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Course objectives:

* The goal of the course Mathematics-ll for mechanical engineering
streams(BMATM201) is to

* - Familiarize the importance of Integral calculus and Vector calculus
essential for Mechanical engineering.
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* - Analyze Mechanical engineering problems applying Partial
Differential Equations.

* - Develop the knowledge of solving Mechanical engineering problems
numerically
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Course outcome (Course Skill Set)
After successfully completing the course, the student will have a good
understanding of the following topics and their applications:

* CO1: Apply the knowledge of multiple integrals to compute area and
volume.

* CO2: Understand the applications of vector calculus refer to solenoidal, ir-
rotational vectors, line integral and surface integral.

* CO3: Demonstrate partial differential equations and their solutions for
physical interpretations.

* COA4: Apply the knowledge numerical methods in solving physical and
engineering phenomena.

* CO5: Get familiarize with modern mathematical tools namely
Mathematica/MatLab/Python/Scilab
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CONTENTS

« Module-1: Integral Calculus
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 Module-2: Vector Calculus
« Module-3: Partial Differential Equations (PDE's)
 Module-4: Numerical methods -1

 Module-5: Numerical methods -2
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Module-1: Integral Calculus

« Multiple Integrals: Evaluation of double and triple integrals

 Evaluation of double integrals by change of order of integration,
changing into polar coordinates.

 Applications to find Area and Volume by a double integral-Problems.

« Beta and Gamma functions: Definitions, properties, the relation
between Beta and Gamma functions.

* Problems on Beta and Gamma functions.
Self-study: Centre of gravity.
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Multiple Integral
Double Integral

I fCx,y)dA = f;lz f;/lz f(x,y)dydx
Evaluate the following:
1.f01 ff xy dydx

Sol: I—f [2]\/_ dx=%f1x[x—x2]dx

0
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2. [ [ xy (x + y)dydx
Sol: I = fol fg (x%y + yx)dydx

1. 3 2

=\ y5+y*= 1y dy
1 4 4

= [y [=+>]dy

1 5y%
=/ ——dy
_5°11
S lar

=2
6
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Triple integrals:
ffff(X, y,z)dA = f;lz f;/lz fzzlz f(x,y,z)dzdydx

Evaluate the following:
1 /x (xz
1., Jo Iy~ xyz dzdydx
Sol: Letl = fol f(ic fgczxyz dzdydx
1 ~x y21*4
= J, |, xz [7]0 dz dx
— %fol fox xz (x°z% —0)dz dx

- %fol foxx323 dz dx
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Evaluation of double integrals- change of order of integration
1.Evaluate f01 fxﬁ xy dy dx by changing the order of the integration.
Sol:Let I = fol ffxy dy dx

Given Limits x:x=0tox=1

. — — 2 Y
y:y=xtoy=+x ory - =x S S
On changing the order of the integration. N (7 .
x:x=y*tox=1y

y:y=0toy=1

1
wl= [ [ .y (xdx)dy

<Dept. Name> <Faculty Name>
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_ 1 _ v4
= ij=0y(y y*)dy
_ 1,1 3 _ .5
_42_2
214 6 1p
1
A= 24
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Evaluation by changing into Polar coordinates

1. Evaluate fooo fooo e~ (x*+y%) dy dx by changing to polar coordinates
Sol: In polar we have x = rcosf ,y = rsinf 0
v x% +y? =r?and dxdy = r dr d@

Since x varies from 0 to oo = r varies from 0 to o

In the 1st quadrant 0 varies from 0 to % . >

I = 95=o f:ioe_’"z rdr dé

d
Put r?* =t = 2rdr = dt :>rdr:7t

and t also varies from 0 to oo

<Dept. Name> <Faculty Name>
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> dt
— (2 ©  —t at
I'= 9=oft=oe 2 ab
LU —t 9
=-[2 |%=| a6
2°0=01 -1 l¢=g
1 =
— (2 _ _
=22 —(0-1)d6
1 =
— (2
=7 Jg=o 1 d0
1 n
— 2
2 [6 ]920
/[
] ==
4
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Application of Double and Triple internals

Area of Region R in the Cartesian form: [f, dxdy
Area of Region R in the Polar form: [f, r dr df
Volume of solid in the Cartesian form: fff dx dy dz

Volume of solid in the Polar form: ff  2mr?sin dr df

<Dept. Name> <Faculty Name>
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1. Find the area of the ellipse Z—Z + % = 1 by double integtation.

2 2
Sol: Let ; +— = 1is ellipse .
-
—vaz—x SRR\
Area, A = 4 dy dx -
Jeco S22 y e
b - T I -y X
bJaz—x2 CeolN A3|l Ay iaw)
a
=4[, oIS dx =
‘J/
=4f_—\/a2—x2 dx i
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_a;sin‘l(l)]
:ath
_751

= mtab sq.units

2. Find the volume generated by the revolution of the cardiode

r = a(1 + cosO) about the initial line using double integral.

Sol: Wkt, V= [

a(1+cose)

V= fe OZnsmH[ ]

31a(14+cos0)

2nr?sing dr do

do

A

-

B: NN

>

DN
B

7B8:0
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- . 3 a(1+cosH)
V=[_,2mnsind [?]o do

(™ sin@ a®(1 + cosP)3 db
3 J0=0

_2a%m m 3

= — Jg_osin8 (1 + cosB)® df
Put 1+ cosf =t = —sin0d0 =dt = sin 0df = —dt
if 8 varies from 0 tom then t also varies from2to0

__2a3m (0 3 _—2a3n[t4’]O
V="—J)_0° —dt =— 7).
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31
. (0—16)

8adn . .
V= 3 cubic units

V =

Beta and Gamma functions:
Definition:

Let n be any positive number. The gamma function of n is denoted by
I'(n) and it is defined as

r(n) = fxoio e *x" ldx
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The beta function is denoted by (m, n) and it is defined as

p(m,n) = fx1=0 x™ 11 —-x)"ldx ,m,n>0.

Relation between Beta and Gamma functions

r(myr(m)
rm+n)

p(m,n) =
Note:
1. B(m,n) =2 [2 sin*™'6 cos*" 16 dO

2.I'(n) = [~ e tt?n 14

x=0

<Dept. Name> <Faculty Name>
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Properties of Beta and Gamma function

1. f(m,n) =L(n,m)

2. I'(n+1)=nl"(n)
3. I'(n+ 1) =n!, for any positive integer n
()=
p+1 qg+1
5. fz SmPHCOSQHdH——,B( - )
6. I'(3).r(3)=nv2

<Dept. Name> <Faculty Name>



ATM E

College of Engineering

Module-2: VVector Calculus

* Vector Differentiation: Scalar and vector fields. Gradient, directional
derivative.

» curl and divergence - physical interpretation, solenoidal and
Irrotational vector fields. Problems.

 Vector Integration: Line integrals, Surface integrals.
 Applications to work done by a force and flux.

» Statement of Green’s theorem and Stoke’s theorem-Problems.
Self-study: Volume integral and Gauss divergence theorem.

<Dept. Name> <Faculty Name>



ATME

College of Engineering

VECTOR CALCULUS

Vector calculus is a field of mathematics concerned with multivariate real analysis of
vectors in two or more dimensions. It consists of set of problems solving techniques very
useful for engineering and physics.

SCALAR AND VECTOR POINT FUNCTIONS

Let F(t) = fL ()i + f,(t)] + fz(t)k be a ‘Vector function’. Then for various values of
t we get a set of constant vectors.

Let o = @(x,y,z) be a ‘Scalar function’. Then for various values of x, y, z we get a set
of points or scalars.

Vector operation V(del) is defined bg/ the eguationa

v+ 2420
ox oy Yk

<Dept. Name> <Faculty Name>
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This operator has a great role in vector calculus. Laplacian operator \72 IS defined as follows

V2=v.v= 0 +a +ak a“+a +ak
=V V=t 7528\t T ey tas

Gradient
The vector function Ve is defined as the gradient of the scalar function ¢ = @(x,y, 2)
l.e., gradep =Vp = (—l +—] + — k)go
grade =V = (a¢“+g—§j+g—fk)
Geometrically, V¢ represents a normal at any point P to the surface
@(x,y,z) = constant and has a magnitude equal to the rate of change of ¢(x,y, z)

along this normal. V¢ is a vector quantity.

<Dept. Name> <Faculty Name>
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Note:
1. The unit normal vector 72 along Vg is given by n = 7 orfi =L

atme

2. The component of V¢ in the direction of a unit vector a is V.7 and is called the
directional derivative of ¢ in the direction of a. Thus, the directional derivative is
maximum in the direction V¢ and the magnitude of this maximum is equal to |V¢|.

