 0

3 7

X
X
Y2=Yot ff(xyl)dx—O fx +l ])dx—f(x +—)dx——+a
X X
14- 2x10
— — 2 -
yg_y°+ff(x’mdx_0+”x " +3969 189ldx
X0 0
3 7 15 11
:x_+x_+ X +2x

3 63 59535 2079
At x=0.4

047 = 04  2004)"
Y(O. 4)_ + +59535+ 2079

= 0.0214

1.3 Taylor’s Series Method

Let y=f(x) be a solution of the equation

Expanding it by Taylor’s series about x - Xo we get

(x — xo) 1+(x—x0)2 2+(x—x0)3
TG 21 o 31

fG) =y + Yo© + -

h h? h3 h*
f(xn+1) =Ynt+ ﬁynl + Eynz + Eyn?’ + Zyn4 +

Example-1

Compute y at x=1.1 and 1.2 using Taylor’s series method to correct to 4 decimal places for
y'=x+yy(0)=0
Solution:

yi=x+y y1(0) =1
Differentiate with respect to x we get

y2=1+y y2(0) =2
Y3 =2 y3(0) =2
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fG) =yo+

St G = x0)” G %) oy

1 y1(0) + ol y2(0) + 3

h h? n3 n*
y1 = f(x1) =)’0+§3’01+;3’02+;%3+Z)’04+”'- """"" (2)

From the Taylor’s series, we have h=x — x;,=1.1-1=0.1

Substituting all these values in Eqn(2) we get

Y= fAD) =0+ (D) +22+% @) + .
y, = 0.1103

. y1 =y(1.1) =0.1103

_ _ h o1 ,h% 2 R 3 h* 4
y2=f(x) =y + PR Mo 2 W aert £ Bl it B
yll=x; +y1  y}1.1)= 1.1+ 0.1103 + 1.2103
Differentiate with respect to x we get

yii=1 + y! y"(L.1)= 1+ 1.2103 + 2.2103

YU= v y11(0)=2,2103

2 3
y, = f(1.2) = 0.1103 + %1.2103 + %2.2103 + %2.2103 + +-=0.2427

Example-2:

Using the Taylor’s series method , find an approximate solution correct to four decimals at
x=0.1 for the |vp‘;—§ =x—y2,y(0) =1

Solution:
y1 =x—y° y,(0)=0—12 = —1

Differentiating w.r.to.x we get
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Y. =1-2yy, y2(0)=1-2x1%-1; =-3

vz = —(2yy, + 2y7) y3(0) = —(2*1%-3+2%(-1)*=-8

Ya = —2(yys + 3y1¥2) y4(0) = —2(1*—-8+3x—-1%-3) =34

(x — x0) (x — xo)2 (x— xo)3
1] Yo' + o0 Yol + EET Yo© +

f(x) =y +
Where x=0.1 and x, = 0 we get
y1=FO0.D) = 1+22(=1) + 25 (=3) + 22 (-8) + % (34) ...

Y(0.1)=0.91379

Example-3:

Using the Taylor’s series method , find an approximate solution correct to four decimals at

x=0.1 for the IVPZ = x2y — 1,(0) = 1
Solution:
i =x%y—1 y1(0)=0-1=-1
Differentiating w.r.to.x we get
y, = 2xy + x2%y, y,(0)=2%0%x1+0=0
ys = 2xy; + 2y + 2xy, + x%y, add the same term we get
ys = 4xy, + 2y + x%y, y3(0) =4+0x—1+2x1+0=2
Vs = 4xy, + 4y, + 2y; + x%y3 + 2xy,

Vs =6xy, + 6y +x%y;  y,(0)=0+6(-1)+0=-6

(x—xo)y 1+(x—x0)2 2+(x—x0)3

3
TR 21 0 3 Yoot

f(x) =y +
Where x=0.1 and x, = 0 we get

0.12 0.13 0.1*

0.1 . .
y1=f(0.1)=1+j(—1)+7(0)+ T ) + Y (—6) + -

Y(0.1)=0.9003
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Example-4:

Using the Taylor’s series method , find an approximate solution correct to four decimals at
x=0.1 for the IVPX = 2y + 3¢%,(0) = 0