. A A a
i.e., D.D=Ve@.n wheren = B
Problems

1. Find the unit normal vector to the surface x> + y3 + 3xyz = 3 at (1,2, —1).
Sol: Let ¢ = x3 + y3 + 3xyz — 3

9090 _ .2 9090 _ 7.2 99 _
ax—3x + 3yz ay—3y + 3xz aZ—Sxy

<Dept. Name> <Faculty Name>
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Now, Vg = (—l +a—“0j+ a¢k)
Vo = (3x% + 3y2)i + (3y? + 3x2)j + Bxy)k
At (1,2,—1)

Vo =(3—-6)+ (12 —-3)j + (6)k
Vo = —31+ 9] + 6k

V| = (=3)24+(9)2+(6)2=9 + 81 + 36

IVp| =V126
. ~ Vo —31+9j+6k
The unit normal vector I = —— =
Vel V126

<Dept. Name> <Faculty Name>
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2. Find the directional derivative of the function f = 4xz3 — 3x*y*?z at (2,—1,2) along
20 — 3] + 6k )

Sol: Given f = 4xz> — 3x%y?z Let a = 21— 3] + 6k

OF _ 453 1 — 32 9F _ 0 — 32 of _ 2 _ 35242
- = 4z°.1—3y“z.2x ay—O 3x“z.2y o, = 4x.3z% = 3x%y~.1
OF _ 473 _ 6xv2 Of _ _gx2 of _ 2 _ 34242
- = 4z° —6xy°z 3y 6x“yz o, = 12xz% — 3x7y

P

= (L4 2L+ L)
NOW’Vf_(axl+6y]+azk

Vf = (423 — 6xy22)i + (—6x%y2)] + (12x2% — 3x2y?)k

At (2,—1,2)
Vf = (32—24)i + (48)] + (96 — 12)k

<Dept. Name> <Faculty Name>
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Vf = 81 + 48j + 84k

Also, d = 21 — 3j + 6k

|l = /2% + (—3)2+62

il =v4+9+ 36

al = V49
al=17
~ da 2i-3j+6k
n — = j—
|a| 7
D.D=Vf.n

<Dept. Name> <Faculty Name>
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(2t — 37 + 6k)
7

D.D = (81 + 48] + 84k).

pp = B2)+(“48)(=3) + (84)(6)

7
16— 144 + 504
B 7
DD_376
7

<Dept. Name> <Faculty Name>



ATME

College of Engineering

n

'IIIHL

...........

3. Find the angle between the surfaces or normal surfaces x? + y? + z? = 9 and
z=x*+y*—-3at(2,-12).

Sol: Given ¢ = x* + y* +2z% -9 Y=x‘+y?—z-3
g—(ﬁ=2x g—f=2x
2 =2z 2 =1

Wkt, ch—a—"’i+g—‘§j+z—fl€

Vo = (2x)1 + (2y)] + (22)k

<Dept. Name> <Faculty Name>
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At (2,—1,2)

Vo = (2.2)I+ 2.(-1)j + (2.2)k

Vo = 4i — 2j + 4k

V| = 42 + (=2)2+42 = /36
Vel =6

Also 7 :z—fi+3—ij+g—flz

7Y = (2x)i+ 2y)j + (=1)k
At (2,-1,2)

VY = (2.2)i+ 2. (-1))j+ (-Dk
VY =4i—2j—k

<Dept. Name> <Faculty Name>
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VY| = 42 + (—2)2+(—1)?
vy =21

Angle between surface,

cos =nq.n,

Vo Ty
Vol [Vyl

cosf =

(4i — 2j + 4k) (4i—2j—k)
6 W21

cosO =

<Dept. Name> <Faculty Name>
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16 +4 -4 16
cosf = =

86\/2_1 621
321

8
0 = cos1 (—)
3v21

cosf =
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Divergence of a vector function
The divergence of a vector function F = f,i+ f,] + fsk , where f3, f5, f5 are functions
of x,y, z.It is denoted by divF and is defined as

divF =V.F
aivf =L+ 25+ 9% (fil + fof + f3k)
wor = axl ay] aZ . fll fZ] f3

0 i) i)
f1_|_ fz_|_ f3
dx 0y 0z

Clearly divF is a scalar guantity.
Physical interpretation of Divergence

Let us consider the motion of the fluid. Consider a small rectangular parallelepiped with
edges &y, 6y, 8, parallel to the axes in the mass of fluid.

<Dept. Name> <Faculty Name>
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Let V = Vi + V,,j + V;k be the velocity of the fluid at (x, y, z). A
Amount of the fluid flowing in through the face ABCD per unit time |V )
= Velocity X Area of the face >
= V, 0yoz

Amount of the fluid flowing out through the face PQRS per unit time

Vs
= |V +§ Ox|0yodz

~. The net decrease in the amount of fluid across these two faces is

oV
= |V, + x o0x|0ydz — V, 6ydz

oV, av,
= |V + 2% 6x — Vi | 6y6z = == sx8ysz

<Dept. Name> <Faculty Name>
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Similarly, the decrease in amount of fluid due to flow along the y — axis = —=

3y 0x0ydz

The decrease in amount of fluid due to flow along the z — axis = aVZ —~ 0x6ydz

Total decrease in amount of fluid inside the parallelepiped per unit time

B aV, +0V av, SxSVS
ax oy " az| XY
Hence the ratio of loss of fluid per unit volume = aV" -+ aVy + a‘;
_ [_H_ + 2 k| [ + Vi + k]
= divV

<Dept. Name> <Faculty Name>
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Hence divV gives the rate of outflow per unit volume at a point of the fluid. If divl7 =0

everywhere in some region of space, then V is called Solenoidal Vector function and the
fluids said to be incompressible i.e., there is no gain or loss in the volume element

Curl of a vector function
“The curl of a vector function F = fii + f5f + f3k is denoted by curlF and is defined as curlF = VXF

~

tJ k
curlF = J d 0
dx dy 0z
i 2 f
- lafs afz]A lafs afl],\ lafz 0f1]
curlF =

Clearly curlF is a vector quantity.

<Dept. Name> <Faculty Name>
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Physical interpretation of Curl
Consider a rigid body rotating about a fixed axis through origin. Let the uniform angular

velocity be w = wyi + w,j + W3k Wi, W2, W3 are constants. The velocity V of any point
P(x,y,z) on the body Is given by V =wX7#,where 7 is the position vector of P.

Let W = wyi + wyj + wsk and # = xi + yj + zk

ConsiderV =w X 7

P

1 ] k
= |[W1 W2 W3
X y Z

V= (Waz —w3y)i — (W1z — wsx)j + (wyy — sz)lz

<Dept. Name> <Faculty Name>
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curlV = VXV
curlV =V X [(Woz — w3y)T — W1z — w3x)j + (W1 y — wox)k|

) j k
curlV = i i i
0x dy 0z

(wyz —wgy) (wyx —wyz) (Wyy — wyx)

curlV = [wy — (—wy) 1t = [-w, — w,j — (—w3)lk

curlV = Z[Wli + w,j + W3E]

<Dept. Name> <Faculty Name>
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curlV = 2w
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W = = curlV
w > u

Thus the angular velocity of rotation at any point is equal to half of the curl of the
velocity.

Note:
1. If divF = 0, then we say that F is Solenoidal vector.

2. If curlF = 0, then we say that F is irrotational vector.
3. lrrotational vector field is called as conservative field or potential field.
4

When F is irrotational there always exist a scalar point function such that Ve = F , then
¢ is called a scalar potential of vector F.

<Dept. Name> <Faculty Name>
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Problems
1.IfF = xyzi + 3x2yf + (xz —y Z)E , find the divF and curlF at (2,—1,1).
Sol: Given F = xyzi + 3x°yj + (xz° — y*2)k

Wkt divF = V.F
2 0fr | 0fy,  0f3
divF = ™ + 3y + >
5 0 0 d ,
divF = (xyz) + —(3x y) + (xz — y4Z)

dwF yzl+3x 1+(x22—y 1)
divF = yz + 3x% + 2xz — y?

At (2,-1,1)
divF = (=1)(1) + 3.(2)2 +2(2)(1) — (—1)?
divF = —-1+12+4—1

divF =14

<Dept. Name> <Faculty Name>
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Also, curlF =VXF

Q =~
\3’|m\‘>
S| =

ox

(xyz) (Bx%y) (xz°—y?z)

curlF = % (xz? — y%z) — % (3x2y)] i — laa_x (xz? — y%z) — % (xyz)]j + laa_x (3x2%y) — % (xyz)| k
curlF = [(—=2yz) — 0]i — [(z% — 0) — (xp)]j + [(6xy) — (x2)]k

curlF = [—2yz]i — [22 — xy]j + [6xy — xz]k

At (2,-1,1)
curlF = [-2(=1)(D]i - [1* = 2(=D]j + [6) (-1 — (D) (D]k
curlF = 21 — 3j — 14k

<Dept. Name> <Faculty Name>
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2. Find divF and curlF where F = grad(x3 + y3 + z3 — 3xyz).
Sol: Let ¢ = x3 + y3 + z3 — 3xyz

F =grade

13=l7<p

. do Odg g

F=—i+—j+—k
ox Ty Tz

F = (3x% - 3y2)i + (3y* — 3x2)j + (322 — 3xy)k
Now, divF = V. F
B0 a2 92,2 _ 9 (2,2 _
divF = ™ (3x 3yz)+ay(3y 3xz) o (3z% — 3xy)
divF = (6x — 0) + (6y — 0) + (6z — 0)
divF = 6x + 6y + 6z

<Dept. Name> <Faculty Name>
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curlF =VXF
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a_| o 0 0

curlF = P 3y P
(3x%2 —3yz) (By?—3xz) (3z%-3xy)

S d 0
2 2
curlF = 5 (3z 3xy) aZ(By 3xz)

i — [% (3z% — 3xy) — % (3x2 — 3yz)] i+ [% (3y? — 3xz) —aa—y(3x2 —3y2) |k
curlF = [(0 — 3x) — (0 — 3x)]t — [(0 — 3y) — (0= 3y)]j + [(0 — 32) — (0 — 32)]k

curlF = [-3x + 3x]i — [—3y + 3y]j + [-3z + 3z]k

curlF = 0f — 0j + Ok

curlF = 0

<Dept. Name> <Faculty Name>
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3. Show that F = (j:z”y J > is both solenoidal and irrotational.
Sol: Given F = —>—1 + —~

(x2+y?) (x2+y2)]
Wkt, divF = V. F
. 2 0 x 0 y
divk = ((x2+y2))+ ((x2+y2))

divE — (x +y?)1-x2x | (x%+y?)1-y.2y
(x2+y2)? (x2+y2)?