Solution:
y1 =2y + 3e* y.(0) =0+ 3e° =
Differentiating w.r.to.x we get

Yy, = 2y; + 3e* y,(0) =2%3+3e° =

y3 = 2y, + 3e* y3(0) =2%9+ 3% =21

Ya = 2y3 + 3e* y,(0) = 2 %21 + 3e® = 45

(x — xo) 1+(x—x0)2 2+(x—x0)3

f) =y + Yo TR 30 Yo® +

Where x=0.1 and x, = 0 we get

0.1 0.12 0.13 0.1*

Y(0.1)=0.3487

1.4 Modified Euler’s Method

Consider the IVP 2 = £(x,),y(0) = yq ---rr-reroseremrcees- 1)

To determine the solution of this problem at x,, = x, + nh bu using Euler’s method.

J’r(lE) = Yn-1 + hf (X1, Yn—q)--mmmmmmmmmmmmmmmmm s oo (2)

The expression 2 gives an approximate value of y at x,,. . To improve the approximateion

the following formula has been suggested

T e i | ®)

The method of computing y,, using (3) is known as Modified Euler’s method.
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The process of improving the approximation can be continued by obtaining replacing

¥, 53 53 yntil the desired degree of accuracy is obtained.

First approximation

}’1(E) = Yo + hf (%0, ¥0)

Second approximation y1(1) =y, + g [f(xo,yo) + f(xl,yl(E))]

Third approximation yl(z) =y, + g [f(xo,yo) + f(xl,yl(l))] and so on

Example :1

Using the modified Euler’s method, solve the IVP Z—z = ﬁ, y(0) = 1 at points x=0.5

and x=1 in steps of length h=0.5. Carry out two modifications at each step.

Solution:

Z_i’:f(x,y) = x9 = 0,yy = 1taking h = 0.5

x+y

0.5
W =y + hf (x0,¥0) = Yo + h =1+57=15

Xo+Yo 0+1

Second approximation y" = y, + % [f(xo,yO) + f(xpyl(E))]
V.Y I SRS S DR -7 I _1375]
0T 2ot ye TxotyE | T 2 lo+1705+15

Third approximation y® = y, + % [f(xo,J’o) + f(xpyl(l))]
VL) I S PRl I —13833]
T T 2 et ye T xetyi | T2z lo¥1  05+1375

Next, to compute the solution y, = y(1)and let us consider x, = 0.5,y, = 1.3833

0.5

= 1.3833 + ———— = 1.6488
Xo+Yo 0.5+1.3833

¥ =y + hf (X0, ¥0) = o + h

First modification y ™ = y, +§[f(xo,J’0) + f(xlfyl(E))]
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' 0.5 1 1
= 1.3833 —[ ] =
Yot 70 X ¥ vE | 2 los+13833 "1+ 1.6488

= 1.6104

=Y t+3

h 1 1
2

second modification y* = y, + g £ (%0, ¥0) + f(xllyl(l))]

0.5
= 1.3833 + >

N
Yo Xo+Yo Xo+ i

1 1
2 [0.5 + 1.3833 * 1+ 1.6104]
=1.6118

The required solution are y(0.5)=1.3833 and y(1)=1.6118

Example: 2

Using the modified Euler’s method, solve the IVP Z—z = x + y2%,y(0) = 1 at points x=0.1
in steps of length h=0.1. Carry out two modifications.
Solution:

2 flx,y)=x+y? xo=0,y, = 1taking h = 0.1

dx =
Y5 = 3o + hf (%0, ¥0) = Yo + h(xo +¥8) =1+01%(0+1) = 1.1

First modification y1(1) = Y, +§[f(x0'y0) + f(xl'yl(E))]
h ) Eo 0.1 2
=Y, +E[x° +¥5 +x0+ (1)) =1 +7[0+ 1+ (0.1+1.1%)] = 1.1155
second modification y* = y, + g [f(xO'yO) + f(xl'yl(l))]

h 0.1
= Yotz [xo +¥& + %0+ (DD =1+ - [0+ 1+ (0.1+1.1155%)] = 1.1172

Hence the required solution is y(01)=1.1172
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Example :3

Using the modified Euler’s method, solve the IVP Z—z =1+ +%,y(1) = 2 at points x=0.1 in
steps of length h=0.2. Carry out three modifications.

Solution:

Z—z:f(x’y):]_-l—% xo:l,yO:Ztakingh=0.2

1 =yo+ hf (o y) =yo +h[142] =2402(1+9) =26
First modification y( ) =y, +§[f(x0’y0) + f(x1,3’1(E))]

h Yo y1
= —|1+=4+1
Yotz |1+7 + += o

—2+O'2[1+2+(1+26)]—26167
B 2 1 1.2/~

second modification y» = y, + % [f(xo,yo) + f(xpyl(l))]

@®

~ +h1+y°+1+y1 —240 [1+ (1+2'6167)]—26181
=Yots5 X |~ 12 /1"
Third modification > = y, +2[£(x0, ¥0) + £ (1, »)]
A y& 2.6181
=yotg|l i1 _2+—[1+— (1+ )]=2.61812
2 X0 12

Hence , the value of y at x=1.2 is 2.6182

Example:4

Using Modified Euler’s method, find y(0.1) given (;_y =x%+y &y =1when x = 0 by taking
X

h = 0.05. Perform two iterations in each step.

Solution:
(X, y)—x2+y, Xg =0, Yo =1&h=0.05,Hence f(xg,yp)=0+1=1

Y0 —y0+hf (Xo, Yo) =1+0.05x1=1.05. Now f (x;, y\?') =0.05% +1.05 =1.0525

005
@ - Yot— [f(xo Yo) + T (X, ylo)):|

Now f(x,y)=0.052+1.0513=1.0538

Ly — - [1+1.0525]=1.0513,

Department of Mathematics , ATMECE



Y@ oy, +g[ f (X0, Vo) + T (%, yl(l))} =1+%{1+1.0538] ~1.0513. Hence

y; = y(0.05) =1.0513
Now f(x,Y;)=0.05%+1.0513=1.0538
8 =y +hf (%, y;) =1.0513+0.05x1.0538 =1.1040 . Now

f (X, y$¥) =0.1% +1.1040 =1.114

AyP =y +g[ f (%, yy)+ T (X, ygm)] :1.0513+O'—25[1.0538+1.114] ~1.1055.
Now f(x,,ys))=0.12 +1.1055=1.1155

.2 h|: @ _ 0.05 _

Ly = y1+E f(x, y)+ F (X, Y3 )] _1.0513+T[1.0538+1.1155] =1.1055.

Hence y, = y(0.1) =1.1055.

1.5 RUNGE- KUTTA METHOD

Consider the IVP < = £(x,),(0) = yq ---sr-reroreromereees- 1)

To determine the solution of this problem at x,, = x, + nh by using this method, where h
is step length

According to the Euler’s method , the solution at x4 is yy + hf (xq, Vo) -
This can be rewrittenas y; = yo + K

where

ky = hf (x0,¥0)

k—h( o2 +k1)
2 = hf | xo 2')’0 )

k—h( +h +k2>
3 = hf | xo 2'3’0 )

k4, = hf(xO + h,yo + k3)

Vi=Vo+K=y,+ M is an approximate solution for the equation 1 at x1 Is

known as Runge-Kutta method of order four.
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Example:1

Using RK method of fourth order , to find y(0.2), given that Z—Z = % and y(0) =
1take h = 0.2

Solution

Z—z:f(x,y)z ,X0=0,y9=1and h =0.2 thenx; = xo + h=10.2

y—Xx
y+x
1-0
1+0

ky = hf (xo,y0) = K222 =0.2(12) = 0.2

YotXo

k h
kl) _h Yo +71—(x0 +3)

h
kz —hf(xO +E,y0+7

k h
Yot g+ (%0 +7)

=0.2 (““"1) = 0.16667

1.1+0.1

k h
kz) _h Yo +72—(x0 +3)

h
k3 —hf(xO +E,y0+7

k h
Yo+ 5+ (% +75)

_ ( 1+0.083335-0.1 ) _0.196667
1.1+0.1140.083335+0.1/ ~ 1.183335

= 0.166197

y0+k3—(x0+h)>

k.=nh h, k =h<
4 f(xo +h,yo + k3) Yo+l + (%9 ¥ 1)