2,42 2,2, .2 2
. 2 xX“+ye=-2x“+x“+y“-2
divF = Y Y —2Y

(x2+y2)?

divF = 0

~ F is Solenoidal.

<Dept. Name> <Faculty Name>
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Now, curlF = VX F A -~
L ] k
0 0 0
curlF = 0x dy 0z
X y 0

(2 +y%) (x* +y?)

1P - 0 0 X A d y d b4 p
wr ‘[@“’)‘E(w )] [_“’) az((x +y2>)] +[£<<x2+y2>)‘ay<<x2+y2>)]

—2xy 2xy
(x* + yz) (x* + yz)

curlF = [(0) — (0)]i — [(0) — (0)]j +

curlF = Ol — 0f + Ok
curlF =0

-~ F is irrotational.

<Dept. Name> <Faculty Name>
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4.PTF = (y + 2)i + (z + x)] + (x + y)k is irrotational. Also find a scalar point function
@ such that F = V.

Sol: leen F = (y+2)i+E+x)]+ &+ yk

curlE =V XF
) j k
S 0 0 0
curlF = — — —
0x dy 0z
y+z) (z+x) (x+y)

curlF = [%(x+y) —%(Z+x)]i— [aa—x(x+y) —%(y+z)]j+ [aa—x(z+x) —aa—y(y+z)]fc

curlF = [(1) — (D] — [(1) — (D] + [(D) — (D]k

curlF = 01 — 0j + Ok

<Dept. Name> <Faculty Name>
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curlF =0
~ F is irrotational.

To find @

—i+—j+—k=@+2)I+@Z+x)]+x+y)k

99 _ 99 _ 99 _
=y+z ay—z+x az—x+y

Integrating we get

o=U+2z)[1dx o= (z+x)[1dy o=x+y)[1ldz
p=0+2)x+f2) @=z+x)y+f(x2) o=x+y)z+f(xy)
o =xy+xz+ f(y,z) 0 =vyz+xy+f(x, z) o =xz+yz+ f(x,y)

<Dept. Name> <Faculty Name>
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curlF =0
~ F is irrotational.

To find @

—i+—j+—k=@+2)I+@Z+x)]+x+y)k

99 _ 99 _ 99 _
=y+z ay—z+x az—x+y

Integrating we get

o=U+2z)[1dx o= (z+x)[1dy o=x+y)[1ldz
p=0+2)x+f2) @=z+x)y+f(x2) o=x+y)z+f(xy)
o =xy+xz+ f(y,z) 0 =vyz+xy+f(x, z) o =xz+yz+ f(x,y)
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curlF =0

o F is irrotational.

To find @

Consider Vo = F

a(p“+a<p“+a(p1?c—( +2)i+ (z+ )]+ (x +y)k

axl 6y] aZ—ylex] xX+y

99 _ 99 _ 99 _

o YT Z ay—z+x 5, X TY

Integrating we get

o=(+2)[1ldx p=(z+x)[1dy p=((x+y)[1dz
p=@+2)x+fz) @e=C+x)y+f(x2) p=K+y)z+f(xy)
o =xy+xz+ f(y,z) 0 =vyz+xy+f(x,z) o =xz+yz+ f(x,y)

@ =xy+xz+yz,where f(y,z) =yz , f(x,z) =xz, f(x,y) = xy
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VECTOR INTEGRATION
Line Integral

Consider a curve C in space which consists of infinitesimally small elements of length

dr. Then the line integral of a vector A(x, y, z) along the curve C is defined to be the sum of
the scalar products of 4 ,d7 and is represented by [ A.d7.

If F is the force acted upon by a particle in displacing it along the curve C then
) c F.d# represents the total work done by a force , it also represents the circulation of F
about C where F represents the velocity of a fluid.

F is said to be irrotational if §. F.d# = 0.

<Dept. Name> <Faculty Name>
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Problems
1 If F = (5xy — 6x2)i + (2y — 4x)j, evaluate J; F .d# where C is the curve y = x3 from
the point (1,1) to the point (2,8).
Sol: Given F = (5xy — 6x4)1 + 2y — 4x)j
dr = dxi + dyj + dzk
Consider, F.d7 = [(5xy — 6x2)i + (2y — 4x)j]. |dxt + dyj + dzE]

F.d# = (5xy — 6x2)dx + (2y — 4x)dy --- (1)
InC:y=x? Points: (1,1) (2,8)
dy = 3x%dx

(1)= F.d7 = (5x* — 6x2)dx + (2x3 — 4x).3x2dx
F.d7 = (5x* — 6x2 + 6x° — 12x3)dx

<Faculty Name>
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j F.d# = f(Sx4 — 6x2% + 6x° — 12x3)dx
C
—_ _I_ —_
3 x=1 6 x=1 4 x=1

C
=2°-1)-223 -1+ 2°-1)-32*-1
= 31— 14+ 63 — 45

“m

j F.d7 = 35
C
2. Evaluate [, F.d7 along the circle x? + y? = 4, where F = 3xyi — yj + 2zk.

<Dept. Name> <Faculty Name>
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Sol: Given F = 3xyt — yj + 2zk
dr = dxi + dyj + dzk

Consider, F.d7 = [3xyl — yj + 2zk|. [dxi + dyj + dzk]
F.d7 = (Bxy)dx + (—y)dy + (2z)dz --- (1)

INC:x>+y*=4 ,z=0

X% + y2 = 22 (x? + y2 = r?)
Put x = rcoséf ; y = rsinf - z=0
x = 2cos@ ; y = 2sin6
dx = —2sinfdf dy = 2cos0d6 dz=0

60:0=0 to 0 =2m
(D= F.d7 = (3.2c0s0. 25in0)(—2sinfd0) + (—2sind). (2cos6dB)
F.d7 = (—24cos0sin?0 — 4sinfcos6)d6

<Dept. Name> <Faculty Name>
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j F.d# = J (—24sin*0cosf — 4sinbcosO)dO

C 0=
=S sin361°™ sin261°™ n [f (x)]+1
Jc F.dr=—24[ 3 ]0 _4[ 2 ]0 {f[f(x)]f(x)dx— n+1 }
[ FLap = —8(0—0) —2(0 —0) {sin2m = 0 = sin0}

O)

O
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3. Find the total work done by a force F = 2xyi — 4zj + Sxk along the curve x = t?2,
y=(2t+1) ,z = t3 fromthe pointt =1 tot = 2.

Sol: Given F = 2xyi — 4z + SxAl?
dit = dxi + dyj + dzk
Consider, F. d7# = [2xyl — 4z] + 5xk|.|dxt + dyj + dzk]

F.d# = 2xydx — 4zdy + 5xdz - (1)
InC : x = t?; y=2t+1 Lz =1t
dx = 2tdt; dy = 2dt . dz = 3t4dt

t:it=1 to t=2
(1)= F.d7 = (2t2(2t + 1))2tdt — 4(t3). 2dt + (5t2)3¢t2dt
F.d7 = (8t* + 4t3 — 8t3 + 15t%)dt

<Dept. Name> <Faculty Name>
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F.d7 = (23t* — 4t3)dt

||

'IIIHL
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9

The work done by a force = [ . F.d7

5 C
j F.d7 = j(23t4 — 4¢3)dt
C t=1

2 2
- 23[5],_ - +[7l.,

=5 @ -D-@"-1

_23(31) .. _ 713-75
-5 15= 5
Work done, . F.dr = g units

<Dept. Name> <Faculty Name>
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Green’s Theorem
Let M(x,y) and N (x,y) be two functions defined in region 'R’ and the xy — Plane with

simple closed curve C has its boundary , then ¢. Mdx + Ndy = |, [‘ZIZ — Zﬂ dydx

Note:
1. Area = [[, dydx = %fc (xdy — ydx)

Problems

1. Evaluate [ (xy — x?)dx + x*ydy where C is the closed curve bounded by y = 0,
x=1andy = x.

Sol: Green's Theorem:gﬁc Mdx + Ndy = ffR [ZZ — ZIZ] dydx - (1)

<Dept. Name> <Faculty Name>
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Given [. (xy —x?)dx + x*ydy

Here, M = xy — x* N = x?%y

oM x ON 2y
ay - ax y
In ‘R’

x:x=0¢tox=1
v:y=0to y=x

1
(D)= [, (xy—x?)dx +x*ydy = [ _ f;zO(ny — x)dydx

= fxl=0 [2x [y;]z — x[y]f,“] dx

= fxlzo[x(x2 —0) —x(x — 0)]dx

<Dept. Name> <Faculty Name>
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Sr—\

~

=
w

=
N
—/
QU

=

j (xy — x%)dx + x*ydy

I
N
I
W=
I

—1
— x2 2 i —
j(xy x?)dx + x*ydy -

2. Use Green’s theorem to evaluate fC (xz + yz)dx + 3x%ydy where C is the circle
x? + y? = 4 traced in the positive sign.

<Dept. Name> <Faculty Name>
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Sol: Green's Theorem: gﬁc Mdx + Ndy = ffR [31;’ — 21:,1] dydx - (1)

Given [. (x* +y?)dx + 3x*ydy

i
Here, M = x? + y? N = 3x2%y
oM aN 3L
y 2y i 6xy ﬁ "

(-z,o)k J/(z,o) poen
In 6R7 B

xX:x=—21tox=2

y:y=—V4—x? toy=+4—x*

(1)= [, (x* +y?)dx + 3x*ydy = | :_zf f_fr(@cy 2y)dydx

S ] A il P

<Dept. Name> <Faculty Name>
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) [sx i (v |- [ - [ 1” i
j(x + y2)dx + 3x%ydy = J [3x[(4 —x%) — (4 —x2)] — [(4 — x?) — (4 — x?)]]dx
X=—2

[, (2% + y?)dx + 3x*ydy = 0.

<Dept. Name> <Faculty Name>
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Stoke’s Theorem

If S iIs a surface bounded by a simple closed curve C and if Fis any continuously
differentiable vector function then

%F.d?:jfcurlﬁ.ﬁdszU(VXF).ﬁds
3 3

C

atme

Problems

1.Verify Stoke’s theorem for F = yi + zj + xk where S is the upper half of the sphere
x? + y% + z? = 1 and C is its boundary.

Sol: By Stoke’s theorem,

P, F.dr = J curlF.fids , C is the circle in the xy — plane whose centre is the origin
and radius equal to unity.

<Dept. Name> <Faculty Name>
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ie,x?+y*=1and z=0
dz =0
Putx =cosfy=sinf ;0<6 <2m

LHS, §. F.d7 = §. ydx + zdy + xdz
= ;fo(sinﬂ)(—sinedﬁ) + (0) + (0)

2T

_ .2
== Jg_oSin 0do

2t (1—cos20)
9 0 » do

= 9=0(1 — c0s20)do

_ _%{[9](2)71 B [Sh;ze](z)n}
= {[27‘[ 0] — E [Sln4—7'[ — SlTlO]}

<Dept. Name> <Faculty Name>
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Now, curlF

i 7k
_|la a8 o
dx 0y 0z
y Z X

=[5 @ -5 @)i-[F0-50)i+ 5@ -5 0]k
=[0-1]i—-[1-0]j +[0—-1]k

<Dept. Name> <Faculty Name>
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curlF = —i—j—k X
nds = dydzi + dxdzj + dxdyk

fids = 0.1+ 0.7 + dxdyk (Sincez = 0,dz = 0)
curlF.fids = (-1 —j — k ). (0.1 + 0. + dxdyk)
curlF.fids = —dxdy

RHS, [[ curlF.Ads = [[, —dxdy

jf curlF . ds = —ﬂdxdy

S S
ffs curlF .fids = —m (Since JI; dxdy = Area of circle,x* + y* =1 = n(1)*= n)
LHS = RHS

<Dept. Name> <Faculty Name>
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2. Evaluate ¢. (xydx + xy*dy) by Stoke’s theorem where C is the square in xy — plane with
vertices (1,0) (—1,0) (0,1) (0,—1).

Sol: Given ¢, (xydx + xy*dy)

% F.d# = ¢ (xydx + xy2dy)
C C

Here, F = xyi + xy?%j + 0k
Now, curlF = VXF

L ik
_|o 9 3o
~lox 9y oz
xy xy? 0
-9 5 . [0 5 . [a 5 ~
= |55 @ = = ey | 1= [Z © = - )] ] + |52 GyD) =55 ()| *

<Dept. Name> <Faculty Name>
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curlF = [0 —0]i — [0 — 0]j +A[y2 — x]k
nds = dydzi + dxdzj + dxdyk
curlF.fids = (0.1 — 0. + [y? — x]k ). (dydzi + dxdzj + dxdyk)

curlF.fids = [y? — x|dxdy

||

'IIIHL

...........

Wkt , ¢, F.dr = e curlF .7 ds

y
A
o ff yZ — X]dXdy o N
j— fx__l fy_ y - x] dydx — ~.>_\ \. : .“‘(1‘0) 5x
_ 1 31! 1 Ml
- fx=—1{[?]_1 _x[y]—l} dx 0,-1)
=" i1 = (=1 1—(=1]|d ;
— Jy=—1 g[ — (D] —x[1-(-1)]]|dx In ‘R* ) B
xX:ix=—1 to X% 1
y:y=—1to y=1

<Dept. Name> <Faculty Name>
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Problem on flux

If F= 2xyi + yz?j + xzk and S is the rectangular parallelepiped bounded by x = 0, y
=0,z=0,x =2,y =1,z = 3.Find the flux across S.

Sol: HereF = 2xyi + yz2j + xzk
Now, divF = V. F
= [—l +—] + — k] [nyl + yz*4j +xzk]
divF = — (ny) + - (yzz) (xz)
divF = Zy +2z°+x
Flux across S = [f F.Ads

By divergence theorem, [f, F.A ds = [ff, divF dv

<Dept. Name> <Faculty Name>
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3 1 2
jfﬁ.ﬁds= f f f(2y+z2+x)dxdydz
S

z=0y=0x=0
-3 1 214
— Jz=0fy=0 [(Zy +z2) [x]5 + [y?lo] dy dz
3 1
= | _oJ._,(4y +22° +2) dy dz
= (° {4[3/_2]1 + (2z% + 2)[ylit dz
JZ=O k 2 1o y 0

= ;3=0{2 + 2z% 4+ 2}dz
— f23=0{222 + 4‘}dZ

| S

<Dept. Name> <Faculty Name>
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23]
Hﬁ.ﬁds = 2[?] + 4[z]3
S 0
=2(9-0)+4(3-0)

jj?.ﬁds= 30

S

<Dept. Name> <Faculty Name>
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Module-3: Partial Differential Equations

« Formation of PDE's by elimination of arbitrary constants and
functions.

« Solution of non-homogeneous PDE by direct integration.

* Homogeneous PDEs involving derivative with respect to one
Independent variable only.

« Solution of Lagrange's linear PDE.
« Derivation of one-dimensional heat equation and wave equation.

Self-study: Solution of one-dimensional heat equation and wave
equation by the method of separation of variables.

<Dept. Name> <Faculty Name>
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Definition

An equation involving one or more partial derivatives of a function of two or more
variables is called a Partial differential equation[PDE].

The order of a PDE is the order of the highest derivative and the degree of highest order
derivative after clearing the equation of fractional powers.

A PDE is said to be linear if it is of first first degree in the dependent variable and its
partial derivatives.

If each term of the PDE contains either the dependent variable or one of its partial
derivatives, the PDE is said to be homogeneous. Otherwise it is said to be a
nonhomogeneous PDE.

Examples

1.—+—=0 |Order — 1,Degree — 1, Homogeneous PDE]

<Dept. Name> <Faculty Name>
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2
2. aiazy = Xy |Order — 2,Degree — 1, NonHomogeneous PDE]
0%z 0z
3. 5= 3 + 2z |Order — 2,Degree — 1, Homogeneous PDE]
g 2,92 _ [Order — 2,D ~1,H PDE]
etz = rder — 2,Degree — 1, Homogeneous
3
: aizgy = cos(2x + 3y) |Order — 3,Degree — 1, NonHomogeneous PDE]
2
6. ZTZ =x+y |Order — 2,Degree — 1, NonHomogeneous PDE]
2
7. % —16z=0 |Order — 2,Degree — 1, Homogeneous PDE]
0%u ou
8. 3%3y + 45 =0 |Order — 2,Degree — 1, NonHomogeneous PDE]

<Dept. Name> <Faculty Name>
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Formation of PDE by eliminating arbitrary constants and arbitrary functions

Note:
If z= f(x,y) ,then
0z
Zy, = a =p
0z
0%z
Zyx = W =T
“ay = oxdy >
0%z
Zyy = a—yz t

<Dept. Name> <Faculty Name>
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Problems
Form the PDE by eliminating the arbitrary constant in the following

1. z=(x+a)(y+Db)
Sol: Given z = (x+ a)(y + b) --- (1)
Differentiate (1) w.r.t ‘x’ and ‘y’ partially

d

—=(y+b).1 > p=(+b)
Also,g—§=(x+a).1 > q=(x+a)
(1)=z=4q.p

Z = pq , Isthe required PDE

<Dept. Name> <Faculty Name>
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Form the PDE by eliminating arbitrary functions in the following
1. z=f(x*+7vy?)