1.166197 — 0.2 0.1932394
= 0. ( ) = = 0.14144

1.166197 + 0.2/ 1.366197

ky + 2k, + 2ks + k,
Yi=Yot+tK=y,+ G

14 0.2+ 2(0.16667) + 2(0.166197) + 0.14144
6

v,=1.16786
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Example :2

Using RK method of fourth order , to find y(0.2), given that Z—Z =x%2—yand y(0) =
1take h = 0.1

Solution
Z—z=f(x,y) =x*—y,x0=0,y0=1and h=0.1 thenx; = x,+ h = 0.1

ky = hf(x0,¥0) = h(xo? — o) = 0.1% (0 — 1) = —0.1

s = (0 + 2130 +2) = ( ﬂ)z (v0+%)
2 = hf | xg 2:3’0 5 )~ xoz Yo )

=0.1 (0 + %)2 - (1 + %) = 0.1( (0.05)% — 0.95) = —0.09475

= (s + 2o +2) =  ( Jl)z (v0+%)
3 = hf | xg 2:3’0 2 )= xoz Yo )

=0.1( (0.05)2 — (1 — 0.047375)) = —0.0950125
ks =hf(xo+hyotks)=h ((xo +h)?* = (yo + k3))
=0.1( (0.05)2 — (1 -0.0950125)) = —0.0895

ki+ 2k, + 2ks + ks - —0.1 — 0.1895 — 0.190025 — 0.0895
6 B 6

Yi=Yot+K=y,+
= 0.90516

Example 3: Use fourth Runge —Kutta method to find at x = 0.1 given that % =3e”
X

+2y, y(0) and h=0.1
>> By data, f(x,y)=3e”+2y, x, =0,y,=0,h=0.1

We shall compute kl, k2’ kg: I(4
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k, = hf (X, Yo) = (0.1) f (0,0) = (0.1)[3e° + 2x 0] = 0.3

k, = hf(x, + h%, Yo +% )= (0.1) f (0.05,0.15)

=(0.1) [3e°® +2(0.15)]=0.3454

k, = hf(x, +g, Yo +k—22 )= (0.1) f (0.05,0.1727)

=(0.1)[3e"%® +2(0.1727]=0.3499
k, =hf(x, +h,y, +k;)=(0.1) f (0.1,0.3499)

=(0.1) [3e°* +2(0.3499) ]=0.4015

y(x, +h) =y, +%(k1 + 2k, + 2k, +Kk,)

e, y(0.1) = 0+%[o.3+ 2(0.3454) + 2(0.3499) + 0.4015
- y(0.1) = 0.3487

Example 4:
Use fourth order Runge-kutta method to compute y(1.1) given that

dy 3
—_— y 1 :1
x Y y(@)

Solution

1
>>By data f(x,y)=xy® x,=1,Yy, =1and we need to compute y(1.1) implies

X, +h=11-h=0.1

We shall compute kl; k2 ’ k3 ) k4

k, = hf (X, Yo) = (0.1) f (10) = (0.1)[(1)(1);} =0.1

_ h K _
K, — hf[xo o Yot %j — (0.1) f (1.05,1.05)
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= (0.1)[(1.05)(1.05)% =0.1067

k, = hf(x, +2, Yo + k?z )= (0.1) f (1.05,1.05335)

1

— (0.1)[(1.05)91.05335)3] = 0.1068

k, = hf(x, +h,y, +k3) =(0.1) f (1.1,1.1068)

1

=(0.1) [ (1.1)(1.1068)3]=0.1138
y(X,+h )=y0+% [0.1+2(0.1067)+2(0.1068)+0.1138]

y(1.1)=1.1068

Example 5:

Using Runge Kutta method of fourth order solve % +y=2x at x=1.1
X
Given that y=3 at x = 1 initially.
Solution:

>> \We have %zZX—y,xO =1y,=3
X

F(X,¥)=2X—Yy, X, +h=1.1.-.h=0.1

d—y—f(x,y)=2x—y,x0=1,y0=3andh=0.1 thenx; = xo+h =0.1

dx

h k
k, = hf (xo +5.50 + 71) = 0.1hf(1.05,2.95) =

=0.1 (2 * 1.05 — 2.95) = —0.085

Rk
ks = hf (xo +230+ 72) — hf (1.05,2.91425)