Sol: Given z = f(x%? +y?) --(1)

Differentiating (1) partially w.r.t ‘x” and ‘y’, we have

a—Z—P f'(x?+y%).2x 5:q=f'(x2+3’2)23’
Do 2f'(x? +y?) (2 12124y —(3)
From (2) and (3) , we have

p_4

x Yy

py = gx

py — gx = 0 , Is the required PDE.

<Dept. Name> <Faculty Name>
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Solution of Non Homogeneous PDE by Direct Integratlon

j

'mm

...........

2

1. Solvea—u—x+y

0x?2
2

Sol: Given 2% =x+y

dx?
d (odu
() =2+
Integrate w.r.t "x’'
u
—=Jxdx+y[ldx

ou  x?2

=5 Tyx+f()
Again integrating w.r.t "x’
1
uzzfxzdx+yfxdx+f(y)f1dx

<Dept. Name> <Faculty Name>
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Ly |2+ o0 x4 900
Uu==|—= — X
513 y > y gy
x3  xly . . ]
u=—+-—-r+ xf(y) + g(y) , is the required solution.
Solution of Homogeneous PDE involving derivatives with respect to one independent
variable only
2
1. Solve a—§+ z = 0 given that when x = 0, z = e” and 2 _1.
axz dx
Sol: Given 22+ 2z =0
dx
(D> +1)z=0
AE:m?+1=0
m? = -1
m = +V=1
m = *i
z, = e%*[c cosx + c,sinx]

<Dept. Name> <Faculty Name>
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The G.Sis
1= Z,

Z = C1CO0SX + cy8inx
The solution for PDE is

z = f(y)cosx + g(y)sinx --- (1)
By data, When x =0,z =¢”
(1) = eY = f(y)cos(0) + g(y)sin(0) [ sin(0) = 0,cos(0) = 1]
e’ = f(y)
fly)=¢”
Differentiate (1) w.r.t ‘x’

% = —f(y)sinx + g(y)cosx --- (2)

whena—zzl and x =0
ox

<Dept. Name> <Faculty Name>
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(2)= 1=—f(y)sin(0) + g(y)cos(0) [ sin(0) = 0,cos(0) = 1]
1=g)
9y =

(1) > z=eYcosx + 1.sinx
z = eYcos x + sinx , is the solution.
Solution of the Lagrange’s linear PDE

Lagrange’s linear PDE is of the form Pp + Qg = R. Let us consider two equations:
u(x,y,z) =c,,v(x,y,2z) = c, Where c;and c, are constants.

By the rule of cross multiplication we have,
dx dy dz

P Q R

Above equation Is regarded as a system of simultaneous equations in three variables and
relations u(x,y,z) = ¢, , v(x,y,z) = c, satisfy these equations.

Thus @ (u, v) = 0 is a general solution of Lagrange’s linear PDE.

<Dept. Name> <Faculty Name>
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Problems

1. Solve yzp + xzq = xy

Sol: Given (yz)p + (xz)q = xy
(Pp+Qq =R)

Here P =yz Q=xz R =xy

Auxilary equations
dx _dy _ dz

P Q R
dx dy dz

vz xz Xy

Comparing,
dx _ dy dy _ dz
VZ  xz xz Xy

<Dept. Name> <Faculty Name>
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ax _ dy dy _ dz

y  x z Y
Integrating Integrating
[xdx=[ydy [ydy=]zdz
xz_yz yZ ZZ

2oz ta =5 T

x? =y%+2¢ y? =2z%+ 2c,
xz—y2=k1 y2—22=k2

Thus the solutionis, @(u,v) =0

@ ((x2 —y2), (¥* - zz)) = 0.

<Dept. Name> <Faculty Name>
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Derivation of One dimensional Wave Equation [u;; = c%u,.]

Consider a flexible string tightly stretched between two fixed points at a distance ‘I’ apart.

Let 'p’ be the mass per unit length. We assume

1. The tension T of the string is same throughout.

2. The effect of gravity can be 1gnored due to large tension “T°.
3. The motion of string is in small transverse vibration.

Ya

<Faculty Name>
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Let us consider the forces acting on a small element PQ of length §x.

Let T; and T, be the tensions at the points P and Q.
. Tycosa = Tocosf = T [ Since there is no motion in horizontal direction]

Ticosa =T , Tocosp =T
T T
cosa = — , cosfl = —
T1 TZ
1 _n 1 _Tp (1)
cosae. T ’ cosp T

Vertical component of tension are —T;sina and T,sinf , where the —ve sign is used
because T is directed downwards.

Thus, Resultant force F = T,sinf — Ty sina
Applying Newton’s second law of motion,

F = mass * acceleraion

<Dept. Name> <Faculty Name>
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62

T,sinf — Tysina = pdx * 3z

[density=mass/length ]

Divide throughout by T

T, Ty péx 0%u
—=sinp — —=sina = *
T '8 T T ot2

1 . 1 . péx 0%u

COSﬁ.Sln,B ———.sina = —=*—— [From (1) ]

62
tanf — tana = % 5x. —

(@), - (), =555

(59) e Go)x _p 0%

5x T 9t2

<Dept. Name> <Faculty Name>
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ou du

()00~ @), o
lim X+ox 2 =lim=.—
x—0 0 x—>0T Ot*
o (ou\ _ p 0%u
E(E) T T at2
0°u _ p 90%u
ax2 T at?
0°u T 9%u
otz poxz
d%u d%u T
9z = € oz * =3

OR
2

U = C Uy

<Dept. Name> <Faculty Name>
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Derivation of One dimensional Heat Equation [u; = czuxx]

Consider a homogeneous bar of uniform cross section A. Suppose that the sides are covered with a
material impervious to heat so that streamlines of heat-flow are all parallel and perpendicular to area.
Take one end of the bar as the origin and the direction of flow as the positive x-axis.

Let u = u(x, t) be the temperature of the slab at a distance x from the origin.Consider an element of
slab between the plane PQRS and ABCD at a distance x and x + éx from the end O .Let p be the
density,s the specific heat and k the thermal conductivity.

AN AN
Ry —— Y —> R;
X

X A X \ » X

Let Su be the change In temperature In a slab ot thickness ox of the bar.
The mass of the element = Apdx

The quantity of heat stored in the slab element = Apséxdu

- Rate of increase of heat in this slab element is R = (Apsdx) %

<Dept. Name> <Faculty Name>
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Let R, be the rate of inflow of heat and R, is the outflow of heat.

We have, Ry = —kA [Z_Z]x ! = —kd [ax]x+6x

The negative sign is due to decrease in temperature as increase in t
ThUS, R = R1 - RZ

(Apssx) 22 = —kA [a—“] + kA [ |

x+06x
(Apssx) 2t = kA [[ ol - B ] [ Divide by A]
a_u — I [[ax x+8x
PS5 = 5x
au] ]
ou 0x x+6x

chl_I)I(l)pS Frin )ICI_I)I(l)k

<Dept. Name> <Faculty Name>
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s = L ()
PS5t = Ko \Gx

<Dept. Name> <Faculty Name>
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Module-4: Numerical Methods-1
« Solution of polynomial and transcendental equations: Regula-Falsi and

Newton-Raphson methods (only formulae).

* Finite differences, Interpolation using Newton’s forward and backward
difference formulae.

* Newton’s divided difference formula and Lagrange’s interpolation
formula.

* Numerical integration: Simpson's (1/3)rd and (3/8)th rules(without
proof)-Problems.

Self-study: Bisection method, Lagrange’s inverse Interpolation,
Weddle's rule.

<Dept. Name> <Faculty Name>
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Numerical Methods

atme

Numerical method provide various technique to find approximate solution to different
problem using simple operation.

Numerical Solution of Polynomial and Transcendental Equations

Given an equation f(x) = 0 it is generally not possible to find roots 'x such that f(x)
becomes zero exactly. We discuss two numerical methods for the solution of algebraic and

transcendental equation.
Equation involving algebraic quantity like x,x?, x3,... are called algebraic equation.
Eg: x> —3x—-4=0 ,x*+x3=80

Equation involving non algebraic quantity like e*, logx, sinx, tanx, ... are called
transcendental equation.

Eg: xe* —2=0 ,xlogx—12=0, tanx=2x

<Dept. Name> <Faculty Name>
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Numerical methods are often a repetitive nature. This consist repeated execution of the

same process where at each step to result of the previous step is used. This is known as
Iterative process.