=0.1( 2 * 1.05 — 2.91425) = —0.08575
ky = hf (xo + h,yo + ks) = hf (1.1,2.91425)
=0.1(2* 1.1 — 2.91425) = —0.071425
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ky +2ky +2ks + ks —01— 0.085 — 0.08575 — 0.071425

=Yoo+ K=y,+
Y1 =DYo Yo 6 6

= 2.9145

1.6 Milne’s Method:

The method in which the construction of yn» involves the use of not only yn.1but also
predecessors are called multi step methods. In multi step methods two formulas are used
in conjunction with each other- one for predicting the value of y, and the other for
correcting the predicted value of yn,

Consider the IVP 2 = f(x,y) - — = — = —— —— —— —— - 1)

Let yo=y(Xo),y1=y(X1),y2=Yy(X2) and ys=y(x3) be these known solutions.

Suppose we wish to determine the solution of equation (1) at the point Xa = x3+h.

Let us denote the required solution by ys=y(Xa).

First we predict the value of ys=y(X4) by using Milne’s predictor formula:

W =y + 2 Q- fi+2f) ()

which can be computed with the help of the speciied xy, X1, x5 , X3andyy, V1, Y2, V3

Next we correct the value of ys by using the Milne’s corrector formula:

R (R A e — (3)

Wheref4(p) =f (x4,yf°))

If we wish to have more accurate approximation for y ,we employ the process repeatedly
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Example :1

Use Milne’s predictor —corrector method to find the value of y at x=0.8, given Z—z =x—
yZ

Where y(0)=0, y(0.2)=0.02 , y(0.4)=0.0795 , y(0.6)=0.1762. Apply corrector formula
twice.

Solution:

Here f(x,y) = x - y% h = 0.2
X Y f,y) = x—y?
Xo=0 Yo=0 fo=0-02=0
X1=0.2 y1=0.02 f1=02-0022=01996
X2=0.4 y2=0.0795 f2=04-007952=03937
X3=0.6 ys=0.1762 f3=06-017622=05689

Now , Milne’s Predictor formula yields the predicted value of y4 as

4% 0.2
3

4h
W=yt Qhi-ft2f) =0+
= 0.30488

(2(0.1996) — 0.3937 + 2(0.5689))

2
P = fxayP) = 2, —yP" = 0.8 - (0.30488)% = 0.7070
Now , the Milne’s corrector formula gives a corrected value of ys as

© _ h ( ™Y _ 0.2
i =yt 5 (o + 4 + £7) = 0.0795 + == (03937 + 4(0.5689) +0.7070)
— 030459

To apply corrector formula second time we must use corrector as predictor and substitute
in f(p)
4

2
P = fny®) = 2, —yP" = 0.8 — (0.30459)2 = 0.70723

© _ h ®\ _ 0.2
1Y =y +5 (o + 4% + A7) = 0.0795 + == (0.3937 + 4(0.5689) + 0.70723)
= 03046

This twice corrected value of ys is the required value of y at x=0.8.
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Example :2

Use Milne’s predictor —corrector method Given the differential equation , given 5X% +

y? — 2 = 0 and the set of values of (x,y)given in the following table, find the value of y
at x=4.5 using the Milne’s method

Where y(4)=1 , y(4.1)=1.0049 , y(4.2)=1.0097 , y(4.3)=1.0143, y(4.4)=1.0187 . Apply
corrector formula twice.

Solution:
2 2
y =21 |2-y
H = — =
ere f(x,y) I = l l = l
X Y —y?
floy) = =
Xo=4 =1
: e J oo[E2007) 4 0460
X1=4.1 =1.0049
! yi f —[2_51('2_02372]=0.04669
Xo=4.2 y>=1.0097 [2 — 1.00972]
X3=4.3 y3=1.0143 [2 — 1.00972]
X4=4.4 Y4=1.0187 [2 — 1.00977]

Now , Milne’s Predictor formula yields the predicted value of ys as

Vs —J’0+3(f1 f2 +2f3)

4
= 1.0049 +

* 0.1
3 (2(0.04669) — 0.04517 + 2(0.04374)) = 1.02299

(p) 2
2—1.02299

= 0.042
5(45) l 0.042378

Now , the Milne’s corrector formula gives a corrected value of ys as

© _ ®) _ 0.1
v =y, + (f2 +4f; + £7) = 1.0143 + = (0.04517 + 4(0.04374) + 0.042378)
= 1.02305
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To apply corrector formula second time we must use corrector as predictor and substitute
in f(P)
4

- o)y _ [27102308%)
fll— - f(X4,y4 ) - 5(4.5) - Y-
© _ h @Y _ 0.1
v =y, + §(f2 +4f; + f7) = 10143 + — (0.04517 + 4(0.04374) + 0.042372)

= 1.02305

This twice corrected value of y; is the required value of y at x=4.5.