We discuss two numerical methods
1. Regula-Falsi method
2. Newton-Raphson method

Regula-Falsi method (or) Method of False position
Formula:
af(b)-bf(a)

f(b)—f(a)

Xn =

<Dept. Name> <Faculty Name>



AT M E

atme

College of Engineering

Problems

1. Using the method of false position find the real root correct to 3 decimal places
of the equation x3 + 5x — 11 = 0.
Sol: Given f(x) = x3 + 5x — 11

f(0) =-11
f(1)=-5<0
f2)=7>0

The root lies between (1,2).
WKkt,

. = YB)-bf(@)
o fb)-f(a)

<Dept. Name> <Faculty Name>
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Step-1: a=1 b=2
fla) = =5 fb) =7

_ 1.(7)-2.(-5)
1= 7))
7+10
7+5

x1=1.417
f(1.417) = =1.070< 0
f2)=7>0
The root lies between (1.417,2).

Step-2: a=1417 b=2
f(a) =—-1.070 f(b) =7

<Dept. Name> <Faculty Name>
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_ (1.417).(7)-2.(-1.070)
X2 = (7)-(-1.070)
Xo = 1.494

£(1.494) = —0.195 < 0
f2)=7>0
The root lies between (1.417,2).
Step-3:  a = 1.494 b=2
f(a) = —0.195 f(b) =7
_ (1.494)(7)-2(-0.195)
37 (7)-(-0.195)
x; = 1.508
f(1.508) = —-0.031 <0
f2)=7>0
The root lies between (1.508,2).

<Dept. Name> <Faculty Name>
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Step-4: a= 1508 b =

f(a) = —0.031 F(b) =7

_ (1.508)(7)-2(-0.031)
4 (7)=(=0.031)

x4 =1.510

f(1.510) = -0.007 <0
f2)=7>0

The root lies between (1.510,2).

Step-5: a=1.510 b=2
f(a) = —0.007 f(b)=7
_ (1.510)(7)—2(-0.007)
X5 = (7)=(~0.007)
xs = 1.510

The real rootis 1.510

<Dept. Name> <Faculty Name>
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Newton-Raphson Method

Formula:

Xni1 = Xn )5((3:;)) f'(x,) 0 ,n=0,1,2,3,..

(X0) . £1
n=0,x1=x0—]{,g:)),f(xo);&0

n=1,x, =x —;,((9;11))  f'(x;) # 0 andso on.

Problems
1. Use NR method to find the real root of the equation x> — 3x —5 = 0, correct to 3

decimal places.
Sol: Given f(x) =x3—-3x—-5

<Dept. Name> <Faculty Name>
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f(0) =-5

f()=-7

F(2) = -3

£(3) =13

The root lies between (2,3).
Since f(2) lies nearer to 0.
Let xO — 2

. f (xn)
f!(xp)

We know that x,,.1 = x,

Here f(x) =x3—3x—5

f'(x) =3x% -3
: _ _ f(xo)
Step 1: X1 = Xp 1 (xo)

<Dept. Name> <Faculty Name>
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_ f(@2)
Y =200
(—=3)
x1 — 2 - E
xq1 =2.333
f(x1)
Step 2: x, = xq1 —
P 2 1 f(xq1)
B _ f(2.333)
X, = 2.333 F1(2333)
_ _ (0.699)
Xy = 2.333 (13.329)
x, = 2.281
) _ . f(x2)
Step 3:  x3 =x, 106
_ _ f(2.281)
X3 = 2.281 f'(2.281)

<Dept. Name> <Faculty Name>
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B ~ (0.025)
X3 = 2.281 (12.609)
X3 = 2.279
_ o Sx3)
Step4: x, = x4 7 (xs)
B _ f(2279)
xy = 2279 - L2272
_ __©
X4 = 2.279 (12.582)

The real root 1s 2.279.

<Dept. Name> <Faculty Name>
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FINITE DIFFERENCES
Newton’s Forward interpolation formula (NFIF)

The value of y = f(x) at x = x, + rh Is approximately given by

atme

r(r—1) A2y 4 r(r—1)(r—2) N rr—1)(r—-2)..[r—(n-1)] A

Y = Yo +1hyo + ——— A% 3 A%yo + oy Yo
Where, 'r’ is any real number , 7 = =2 h is step length.
Newton’s Backward interpolation formula (NBIF)
The value of y = f(x) at x = x,, + rh Is approximately given by
r(r+1) r(r+1)(r+ 2) rr+ 1D +2)..[r+(n-1)]
Y= Yt 1V ——— Ve + 3 VoY + -+ - V™Y

Xn

Where, ‘v is any real number , r = = . h is step length.

<Dept. Name> <Faculty Name>
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1. The population of a town is given by the following data

L]

atme

1971 1981 1991 2001 2011

Population 19.96 39.65 58.81 77.18 94.58
(in thousand )

Using appropriate interpolation formula calculate the increase in the population from the year 1975 to
2005.

Sol: a)To find f£(1975) = x = 1975
Here h =10 ,x, =1971

X—X
r==—=
h
1975-1971
T =
10
r=0.4

<Dept. Name> <Faculty Name>
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X y ID II D I D 1V D
xo =1971 | y, =19.96
Ay, = 19.69
1981 39.65 A’y = —0.53
A3y0 = —0.2
19.16
1991 58.81 —0.79 A*y, = 0.08
= V*yn
18.37 73y, = —0.18
2001 77.18 V2y, = —0.97
Vy, = 17.40
x, =2011 | y, = 94.58

<Dept. Name> <Faculty Name>
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By NFIF

atme

0w etng e300

r(r—1) r(r—-1)(r-2) r(r—-1)(r-2)(r-3)

_ 2 3 4
Yy=Yot+1lyo+——A%o+——— A% + " A%y
y =19.96 + (0.4)(19.69) + (0'4)(02'4 - (-0.53) + (0-4)(04 _61)(0'4 —2) (—0.26) + (0-4)(04 - 1)(;);}4 —2)(04-3) (0.08)

y = 27.8797

Thus, f(1975) = 27.8797

b) To find £(2005) = x = 2005
Here h =0.05 ,x, = 2011

h
2005-2011
r =
10
r=-0.6

<Dept. Name> <Faculty Name>
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By NBIF,
_ r(r+1) - r(r+1)(r+2) -3 r(r+1)(r+2)(r+3) -4

Y=YtV +— =V +———Vy + " V=n

) = 04,58 + (~0.6)(17.40) + (—0.6)(;0.6 +1) (—0.97) + (—0.6)(—0.6 Jg 1)(—0.6 + 2) (—0.18) + (—0.6)(—0.6 + 1)(2—40.6 +2)(—0.6 + 3) (0.08)

y = 84.2638

Thus, f(2015) = 84.2638

The increase in population from the year 1975 to 2005= f(1975) — f(2005)
= 84.2638 — 27.8797
= 56.3841 ( in thousands )

<Dept. Name> <Faculty Name>
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Interpolation formula for unequal intervals

Newton’s Divided Difference Formula or Newton’s general interpolation formula

If £(xy), f(xq), f(x5), ..., f(x;,,) be aset of values of an unknown function f (x)
corresponding to the values x,, x4, x5,..., x,, at unequal intervals, then

atme

y = f(xo) + (x — x0) f (0, 1) + (X — x0) (x — x0) f (%0, X1, x2) + -+

+(x —xg)(x —x1) . (x — x5, 1) f (X0, X1, o), Xp)

f(x1)—f(x0)

(x1—x0)

i _ fx1,x2)—f(x0,x1) .
y f(xO; lexZ) - (xZ_xO) ’

Here f(xo,xl) —

- f(xlrxzrxS)_f(xO'xlr-XZ)
f(xOleerIxB) — (x3—%o)

<Dept. Name> <Faculty Name>
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Problems
1. Use NDDF to find f(43) , given that

f(x) 43833 46568 49431 50912
Sol
X f(x) IDD 11 DD 111 DD
xo = 40 f(x9) = 43833
46568 — 43833
f(xp,x1) = a0 - 1367.5
x; =42 | f(x) = 46568 Florox3) = o =T g
16.5 — 16
fla.x2) = % = 14315 flxo a3 xs) = =75 =01
x2 = 44 f(xZ) - 4‘9431 f(xq,%2,%3) =%1:231.5 =16.5

Gy 23001249431
flag xs) = ===

x; = 45 (x2) = 50912
<Dept. Name> <Faculty Name>
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By NDDF

y = fxo) + (x —x0)f(x0,x1) + (x — x0) (x — x1) f (%0, %1, x2) + (x — x0) (x — x1)(x — x2) f (%0, X1, X2, X3)
y = 43833 + (43 —40)(1367.5) + (43 —40)(43 —42)(16) + (43 —40)(43 — 42)(43 —44)(0.1)

y = 47983.2

Thus, f(43) = 47983.2

<Dept. Name> <Faculty Name>
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Lagrange’s formula for interpolation

If £(xy), f(xq), f(x5), ..., f(x;,,) be a set of values of an unknown function f(x)
corresponding to the values x,, x4, x5,..., X, Not necessarily at equal intervals, then

j

'nme

(x —x1)(x — x2) ... (X — xp) (x — x0)(x — x2) ... (x — xp)

y
(xg — x1) (g — x2) ... (X0 — xp) ’ (%1 — x0) (%1 — x2) .. (X1 — Xp)
+ (x—x0)(x—%1)..(Xx—Xpn—1)
(Xn—x0) (Xn—=%x2)..(n—=%n—1) " "

= £ = yr +

Lagrange’ inverse interpolation formula for x = f(y) is

=y —y2) . (y — ) - =y —y2) . (v — V)
o —y1) o —¥2) - Yo — ¥n) ’ 1= y0) 1 —y2) . (1 — ¥n)

x=f(y) = Xy + o

V=y0) ¥y—y1)..(y—Yn-1)
+ n=Y0) Yn=y2) .(¥n—Yn-1) n

<Dept. Name> <Faculty Name>
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Problems

1. Apply Lagrange S interpolation formula to find y(11) from the following data

94.8 87.9 68.7

Sol: Given xy = 2 X1 =05 X, =8 X3 = 14
Yo =948 y;, =879 y, = 81.3 y; = 68.7

Tofindy(11) = x =11

WKkt

_ (x = x1) (x — x;) (x — x3) (x = x0) (x — x5) (x — x3) (x — x0) (x — x1) (x — x3) (o — x0) (x — x1) (x — x3)
Bl (g — x1) (xg — x2) (g — x3) Yo (g — x0) (1 — x2) (% — x3) " (22 — x0) (2 — x1)(xz — x3) Y2 (x3 — x0) (x5 — x1) (23 — xz)y3

(11-5)(11 —8)(11 — 14) (11-2)(11 -8)(11 - 14) (11 -2)(11 - 5)(11 — 14)
V= aone-ne-m Ot e G-ec-1m OVt eoae-ne-1m oY

(11-2)(11-5)(11-8)
(14-2)(14-5)(14-8) (68 7)

<Dept. Name> <Faculty Name>
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y = 74.925
y(11) = 74.925

L]

atme

2. Fit an interpolating polynomial for the following data

.« /0o | 1 | 2 | 5
y 2 3 12 147

Sol: Given x, =0 x1 =1 Xy = 2 X3 =5
Yo = 2 Y1 =3 Y2 =12 y3 = 147
Wkt
(x — x)(x — x2)(x — x3) (x — x0) (x — x) (x — x3) (x — x0) (x — x1)(x — x3) (x — x0) (x — x)(x — x3)
(22 — x0) (2 — x1)(xz — x3) Y2 (x3 — x0) (3 — x1) (x5 — x2) Y3

(1 — 20) (1 — ) (g — 23) 7

(- DE-DE-5) G- 0GE-DE=5)  G-0E-DE=5)

Y=0-Do-n0-5 YT Ta-na-2a-s) (3)+ 2-02-1D(2-5)
(x—0)(x—1)(x—2)
t nene-2 47

<Dept. Name> <Faculty Name>
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Wkt (x —a)(x = b)(x —c) = x3 — (a+ b + ¢)x? +(ab+bc+ca)x—abc

lelnL

--'4--3 320

_ (x° —8x? +17x — 10) (x3 —7x% + 10x) (x3 — 6x% + 5x) (x3 — 3x? + 2x)
v = —10) @+ O+ W6

(147)

(3 —8x24+17x —10) (3x3 —21x2+30x) (2x3—12x2 + 10x) (147x3 — 441x% + 294x)
Y= 5 T 4 - 1 + 60

—12(x3 — 8x% 4+ 17x — 10) + 15(3x3 — 21x? + 30x) — 60(2x3 — 12x% + 10x) + (147x3 — 441x? + 294x)
y =
60

—12x3 + 96x2% — 204x + 120 + 45x3 — 315x2% + 450x — 120x3 + 720x2% — 600x + 147x3 — 441x% + 294x
y =
60

60x3 + 60x2 — 60x + 120
Y= 60

y = x3 4+ x* — x + 2, is the required polynomial.

<Dept. Name> <Faculty Name>
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Numerical Integration

The process of obtaining approximate value of the definite mtegratlon I = f y dx
without actually integrating function but only using the value of 'y’ at some pomt of x Is
equally placed over [a, b].

1rd
Simpson’s 3 rule

Formula:

b
h
f}’ dx = 5[()’0 +y) +4 t Y3+ ys o+ o) F 20 Vs H Ve + o+ Yio2)]

a
Where, h = b%a
17d .
Note: To applyg rule n must be multiple of 2.

<Dept. Name> <Faculty Name>
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Problems
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atme

1. Evaluate f06 3x? dx dividing the interval [0,6] in 6 equal parts (7 ordinate) by applying

. R 17"d
Simpson’s - rule.

Sol: Given a=0,b=6,y = 3x?

b_
Now, h = —=
n
6—0
p=0
6
h=1 n=6
EEEEEEENEEENEEES
y = 3x2 0 3 12 27 48 75 108

<Dept. Name> <Faculty Name>
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Wkt,

b

h
| ydx =100 +y0) + 400 + 75 + ¥9) + 20+ )
a

6
1
j 3x?% dx = 3 [(0+108) +4(3+ 27 +75) + 2(12 + 48)]
0

6
j 3x% dx = 216.
0

<Dept. Name> <Faculty Name>
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. 3th
Simpson’s 5 rule
Formula:
: 3h

jy dx = g[()’o +v) +30 Yy Fyat ot Y1) 203+ Y Yo + o+ Yi3)]
a

b—a
Where, h = —

n

th
Note: To applyg rule n must be multiple of 3.

<Dept. Name> <Faculty Name>
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Problems
1 1 . . . , 3th
1. Evaluate [ ) dx by taking 7 ordinate using Simpson’s _ rule. Hence deduce
the value of log2.
= 1 — — — 1
Sol: Given a=0,b = 1,y—(1+x)
b_
Now, h = =4 n=2=6
1-0
h=—
6
1
h=24
RN
6 6 6 6 6
1 1 0.8571 0.75 0.6667 0.6 0.5455 0.5
Y= +x

<Dept. Name> <Faculty Name>
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WKkt,
b

3h
j y dx =[O0 +76) + 30 + 32 + 34 + ¥5) + 207)

1 1
3 * —
j 1+ x) 6 [(1+ 0.5)+ 3(0.8571 + 0.75 + 0.6 + 0.5455) + 2(0.6667)]
0

8

1
dx = 0.6932
J (1+x) *

By integration,

f :dx = [log(1 + x)]§
0.6932 = [log2 — log1]

log2 = 0.6932

<Dept. Name> <Faculty Name>
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Module-5: Numerical Methods-2

Numerical solution of ordinary differential equations of first order
and first degree

* Taylor’s series method.

* Modified Euler’s method.

* Runge-Kutta method of fourth-order.

* Milne’s predictor-corrector formula.

Self-studyAdam-Bashforth method.

<Dept. Name> <Faculty Name>



Numerical solution of ordinary differential equations of first order and
first degree

A numerical method can be used to get an accurate approximate solution
to a differential equation. There are many programs and packages available
for solving these differential equations. With today's computer, an accurate
solution can be obtained rapidly. In this chapter we focus on basic numerical
methods for solving initial value problems.

Analytical methods, when available, generally enable to find the value of
for all values of x. Numerical methods, on the other hand, lead to
he values of y corresponding onlly to some finite set of values of x. That is
the solution Is ‘obtained as a table of values, rather than as continuous
function. Moreover, analytical solution, if it can be found, Is exact, whereas a
numerical solution inevitably involves an error which should be small but
may, If it Is not controlled, swamp the true solution. Therefore we must be
concerned with two aspects of numerical solutions of ODEs: both the method
itself and its accuracy.

<Dept. Name> <Faculty Name>
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The most general form of an ODE of first order and first degree is given by

dy
- = f(x.y)where y(xo) = yo

et X by an independent variable and y be dependent variable .

Let us consider the differential equation % = f(x,y)where y(xy) = yo--(1)

If particular values are given to the constants then the resulting solution is
called a particular solution.

To obtain a particular solution from the general solution (1), we must be
given Initial conditions so that the constants can be determined. If all the
Initial conditions are specified at the same value of x then the problem is
termed as initial value problem. If the conditions are specified at more than
one value of x, then the problem is termed as boundary value problem.

<Dept. Name> <Faculty Name>
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Though there are many analytical methods for finding the solution of the equation of the
form (1), there exist large number of ODE’s whose solution cannot be obtained by the
known analytical methods. In such cases, we use numerical methods to get an approximate
solution of a given differential equation under the prescribed conditions

Consider the first order differential equation % = f(x,y)

Let y(Xo), Y(X1), Y(X,), Y(X3)..... Y(X,) be the solution values at the points X, X; X,

We wish to find the approximate values y, , Yy, -....... , ¥, to these solution values.

Let the initial condition be y(X, ) =y, . Let the exact solution y(x) of the given
differential equation be represented by a continuous curve. Divide the interval
(Xo,Xm))on which the solution is derived into a finite number of equispaced
subintervals.