1.7 Adams- Bashforth Method:

The predictor and corrector formulas for this method is follows

WP = s+ 52 (55f5 = 59, + 371 = 9fp) --eeereee (1)
h
1 =ys 4oz (f-5h+ 196+ 97 ) - - - - @

Wh€T€f4(p) =f (x4,y4§p))

Example :1

Using the Adams- Bashforth Method, solve the differential equation % =x—y?at
x=0.8, given that y(0)=0, y(0.2)=0.02, y(0.4)=0.0795 , y(0.6)=0.1762.

Solution:

Here f(x,y) =x —y%, h =10.2

X Y fly) =x—y*
%0=0 yo=0 fo=o-1=-1
X1=0.2 y1=0.02 £.0.2 —0.02% = 0.1996
X2=0.4 y>=0.0795 f>=0.4 — 0.07952

= (0.39368
X3=0.6 y3=0.1762 f3-0.6 — 0.17627

= 0.56895

h
}’zfp) =ys+ ﬁ(55f3 —59f2 +37f1 = 9fo)
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2
wheref " = f(x,yP) = x,— y P = 0.8 - 0.30495° = 0.70701

YO = st 55 (fi = 5o+ 19+ 9fP) = = = = - @
=0.1762 + % (0.1996 — 5 0.39368 + 19 % 0.56895 + 9 x 070701) = 0.30457
To get a correction of this solution y}p) = 0.30457
2 = fepy®) = x,— y}p)z = 0.8 — 0.30457° = 0.70724

y4(c)= 0.1762 + Z;j (0.1996 — 5 % 0.39368 + 19 x 0.56895 + 9 x 070724) = 0.30459

The required solution as y(0.8)=0.3046 correct to 4 decimal places.

Example :2

Using the Adams- Bashforth Method, solve the differential equation Z—z =x’(1 +y)xat
1.4 . Carry out two corrections for the solution.

, given that y(1)=1, y(1.1)=1.233, y(1.2)=1.548, y(1.3)=1.979.
Solution:

Here f(x,y) = x’(1 +y) ,h = 0.1

X Y fOoy) =%’ +y)
Xo=1 yo=1 f 0=1°(1+1) =2
X1=1.1 y1=1.233 f; =2.702
Xo=1.2 y>=1.548 f> = 3.669
X3=1.3 y3=1.979 f; =5.035

h
¥ = ys 55 (55fs = 59F: + 37f; — 9f))
= 1.979 + %(55 *5.035—59%3.669+37%2.702 = 9% 2) = 2572 --m--mn-mmm- (1)

P = feepy®) = ¥} +yP) = 141 + 2.572) = 7.001
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h
v =ys+ o (fi = Sh+ 19+ 9fP) = — = —— - €
24
=1.979+ %(2.702 —5%3.6694+ 195035+ 9% 7.00]) =2.575

To get a correction of this solution y}p) =2575

£ = fny®P) = x(1+yP) = 14U +2.575) = 7.007

y9=0.1762 + % ((2.702 = 5% 3.669 + 19 * 5.035 + 9 x 7.007) = 2.5752) is the
required solution as y(1.4)=2.5752 correct to 4 decimal places.

Example :3
Using the Adams- Bashforth Method, solve the differential equation Z—Z + % = é at
x=1.4 . Carry out two corrections for the solution.
, given that y(1)=1, y(1.1)=0.996, y(1.2)=0.986 , y(1.3)=0.972
Solution:
Here f(x,y) = x’(1 +y),h = 0.1
1
Xo=1 Yo=1 fo=o
X1=1.1 y1=0.996 f; =-0.079
X2=1.2 y>=0.986 H=-0.12722
X3=1.3 y3=0.972 f; =—0.15598
) h
Yy :)’3+2—4(55f3—59f2+37f1 —9f)————— (1)