<Dept. Name> <Faculty Name>
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Approximate solution
Exact solution

For each x;, the approximate values of the dependent variable y(x) are calculated using a
suitable recursive formula. These values are y,, Y, ...... , Y, and these are shown by points.

Computation of these approximate values is known as Numerical solution of the
Differential equation.

<Dept. Name> <Faculty Name>
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An Initial Value Problem  (IVP) consists of a differential equation and a
condition which the solution much satisfies (or several conditions referring to the
same value of x if the differential equation is of higher order).

Z_i’ = f(x,y)where y(xq) = yo-—- (1)

The following methods are used to solve the IVP (1).
1. Taylor’s Series Method

2. Modified Euler’s Method

3. Runge - Kutta Method

4. Milne’s Method

<Dept. Name> <Faculty Name>
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Taylor’s Series Method

Let y=f(x) be a solution of the equation Expanding it by Taylor’s series about x - X,
we get

(x — xo) (x — x0)* (x — x0)°
fO) =yo+—— ¥ + v’ + ¥’ + .

1.Using the Taylor’s series method , find an approximate solution correct to four

decimals at x=0.1 for the IVP Z—i’ =2y +3e*,y(0) =0

Sol:

y, = 2y + 3e* y,(0) =0+ 3e’ =3
Differentiating w.r.t x we get

y, = 2y, + 3e”* y,(0) =2*3+3e% =9

<Dept. Name> <Faculty Name>
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y3 = 2y, + 3e* y:(0) =2 %9 + 3e% =21
Vs = 2y3 + 3e* y,(0) =2 %21 4+ 3e® = 45
WKt,

(x—x0) 1 , (x—x0)? (x—x0)>

fO) =yo+=—=yo" + = —¥o" +——¥o> +

Where x =0.1 and x, = 0 we get

y1 = £(0.1) = 0+ (3) +2-(9) + 2= (21) + 25 (45) + -

(0.1)=0.3487

<Dept. Name> <Faculty Name>
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Modified Euler’s Method

Consider the IVP = f(x,y),y(0) =y, --- (1)

To determine the solutlon of this problem at x,, = x, + nh bu using
Euler’s method.

y1(1E) = Yn-1+ hf (Xp_1,Yn-1) —(2)

The expression (2) gives an approximate value of y at x,,. . To improve
the apprOX|mat|on the following formula has been suggested

Yn=Yn-1T 5 [f(xn—l:yn—l) + f(xn, Yn ))]'"(3)

The method of computing y,, using (3) is known as Modified Euler’s
method.

<Dept. Name> <Faculty Name>
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The process of improving the approximation can be continued by obtaining replacing

y,(ll), y,,EZ), y,EB) until the desired degree of accuracy Is obtained.

First approximation yl(E) = vo + hf (xg,¥0)

Second approximation y1(1) = Vo +§ _f (x0, Vo) + f (xl,yl(E))_

(2) h

Third approximation Vi =Yot3 _f(xo,yo) + f(xl,yl(l))_

and so on.

1.Using the modified Euler’s method, solve the IVP % = i, y(0) = 1 at points
x=0.5 and x=1 in steps of length h=0.5. Carry out two modifications at each step.

Sol:
dy _ = x.=0,v,=1taking h = 0.5
dx—f(x;Y)—ery Xo = VU,Yo = 1L laKking h = V.
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E 1 0.5
" = o + hf (%0, ¥0) = ¥o th— =1+55=15

First modification . = y, + % [f(xo,YO) + f(x1,Y1(E))]

h 1 1
Yo 2 | Xo+Yo Xo +3’f

05 1 1
=1+ 2 [0+1 T 0.5+1.5 ] =1.375

Second modification yl(z) =y, + % [f(xo,yO) + f(x1,Y1(1))]

B +h 1 N 1
BRI X0+ Yo Xo+ i

— 1405, 1 ]=1.3833
2 10+1 0.5+1.375

<Dept. Name> <Faculty Name>



;ATME

College of Engineering

Next, to compute the solution y, = y(1)and let us consider x, = 0.5,y, = 1.3833

(E) _ _ 1 _ 05
Vi~ = Yo+ hf(xoy0) =yo+h —— =13833+ =" =1.6488

First modification v = yo + %[ £ (0, ¥0) + £ (1,7
h : 1 1
= Yot 2 | X0+Yo + Xo+y7 ]

0.5 1 1
= 1.3833 + 2 [O.5+1.3833 T 1+1.6488] =1.6104
(2)

Second modification y,™ =y, + % [f(xo,yo) + f(xl,yl(l))]
h 1 1
= Yot 2 [xo+YO T Xo+¥i ]

=1.3833+°'5[ 1 ]=1.6118
2 10.54+1.3833 1+1.6104

The required solution are y(0.5)=1.3833 and y(1)=1.6118
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RUNGE- KUTTA METHOD (R-K METHOD)

Consider the IVP = f(x,y),y(0) =y, ---- (1)

To determine the solutlon of this problem at x,, = x, + nh by using this
method, where h is step length

According to the Euler’s method , the solution at x; is yo + hf (xq, Vo) -
This can be rewrittenas y; = yy + K

Where k1 — hf XO,yo)
ky = hf | xo + 2»3’0 +7
h k,

=hf|xo + 5 Yo T
k4 — hf(XO + h,yo + k3)
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0w etng e300

ki1+2ko+2k3+k ] : . i
Y1 =Yoot L 26 % jsan approximate solution for the equation (1) at x;

known as Runge-Kutta method of order four.

1.Using RK method of fourth order , to find y(0.2), given that Zz = i;z and y(0) = 1

take h = 0.2
Sol:

. d -
leend—zzf(x,y) =§Ti,x0=0,y0 =land h =0.2 thenx; = xo + h = 0.2
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k2 = hf (xO 'yO 1)
1.1-0.1
= 0.2 (1.1+0.1)
k, = 0.1667
k
k3 = hf (xo S Yo T 2)
. 1.0834-0.1
= 0.2 (1.0834+0.1)
k: = 0.1662
ks = hf(xo +hyo + k3)

1.1662—-0.2
= 0.2 ( )
1.1662+0.2

k, = 0.1414

<Dept. Name> <Faculty Name>
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Wkt,
. k1+2ky+2k3+ky

Y1=Yo T p
— 1+ (0.2+2(0.1667+0.1662)+0.1414)
B 6

y(0.2) = 1.1679

Milne’s Method:

The method in which the construction of y, involves the use of not only y, ,but also

predecessors are called multi step methods. In multi-step methods two formulas are
used in conjunction with each other- one for predicting the value of y, and the other
for correcting the predicted value of y,
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Consider the IVP Z—i’ = f(x,y) —— —(1)

Let yVo=Y(X,),Y1=Y(X1),Y>=Y(X5) and y;=y(X3) be these known solutions.

Suppose we wish to determine the solution of equation (1) at the point x, = X;+h.
Let us denote the required solution by y,=y(X,).

First we predict the value of y,=y(Xx,) by using Milne’s predictor formula:

)’ip) = Yo +%(2f1 — f2 +2f3) ---(2)

which can be computed with the help of the speciied x,, x1,X, ,xX3andyy, V1,Y2, V3.

Next we correct the value of y, by using the Milne’s corrector formula:
h

yzfc) =Y2t3 (fz +4f; + f4(p)) --- (3)

where 409) = f(xy4, yip))
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If we wish to have more accurate approximation for y,we employ the process repeatedly

1. Use Milne’s predictor —corrector method to find the value of y at x=0.8, given Z—i’ =x — y*

Where y(0)=0, y(0.2)=0.02 , y(0.4)=0.0795 , y(0.6)=0.1762. Apply corrector formula twice.
Sol:
Here f(x,y) =x —y%, h = 0.2

I A WL

fo=0-02=0
y;=0.02 f1=0.2-0.022=0.1996
y,=0.0795 f2=0.4-0.07952=0.3937
y3=0.1762 f3=0.6-0.17622=0.5689
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Now , Milne’s Predictor formula yields the predicted value of y, as
4h
yip) =yo+— Q2fi = f2 +2f3)

= 0 +2(2(0.1996) — 0.3937 + 2(0.5689))
y® =0.3048
£ = Fray®) = x, — P = 08— (0.30488)>
® = 0.7070

Now , the Milne’s corrector formula gives a corrected value of y, as

h
)’ic) =Y2t3 (fz +4f3 + f4(p))
= 0.0795 + =2 (0.3937 + 4(0.5689) + 0.7070)

<Dept. Name> <Faculty Name>
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y© = 0.3046

To apply corrector formula second time we must use corrector as predictor and

substitute in £,*

2
P = faa, yP) = x4 — yP" = 0.8 - (0.3046)?
P = 0.7072
(€) — E( ®Y _ 0.2
1”0 =y 5 (fo + 4+ £7) = 0.0795 + == (03937 + 4(0.5689) + 0.7072)
y© = 03046

Thus, y(0.8) = 03046
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