=0972 + %(55 * —0.15598 — 59 x —0.12722 4+ 37 % —0.079 — 9 x 0) = 0.95535

»
1 0.95535 1
Y =—0.1722

(®) )
= , = e + —
f;/ f(X4 y4 ) Xy x42 1.4 ]42
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h
9 =y;+ Z(f] =5+ 19f; + 9f4(p)) —————— )

=0.972 + %(—0.079 —5%—=0.12722+ 19 —0.15598 + 9 x —0.1722) = 0.95552

To get a correction of this solution let y}p) = 0.95552

y}p)+ 1095552 1
X, x2 14 148

f;((p) — f(x4,y4fp)) — _

y}c)= 0.972 + %(—0.079 — 5% —=0.12722+ 19 x —0.15598 + 9 —0.17231) = 0.95551

is the required solution as y(1.4)= 0.95551correct to 4 decimal places.

1.8 Course Outcomes: On completion of this course, students are able to:
1. Use appropriate single step and multi-step numerical methods to solve first
order ordinary differential equations arising in flow data design problems

1.9 Exercises
1)Evaluate y(0.1) correct to 6 places of decimals by Taylor’s series method if y(x) satisfies

2 3X4 X5 6

y'=xy+1, y(0)=1. [Ans: y(x):1+x+x?+%+—+—+x—+ ------ & y(0.1) =

8 15 48
1.1053]

2) Solve y'= y2 + X, ¥(0) =1using Taylor’s series method & compute y(0.1) & y(0.2)

[Ans: y(x) =1+ x+gx2 +%x3 +%x4 +2_(1)X5 +------and y(0.1) = 1.1165, y(0.2) = 1.2734]

3) Use Taylor’s series method to find y at the point x =0.1& x = 0.2, given that

W_y2y2 y0)-1
dx

4) Given dy = Y= X with boundary condition y = 1 when x = 0, find approximately y for x =
X Yy+X

0.1 by Modified Euler’s method [Ans: 1.0928]

5) Given that % =X+ y2 & y =1at x =0.Find a approximate value of y at x = 0.5 by
X
Modified Euler’s method. [Ans: 2.2352]
6) Solve the differential equation % = —xy2, y = 2at x =0, by Modified Euler’s method &

obtain y at x = 0.2 in two stages of 0.1 each. [Ans: 1.9227]
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7) Using Runge — Kutta method of order 4, compute y(0.2) & y(0.4) from 10 jy

—X =
y(0) =1,taking h = 0.1 [Ans: 1.0207, 1.0438]
8) Use Runge — Kutta fourth order method to find y when x = 1.2 in steps of 0.1 given that

% = x2 +y2 & y(1) =1.5[Ans: 2.5005]

x2+y2,

9) Using Runge-Kutta method of order 4, compute y(0.2) for the equation, y'= y—g, y(0)
y
=10 (Takeh=0.2) [Ans: 1.18323]

10) Using Runge — Kutta method of order 4, find y(0.2) for the equation % = i'/_ z ,
+

y(0)=1. Takeh=0.2. [Ans: 1.1678 ]

11) If % _2eX—y, y(0) =2, y(0.1) = 2.010, y(0.2) = 2.04 and y(0.3) = 2.09 find y(0.4)

correct to four decimal places. By using Milne’s predictor-corrector method. (Use corrector
formula twice). [Ans: 2.1621 & 2.2546]

12) Given 2? =1+ x%)y? & y(0) =1, y(0.1) =1.06, y(0.2) =1.12, y(0.3) =1.21. Evaluate
X
y(0.4) by Milne’s predictor — corrector method.[Ans: 1.2797]

13) Given y1 =x? - Yy, Y(0) =1&the starting values y(0.1) = 0.90516, y(0.2) = 0.82127,
y(0.3) =0.74918. Evaluate y(0.4) using Adams — Bash forth method. [Ans: 0.6897]

14) Using Adams — Bash forth method, evaluate y(1.4), if y satisfies ? A iz &y =1
X X X
y(1.1) = 0.996, y(1.2) = 0.986, y(1.3) = 0.972.[Ans: 0.949]

1.10 Further Reading

1. http://nptel.ac.in/courses.php?disciplinelD=111
2. http://wwww.khanacademy.org/
3. http://www.class-central.com/subject/math
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